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PEEFACE  TO  FIEST  EDITION. 

In  the  present  Work  I  have  endeavoured,  without  exceed- 
ing the  usual  size  of  an  Elementary  Treatise,  to  give  a 
oomprehensive  account  of  the  Analytical  Geometry  of  the 
Conic  Sections,  including  the  most  recent  additions  to  the 
Science. 

For  several  years  Analytical  Geometry  has  been  my 
special  study,  and  some  of  the  investigations  in  the  more 
advanced  portions  of  this  Treatise  were  firat  published  in 
Papers  written  by  myself.  These  include :  finding  the 
"Equation  of  a  Circle  touching  Three  Circles ;  of  a  Conio 
touching  Three  Conies  ;  extending  the  equations  of  Circles 
inscrihed  and  circumscribed  to  Triangles  to  Circles  in- 
scribed and  circumscribed  to  Polygons  of  any  number  of 
sides ;  the  extension  to  Conies  of  the  properties  of  Circles 
cutting  orthogonally ;  proving  that  the  Tact -invariant  of 
two  oonics  is  the  product  of  Six  Anharmonie  Katios ;  and 
some  others. 

Of  the  Propositions  in  the  other  parts  of  the  Treatise, 
the  proofs  given  will  he  found  to  be  not  only  simple  and 
elementary,  but  in  some  instances  original. 

In  compiling  my  Work  I  have  consulted  the  writings  of 
various  authors.  Those  to  whom  I  am  most  indebted  are  t 
Salmon,  Cha.sles,  and  CiBiiscH,  from  the  last  of  whom  I 
have  taken  the  comparison  of  Point  and  Line  and  Line 
Co-ordinates  (Chapter  II.,  Section  III.) ;  and  Aronhold's 
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notation  (Chapter  YIII,,  Section  III.),  now  published  for 
the  first  time  in  an  Knglish  Treatise  on  Conio  Sections. 
For  recent  Geometry,  the  writings  of  Beocard,  Neijbekg, 
Lemotne,  M'OiY,  and  Tucker. 

The  exercises  are  very  nmnerous.  Those  placed  after 
the  Propositions  are  for  the  most  part  of  an  elementary 
character,  and  are  intended  as  applications  of  the  proposi- 
tions to  which  they  are  appended.  The  exercises  at  the 
ends  of  the  chapters  are  more  difficult.  Some  have  been 
selected  from  the  Examination  Papers  set  at  the  Uni- 
versities, from  Roberts'  examples  on  Analytic  Geometry, 
and  Wolsteuholme's  Mathematical  Problems.  Some  are 
original ;  and  for  a  very  large  number  I  am  indebted  to 
my  Mathematical  friends  Professors  Neuuerg,  14.  Curtis, 
S.J,,  Crofton,  and  the  Messrs.  J.  and  P.  Pursek, 

The  work  was  read  in  manuscript  by  my  lamented  and 
esteemed  friend,  the  late  Eev.  Professor  Towhsbnd,  p.r.s.  ; 
by  Dr.  Hart,  Viee-ProvOEt  of  Trinity  College,  Dublin ; 
and  Professor  B.  Williamson,  f.k.s.  Their  valuable 
suggestions  have  been  incorporated. 

In  conclusion,  I  have  to  return  my  best  thanks  to  the 
last-named  gentleman  for  his  kindness  in  reading  the 
proof  sheets,  and  to  the  Committee  of  the  "Dublin 
University  Press  Series"  for  defraying  the  expense  of 
publication. 

JOHN  OASBT. 

86,  South  CmcuLAK  Eoad,  Dubliu, 
October  5,  1385. 
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PREFACE  TO  SECOND  EDITION. 

The  present  edition  ieentirely  the  work  of  my  father-in-law, 
the  late  Dr.  Oaset,  f.r.s.  At  the  timo  of  his  death,  in 
1891,  he  had  seen  nearly  400  pagea  of  ifc  through  the 
press,  and  left  me  the  responaihility  of  bringing  out  the 


In  the  preparation  of  this  edition  Dr.  Casey  had  the 
valnahle  aasiatanae  of  Professor  Neuberg  of  the  Univer- 
sity of  Liege,  who  sent  him  nnmerous  important  theorems, 
notes,  and  suggestions,  almost  all  of  which  he  adopted. 
Knowing  that  Professor  Neuberg  was  Dr.  Casey's  inti- 
mate friend  and  constant  correspondent,  and  that  he  had 
assisted  him  in  correcting  all  the  proof-sheets  of  what 
had  been  printed  prior  to  his  death,  I  naturally  turned  to 
him  for  advice  and  aid  before  proceeding  with  the  printing 
of  the  remaining  portion.  He  most  willingly  promised 
me  his  valuable  assistance.  Having  revised  the  proofs, 
I  submitted  them  to  him,  and  he  had  the  kindness  to 
correct  them  and  approve  of  them,  before  they  were 
printed  off. 

For  all  his  generous  help  and  advice  I  beg  to  re- 
turn Professor  Neuberg  my  grateful  acknowledgments 
and  very  sincere  thanks.  I  have  also  to  thank  the 
Eev.  EoBERT  OtiRTis,  S.J.,  E.R.U.I.,  for  many  useful  sug- 
gestions, and  for  the  trouble  he  took  in  revising  the 
proofs. 
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My  best  thanks  are  also  due  to  the  Board  of  Trinity 
College,  Duhlin,  for  the  generous  manner  in  which,  on 
the  death  of  Dr.  Casey,  they  undertook  to  defray  all  the 
expense  of  publication. 

The  first  edition  contained  330  pages,  the  present  ex- 
tends to  564  pages.  All  parts  have  been  very  carefully 
revised;  the  proofs  are  very  rigid,  though  simple  and 
concise.  The  principal  additions  will  be  found  in  the 
theory  of  "Mean  Centre,"  of  "Anharmonie  Ratios,"  of 
"  Homographio  Division  and  Involution,"  of  "Itecent 
Geometry,"  and  in  the  Chapter  on  "The  Invariant  Theory 
of  Conies."  This  last  theory  is  expounded  with  more 
developments  than  in  perhaps  any  other  Classic  work  on 
the  subject.  The  Exercises  have  also  been  considerably 
increased,  many  of  those  added  being  original. 

In  conclusion  I  trust  that  this  new  edition,  enriched  by 
the  results  of  the  latest  progress  of  Analytical  Geometry, 
will  receive  from  the  public  the  same  favourable  reception 
accorded  to  the  first. 

P.  A.  E.  BOWLING,  B.A.,  E.IT.I,, 
Frofessoref  Malhematic3,Uhiversilif  College,  Dublin^ 

4,  UXBBTD&E-TEBEACB,  LeeSON  PaKIC, 

DtrBLm,  Jcmuary  1st,  1893. 
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19, 


"19  or -3,"  read  "7  or-1." 
iiihefaeior  "3". 
"ip  —  'ip',  and  ^"  — fl)","  read  "  p-  ip',  mid  $'  - 

"  multiples,"  read  "  real  multiples." 


'a;y  .'■ 


(itaa$")"[lx.3.3°},  rmi  "  (i-tanip",  Atot^").' 
(seoso,  aiuo),"  read  "  (bcosh,  i  aina)." 
2Qd  last,  supply  "are,"  after  "parallels." 
line  12,    after  "  n,"  supply  "in  the  same  sense." 
„  13,       „         „         „         "in  the  otier  aonae." 
last,        fir  "  {A'B'G-I)],"  i-ead  "  (A'B-C'iy]." 
Uues  le&lT./or  "mBA,"  read  "IBA." 
Une  12,  /iH-  "  a,t^,±  y,"  read  "  a',  ±  ,3',  ±  y." 

„     5,  after  the  word  "  line,"  stilly  "tlu-ough." 
Ei.  1,    for  "sinas,"  f^arf  "Bin2£." 


„     3,      „   'VC^'+B'+SaScosC),"        

Cor.  2,       ,,   "m',"rsad  "  m,." 
Srd  last,    „  "  £'C,"  and"  dmving,"  read  "  Jl( 
line   1,      „  "  AB,"  read  "  AK" 

last,         ,,  "  externally,"  reuii  "infernally." 
line  7,      ,,  '' CA'</2,"  and  "  AB'\/%" 

read  "C'Ai/^," 
„     6,       ,,  "sin(fl  +  fl),"ceflrf  "Bin{S+a)." 
,,    8,      ,,  "  lineat  infinity,"  r^iwi  "line  Si  +  »ii8  +  !i')' =  0. 
Ex.  13,  2nd  line, /of  "of  tlie  tai^ent,"  read  "to  the  tangent.' 
4tlilast,/oi-"-4,"  read  "=0." 
line   5,      „  "  S,"  reaiJ  "  ijs. " 
KnclO,      „  "¥S,"  read  "  M'." 


C." 


AB'i/i," 


b  SiSi-' 


line  10, 


-aBmn-BsinO," 
{-3a{asin^  +  fisil 
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E  BB  AT  A — CO  ntinu  ed. 

Page  150,     last,      Ana.  sftowirf  fe  "  2a' am2^  (em=5  +  aiti=C) 

-2smAsmBs.iiiG2Sysm{S-0)^0." 
„  153,  line  12,    far  "  {a  +  2hm■^  bm^)'S[,"  read  "  (n  +  2A)«  +  iwi"-)X" 

,   Sthlast,   „  "a.Si-2hSi,Si."  read  "aSi'~2kSiSi." 


,,194,  line  13,       „ 

"y'y","  read  ")/',  y","  and  omit  Hie  word 

„  195,    „  16,      „ 

"  lus,"  mpplff  "  on." 

„  220,     „     6,       „ 

"ylvrread"y-!y." 

„  239,     „  15,       „ 

"POP,"  read  "FOr." 

>.  2*0,     ..     1.      „ 

"TTT=TS,"  read  "TU=TS'." 

„     „      „     8,      - 

"co^iTFr/'read  "2coBiZP3"." 

„  244,     „  13,      „ 

"polar,"  read  "pole." 

„  24T,     „     0,      „ 

"at  VtoS,"read  "at  rt;8\" 

„  280,    hat. 

"  +  k,"read  "-k." 

„  285,    last. 

•'  AA-  1  A- A,"  read  "AA"  /  A"A\" 

,,  288,  line  8,      „ 

,,800,     „     9,      „ 

"  two  figures  invei'sely  siiniki," 

read  "  two  invt-ree 

„  304,  Une   5,      „ 

^'  ABC,"  read  "tie  circle  ^BC." 

„S88,     „  6&8,  „ 

"A-B-e,"  read  "AjBiCi." 

„  389,      ,,  3&8,  ,, 

"A-B-e,"  rsad  "AiBiCx." 

„     „      last. 

"  ootA;  cotB',  cote,"  read  "eolA,,  cot«i 

„  390,  lines  7,  8, 11 

for  "A-,  B;  C;"  read  "A,,  B,,  G,." 

,,400,  2ndlaet,/«- 

"S\SA,"^^d"QiCh(k." 

,,407,  line  12,     „ 

'SKS:  0,"read  "  SK  ;  SO." 
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THE  POINT. 

Sbotion  I. — RvLv.  01'  SroNs. — KESTrtiANis. — Projeoiiohs. 
1.  EuLE  or  SiGNs.^Whcn  we  consider  scvciol  points  ABC 
.  .  .  upon  the  samo  riglit  line,  iaoidei  tjiendci  tommUe  generil, 
it  is  neoessary  that  the  segments  (.ompMsed  between  these  points 
may  be  siihmitted  to  a  rule  of  sip}  i 

The  segment  denoted  by  AJS  is  supposed  to  be  described  by 
a  point  moving  from  A  its  oii(/m  to  S  its  eitremity  The 
segment  BA  by  a  point  moving  from  B  towaids  A,  B  being 
origin,  and  A  extremity.  All  the  segments  desLnbed  in  the 
mnie  sense  are  positive.  Those  m  the  opposite  iie  negative 
Hence  it  follows  from  this  contention  that  4.B  =  -  Bi 

Prop. — If  A,  B  .  .  .  K,  Lhf  any  sy  ie)i  offoinU  on  a  hw 

AB  +  BC+..     KL  +  LA      0  (I) 

In  fact  if  the  moving  point  desi.nbe  lasnccession  the  segments 
AB,BC  .  ,  .  IiA,  it  commences  at  A  and  returns  to  A,  Hence 
it  describes  as  much  in  the  negative  as  in  the  positive  directions. 
Hence  the  stmi  is  zero. 

Cor.  I ,— If  0,  A,  B be  three  collinear  points,  AB=  OB-  OA . 
For  0A  +  AB  +  BO  =  (i;  .-.  AB=OB-OA.        (2) 

This  equality  serves  to  refer  all  segments  on  the  same  line  to  a 
common  origin. 

Cor.  2.—li  if  be  the  middle  point  of  AB 

0M=  liOA-^  OB),  OA- OB  -  OM'' -  i-Aff'. 
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Demonstration.— 0^  +  AM+  MO  =  0,  OS  +  BM+  MO  =  0. 
Adding,  and  observing  that  AM  +  BM=  0,  wo  get 

0-i  +  05  +  %M0  =  0.     Hence  0M=  ^{0A+  OB).     (3) 
Again,  from  (1),  wc  have 

OA  =  OM-  AM,  OB  =  OM-  BM=  0M+  AM. 
Hence     OA  .  OB  =  OM^-AM^=  OM'-  iAB'.  (4) 

3.  SicHs  OP  Absis. — The  notation  OAB  denotes  the  arau 
described  by  the  line  OM, 
turning  round  0  in  sneh  a  ^ 
niaoner  that  its  extremity  M 
dcsoribes  the  line  AB  in  the 
direction  AB,  or,  in  other 
words,  OA  is  turned  round  in 
the  direction  indicated  by  the 
arrow.  Then,  ii  ■we  make  the 
convention  that  the  area  OAB 

is  poaiUve,  then  the  area  OB  A,  which  is  described  in  tlie  opposite 
direction,  viz.,  from  OB  to  OA,  is  negative.  Hence  ive  have 
the  following  : — 

E,iina!. — The  notation  ABC  denotes  the  absolute  value  of  the 
area  of  the  triangle  ABC  talien  with  the  sign  +  or  the  sign  -, 
according  as  the  rotation  ABC  is  in  the  positive  or  the  negative 
sense.  Sence  we  have  ABC -=  BCA  -  CAB  =  -  ACB  =  -  BAG 
=  -  CBA. 

3.  Geometric  Sum  oe  Rbsuiiani.  Def. — Being  given  several 
segments  A^Bi .  A^B^ .  .  .  A^B„.  If  we  draw  the  Unes  OC,  . 
CiCi  .  .  .  C„_i  G,„  respeativeli/  equal  and  parallel  to  AiB„  A^B^ 

. ii,^n,  and  in  the  satne  sense  the  Une  OC„is  ealled  tlie  remltant 

of  the  segments 

Peop. — Ihe  maqmtudi  and  the  iweetion  of  ilte  resultant  of 
several  segments  is  independent  of  the  order  of  sequence  of  these 
and  of  ihe  ongin 
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Rule  of  Signs— Remltants—Projectiom.  3 

V.  For,  drawing  C,  C  parallel  and  equal  to  A^B^,  the  figure 
CO^CjC  13  a  parallelograni,  then  CC^  is  equal  and  parallel  to 
4jSs.     Hence  in  tHs  construction  it  is  evident  we  invert  the 


order  ol  sequence  of  drawing  parallels  to  A-^Bi,  A^Bs.    Similarly, 
we  can  invert  the  order  for  any  two  oonseoutivo  segments,  and 
1  take  the  aegmeEts  ia  any  order  whatever. 
.  Taking  a  different  origin  0',  and  drawing  O'G,',  C,'Ci', 


A^Bi  .  .  .  then  the 
•e  parallelograms.  Therefore 
eijual  and  parallel.     Hence 

of  the  resultant  of  several 


OiG4  .  .  .  equal  and  parallel  t 
figures  OC,C:'0\  0^0^,0./ 0/ .  .  .  e 
the  lines  00',  C^Ci'  .  .  .  0„C^'  ai-e 
0C„,  (yC^  are  equal  and  parallel. 

4.  Peojections. — The  ^yectio; 
segments  upon  any  axis  is  equal  to  tlm  sum  of  the  projections  of 
these  segments  upon  that  line. 

Dem,— If  0,  c,,  Cj  .  .  .  be  the  projections  of  the  points  <?,  C], 

oci  +  e^d  +  ^3^3  .  .  .  +  c„.ie„  4-  cj>  =  0. 
Henco  oc„=  oe,  +  e,!!,  .  .  .  +  e^iC,,. 

But  two  equal  and  parallel  lines  have  parallel  and  equal 
proiections,  and  of  the  same  sign.  Hence  projection  of  00„  = 
projection  of -ii5t  +  projection  oiA^B^ .. .+ projection  of  ^„i'„. 

C<ir.— llie  projections  may  he  ohbque,  that  is,  the  projecting 
lines  can  he  parallel  and  inclined  at  any  angle  to  the  axis. 
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Peoi. — The  pryecUon  of  a  segment  AB  k^oh  any  axis  OX  is 
equal  in  magnitude  anS  sign  to  the  product  of  AB  hy  the  cuaine 
of  the  angle  of  the  positive  directions  of  the  axis,  and  of  the  line 


Bern. — Let  A'B'  be  the  projection  of  AB  upon  OX. 
Draw  AB"  parallel  to  OX.  Suppose  AB  positive.  If  we  make 
AB  turn  round  A,  tte  aign  of  AB"  is  always  equal  to  that  of 
the  cosine  of  the  angle  B"AB;  also  in  aheolute  values  A'B'  = 
AB  cos  B"AB.  If  AB  is 
negative,  the  angle  of  posi- 
tive direction  of  OX  and 
AB  is  equal  to  the  angle 
B"AB  ±  IT.  Hcnoc  the 
cosine  changes  sign.  Hence 
the  proposition  follows. 

Cor.  —  If  the  projec- 
tants  AA',  BB'  make  an 
acgle  6  with  OX.  we  havt) 

A'B'  =  AB  si 


SB^ll^  li  — CvHifsn^  To  riii)  -i«j  h 

Definition  i  —Two  ti^ced  fundamental  ImeR  X\     YT"  in  a 
plRnc,  which   lie  uaeil  iit  the  pmpo&e  of  dehump;  the  posi- 
tions of  aJi  fia;uTes  that  m^y  lo  drawn  m  the  pi  in      ire  called 
axes       When  these  aie  at  right                              y 
angle  to  etch  other  they    «< 
called    reotenqulm    axes,    othei 
wi'e  they  axe  called  oblique  axes     x - —  -'-' x 

Dbp.  II.— The  lines  XX'';^ 
YY'  are  called  respectively  tho 
axis  of  aheeisste,  and  the  axis  of  Y 

ordinates.     XX'   is  also  called,  for  reasons  that   will   appear 
further  on,  the  axis  of  x,  and   YY'  the  ;Lxis  of  y. 


y  Google 


Cartesian  Co-ordinates.  6 

Def.  III. — Tlie  point  0,  the  intersection  of  tlie  axes,  is 
called  tte  origin. 

Dep.  it.— Tte  origin  divides  each  axis  into  two  parts,  one 
positive,  the  other  negative.  Thus  X'X  ia  divided  into  tht 
parts  OX,  OX',  of  wbioh  OX  measured  to  the  right  is  usually 
considered  positive,  and  OX'  negative,  hecauao  it  is  measured 
in  the  opposite  direction.  Similarly  the  upward  direction,  OY, 
is  regarded  as  positive,  and  tho  downward,  OY',  negative. 
Wlien  the  axes  are  oblic^ue  the  angle  XOY  between  their 
positive  directions  is  denoted  by  <o.  The  axes  will  be  rect- 
angular unless  the  contrary  is  stated. 

Dbp,  v. — Any  quantities  serving  to  define  the  position  of  a 
point  in  a  plane  are  called  its  co-ordinates.  Three  different 
systems  of  co-ordinates  are  in  use,  namely  parallel  or  Cartesian 
(called  after  Descartes,  the  founder  of  Analytic  Geometry), 
Polar,  and  TriHnew  vo-ordinates. 

Def.  VI. — The  Cartesian  co-ordinates  of  a  point  P  are  found 
thus  :— Through  F  draw  PJf  parallel  to  OT;  then  the  lines 
OM,  MP  are  the  co-ordinates  of 
P ;  and  since  OM  is  meisured 
along  OX  it  la  positive  and  MP 
parallel  to  OY  is  also  positive. 
Thus  both  CO  ordinates  of  P  are 
positive.  Similaily  the  co  ordi- 
nates of  M,  VIZ.,  OJV,  JV'M  are 
both  negative ;  and  lastly,  the 
points  Q,  S  have  each  one  co-ordinate  positive  and  the  other 


Dbp.  VII. — The  Cartesian  co-ordinates  of  a  known  or  fixed 
point  are  usually  denoted  by  the  initial  letters  of  the  alphabet, 
such  as  a,  h.  They  are  also  denoted  by  the  lettei^  x,  y,  with 
accents  or  suffixes,  thus  :  x',  y' ;  x",  y",  &e. ;  *i,  y, ;  *„  yj,  &c. 


Y 

a 

p 

0             1 

"  M-|N' 

Nj    M 

,1 

1 
S 

Y' 
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6  The  Point. 

The  co-ordinates  of  an  unknown  or  oE  a  variable  point  are 
denoted  tiy  tlie  final  letters,  such  as  !X,  y,  without  either 
accents  or  sufSxoa,  and  sometimes  hy  tie  Greek  letters  a,  /3 ; 
but  these  are  more  frequently  employed  in  trilinear  co-ordi- 
nates, which  will  be  explained  furtiier  on. 

5.  2b  finA  the  distance  S  between  two  points  in  UrMs  of  their 
co-ordinates. 


1°.  Let  the  axes  he  reotangular. 

Let  A,  B  be  the  points,  x'  y\ 
«"  y"  their  co-ordinates.  Draw 
BC  parallel  to  OX;  AB,  BE  ~ 
parallel  to  OY.  Then,  since 
the  co-ordinates  of  A  are  of  y', 
we  have 


OB  =  xf, 


DA 


but 
therefore 


AB'  =  BC'-\-  CA^; 


8'  =  {x--z"y  +  {y--rr-  (6) 

Hence  wc  have  the  following  rale : — Suhtraat  the  x  of  one 
point  from  the  x  of  the  other,  also  the  y  of  one  point  from  the  y  of 
the  other;  then  the  sum  of  squares  of  the  remainders  is  equal 
to  the  square  of  the  required  distance. 

2°.  Bet  the  axes  he  ohliqtie. 

Since  the  angle  ACB  is  the  supplement  of  X07,  we  have 
ACB=  180°-^. 
Henco         AB''  =  ^C"  +  CA''  +  2B0  .  CA  cos  -,, 
thatis,  S^  =  (:=' -^")= +(/-/')'  + 2  {*''-0(j''-/')coa<o.    (7) 
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Cartesian  Co-ordinates. 

In  applying  these  lormnlfe  it  is  nooessary  to  take  the 
of  ^,  y' ;  y,  y"  ;  cos  <o  iuto  accoTint. 
Thus,  in  the  annexed  figure, 


h'^  CB'  +  AG'-  2CB  .AC  cos  BOA. 

lint  AC=AS-^EC=y'+{-  y")  =  y'  ~  y" , 

CB=  OD-  OE  =  x'  -  x". 

Hence  substituting  we  get  equation  (7j. 

In  practice,  oblique  axes  are  seldom  employed ;  but  as  they 
sometimes  are,  we  shall  give  the  principal  formula  in  both 
forms. 


1.  Find  the  distance  of  the  point  tiy'  from  tlie  origin — 

V.  When  tie  aies  arc  rectangular.  Am.  S'^  =  x'^  +  y'K     (8) 

2°.  When  they  are  oblique.     Am.  B==!K''  +  ;/''  +  2zy  cosof.     (9) 

2.  Fiiidtie  distance  between  the  points  (reoefl',  rains'),  (j*eose",t' sine"]. 

Ans.  B  =  2rBiiiJ(e'-fl").         (10) 

3.  Find  the  distance  between  the  points  (--j,  01^    10,   -■^)- 

r.  When  the  axes  aie  rectangular.  Ans.  S~—WA'HB'.    (11) 
2°-  When  oblique.      Ans.  S  = '^'JA^-Hi'+2AJSi=osw.         (12) 
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The  Point. 

4.  If  the  axes  be  rectangular  determine  y — 

1°.  If  the  distance  between  tlie  points  (5,  y),  (2,  3)  be  equal  tc 
Ans.  -i^or  - 
3°.  If  the  distance  between  (2,  y),  (4,  -  6)  be  V68. 


5.  Find  the  distance  between  (he  points  {a 

(«cos(«-B),    SBiT.(a-fl)|. 


,   isin[a  +  fl)}. 


Ar,s.  S  =  28infl{fl^sin'o+i=C0B=s}i.     (13) 
'De?.— The  liiie  joining  two  points  wiU  for  shortness  be  eaUsd  ihs  join  of 
the  two  points. 

6.  Find  tie  condition  tbat  the  join  of  the  points  x'y',  x"y"  may  subtend 
a  rigitt  angle  at  xy.  Since  the  triangle  formed  bj  the  three  points  is  right- 
angled,  the  square  on  one  side  is  equal  to  the  sum  of  tic  squares  on  the 
other  two.    Honce 

(••-.'■)■  +  (»■  - 1/")'  .(»-!')■  +  (»-»■)■  +  (»-  "'T  +  b  -  »")^ 

and  reducing,  we  get 

{X  -^)[x~  «■■)  +  l^~V)(y-  y-)  =  0-  (li) 

If  the  axes  he  oblique,  the  condition  is 

+  \{(x^!^'){>/-y")-^{^->!'){y-y')\oo^^=ii.    (15) 
6.  To  find  the  condition  that  three  points  x/y',  x"y",  x"'y"' 

shall  he  colUnemr. 

Let  A,  B,  C  be  the  points  :  drawing  parallels  we  have,  from 

similar  triangles,     BS :  AB  : :  CE :  EB. 


Hence 


(16) 


(;«'/'  -  K"y')  +  (:E'y"  -  «"'^")  + 
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Cartesian  Co-ordinates. 
This  may  be  written  in  tte  form  of  the  determinant 
af,         y',         1, 


y",       1, 


=  0. 


7.  This   proposition  may  be  proved    otherwise,    and  by   a 
method  which  will  connect  it  with  another  of  equal  impor- 

Lkmma. — The  area  of  the  triangle  whose  summits  are  x'y',  x"y", 
and  the  origin  is  i  {afy"  -  af'y')  sin  oi. 

Dem. — Through  the  points 
x'y',  x"y"  draw  parallels  to 
the  axes ;  then  tho  parallclo- 
j,Tams  OBCE,  O&FS  axe  re- 
B[ieetively  equai  to  x'y"  sin  ui, 
a!"y'  sin  (I).  Heneo  the  tri- 
angle 0A£,  which  is  evi- 
dently  equal  to  haU  tho  dif- 
ference   of     these 


E 
H 

B^'Y' 

/ 

^n 

-^ 

^7 

0 

G                     D 

i  {i^y"  -  a/'y")  sin  oj. 
Cor  1. — If  the  axes  be  rectangular,  the  triangle 
OAB^i{ic'y"-x'y). 


To  apply  this,  let -4,  B,  Che  three  collinear  points.     Join 
OA,  05,  00;  then -we  have  AO.^B  +  a  05C=A,0^C; 
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10 


The  Point. 


therefore       x'y"  -  x"y'  +  x"y"'  -  a;"'y"  =  x'y'"  -  af"y', 

or  (a/y"  -  x"y'')  +  (x"y"'  -  ^"y")  +  (3f"y  -  x'y'")  =  0. 

8.  The  Lemma  of  §  7  enables  us  to  find  the  area  of  a  triangle 
m  terms  of  (he  eo-ordinatei  of  Ha  summits. 

For,  if  any  point  0  within  the  triangle  be  taken  as  the  origin 
of  rectangular  axes,  and  the  co-ordinates  of  the  vertices  be 
x'y',  x"y",  x"'y"',  then  join  OA,  OB,  OC.     Since  the  triangle 

^5C=  dAB+  OBC+  OCA, 
we  have 

^ASC  =  h\^'y"'W"y'A-x"y'"-x"Y  +  x'y-x'y'"],    (21) 


a/, 


1, 


It  is  evident  that  we  get  the  aaine  result  if  we  take  the 
origin  outside  the  triangle  by  attending  to  the  signs   of  the 

From  this  proposition  it  follows  that  the  geometrical  interpre- 
tation of  tbe  condition  that  ttree  points  should  be  collinear  is, 
tiiat  the  area  of  the  trianglo  formed  by  them  is  zero. 

9.  The  area,  of  any  polygon,  in  terms  of  the  eo-ordinates  of  its 
emimits,  is 

i{i^i^2-Xiyj)  +  {^%?/s-^3n)+  ■  ■  ■  i^n^i -«!¥,.)]■     (23) 

For,  letABCDUFhe  any  closed  nou-intcrsccting  polygon, 


■whatever  may  be  the  point  0,  we  have  area 
+  .  .  .  OFA,  whence  we  get  the  formula  (23). 


OAB  +  OBC. 
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Cartesian  Co-ordinates.  11 

If  it  be  an  intersecting  polygon  (Polygone  ^toile),  by  defini- 
tion its  area  is  OAB  ^  OBC  .  .  .  OFA ;  but  in  this  case  it  is 


to  verify  that  the  origin  0  may  be  any  whatever,  we 
OAB  =  O'OA  +  O'AB  +  O'BO, 

OBC  =  0-OB  +  o'j5c+  (yco. .  . 

Adding  these  equalities,  and  remarking  that  O'BO  =  -0'  OB,  &e., 
we  get 

OAB  +  OBC  .  .  .  +  UFA  =  O'AB  +  O'BC  .  .  .  +  O'FA. 


Find  the  aiians  of  tie  tiiangloa  whtisc  summits  are — 
,  1.      (!,2);      (3,4);      (5,2),  2,      (3,4);      (S,  3) ;     (6,; 

S.     (- 5,  4) ;  (^  6,  6) ;  (6,  2).        4.     (2,  1) ;  {3,  -  2) ;  (- ^ 

,,.v,,  (^%),   (..-4\ 

Substitute  the  co-ordinates  in  oqnatioii  (21),  and  we  get 


1, 


-CIA, 


I         0,        -  CjB,    1,     : 
=  C//B  +  Cst'lA  +  C"^IAB  =  C{Ax'  +  By'  +  C)!AB. 


(24) 


(Bi'>,  2b('),      ((«"^,  2a("),     oC"^  2af")- 

^«s.  -«>(i'-n(i"-n('"'-0.     (25) 

0 (^  +  r) } ;     {«r7"',  fl  (("  +  r") | ;     {<,(■■■(•,  « {t-  +  i') s . 

^.is.  naif  tiiE  area  of  Ex.  6. 
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oeoa^',  «sin^'),  (bcos*",  Jsinf%  («coa^'",  Jsinf"). 
^jis.  2aS  sin  |  (^'  -  ^"J  ain  J  (^"  -  ^'"j  aia^  {,(i'"  -  ^'j.     (26) 


n^,  /jciot^),     (ita 


^■).     (*  tanf ,  icotjt"). 


**  sin  2^  ain  2^'  sb^^^^  f"^'' 

10.  Let  there  be  upon  the  same  ngit  line  two  flsed  points, 
A,  £,  ajid  a  variable  point  C,  the  quotient,  v  A  B  X 
C^/CSia  called  the  ratio  of  aoction  of  the  ''"■"  ' 
point  C,  and  is  denoted  by  {AB,  C).  When  C  moves  from  A 
to  B  the  ratio  {AB,  0)  is  nogativo,  and  varies  continuously 
from  0  to  *f CO.  When  C  moves  along  BX  we  have  OAj  CB 
=  (C5  +  BA)!CB  =  1  +  BAjCB.  This  ratio  is  +,  and  varies 
from  +  o)  to  1.  Wh,ea  C  moves  upon  ^F  we  have  CAjCB 
=  {CB  -  AB)jCB  =  1  -  ABjCB,  the  ratio  is  +,  and  varies 
from  0  to  1.  Prom  this  discussion  it  follows — 1°  that  the  ratio 
of  section  {AB,  C)  can  take  all  vahiesfosiUveandmgative,  and  each 
only  once  ;  2°  that  the  point  at  infinity  upon  the  Une  corresponds  to 
a  ratio  of  section  eg^ual  to  +  1,  the  middle  of  AB  to  a  ratio  equal  to 
—  1,  and  the  points  A,  B  to  ratios  equal  to  0  and  co. 

11.  To  find  the  co-ordinates  of  the  point  which  divides  in  a  given 
ratio  ~ljm,  the  join  of  two  points,  3fy',  af'y". 

If  A,  £  be  the  given  points,  let  C  be  the  point  of  division, 
xy  its  co-ordinates ;  then,  drawing  parallels,  we  have 


I      OA      C'A'      OA'-OC 


"  OB       CB'     OB'  -OC  " 


Ix/ 

+  mx' 

+  m 

ly 

+  my' 

I 

+  m 

A 


y  Google 


Cartesian  Co-ordinates. 
n  of  the  two  points  be  out  externally,  ■ 


Gor.  1, — If  the  ratio  Ijm  be  denoted  by  X,  "we  ha"ve 

1  +A  '      ■'        1  +  A  ^     ' 

Hence,  hy  varying  A  we  get  the  co-ordinates  of  any  point  in  the 
line  A.B;  in  terms  of  a  single  parameter  A. 
Cor.  2. — If  A  he  equal  to  unity,  we  get 


2 


^.■i_JL.  (31) 


Hence  we  have  the  following  ; — 

EijLB.— ?Xe  co-ordinates  of  the  middle  ^oint  of  the  join  of  two 
given  points  are  reapectively  half  the  mms  of  (he  corresponding  co- 
ordinates of  these  points. 

Def.  I. — Two  points,  C,  D,  which  divide  AB  mternalVy  and 
externally  in  ratios  which  differ  only  in  sign  are  said  to  h  harmonic 
conjugates  to  A,  B.     Their  co-ordinates  me  of  the  forms 


y'  -  >^y" 
i  -  A  ■ 


(33) 


Def.  W.—Two  points,  C,  D,  equidistant  fi'om  the  middle  point  of 
AB,  aresaid  to  he  isotomic  eonjiigates  with  respect  to  AB.     Their 
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o-ordinates  are  of  the  fvrm 


(34) 
(35) 


£X££CISBS. 

1.  Find  tJie  to-ordinatcs  of  the  points  whiuh  bisect  the  joins  of  (8,  12)  ; 
(4,-6);  (-12,-6). 

2.  TLe  join  of  the  points  (3,  4]  (5,  -  6),  is  divided  1°  into  3,  3°  info  6, 
3°  into  7  equal  paila ;  find,  in  each  case,  the  co-ordinatee  of  the  division 
which  is  next  to  tie  point  (3,  4). 

3.  The  joins  of  the  middle  points  of  opposite  sides,  and  tie  join  of  the 
middle  points  of  the  diagonals  of  a  quadrilateral,  are  concurrent.  For,  if 
it^ij/i,  3^!^!,  *as's,  !'i^i  he  the  co-ordinates  of  its  nngulai-  points,  then  the 
co-ordinates  of  the  point  of  bisection  of  tbe  join  of  the  middle  points  of  its 
diagonals,  or  of  either  pair  of  opposite  sides,  are 

i  (r,  +  :cs  +  ;»^3  +  ^4),     ibl  +  SI  +  J^.  +  .Wi).  (36) 
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K  Mean  Cehtrb, 


12,  Def. — Xet  tltere  be  given  n  points,  Ai,  A,  .  .  .  A^,  and  a 
corresponding  system  of  multiples,  nti,  m,  .  ,  .  «!„,  eownected  loith 
them,  thm,  if  a  point  Bi  he  determined  on  the  join  of  Ai,  Ai,  so 
that  the  ratio  of  section  (AjAi,  Sj)  imy  be  equal  to  -  m^-.m,. 
Again,  if  B-,ie  a  point  on  the  join  of  B,,  A,,  so  t/iat  (BiA),  B,) 
=  -  »!s ;  OTj,  +  mj,  §-c. ;  lastly,  let  B„.i  be  on  the  join  of  B^.^,  A^, 
swh  that  {B^iA„,  B„^,)  =  -  m„  :  ?k,  +  iWj  .  .  .  ot„_i,  B^i  is  called 
the  mean  centre  of  A,,  A^  .  .  .  A„  for  the  system  of  multiples 
m„  Mj  .  .  .  m„. 

It  win  be  seen  that  the  foregoing  conEtruction  is  the  same  as  that  given 
in  stalies  for  finding  the  centre  of  ffraviiy  of  masses  m,,  mj,  .  .  .  «i»,  at  the 
points  Ai,  Ai,  .  .  ,  A„  ;  but  as  Analytical  Geomefiy  is  altogether  inde- 
pendent of  that  science — although  it  may  employ  some  of  its  terms — -we  have 
thought  it  best  to  give  a  purely  geoaetrioal  definition  of  mean  centre. 
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13.  Prop. — If  !K^lf^,  Xsi/i,  .  .  .    x„y^   ie   the  co-ordinates   of 
A„  Ai,  .  .  .  A„,  the  co-orMnates  of  the  mean  centre  are 

In  fact,  from  §  11  we  get  the  ( 


similarly  ior  the  ordinates. 

Cor.  1. — The  mean  centre  ia  independent  of  the  order  in 
which  we  combine  the  given  points. 

Cor.  2.— In  order  to  find  the  mean  centre  of  a  system  of  points 
for  a  system  of  multiples  we  may  divirto  them  in  gronps  ;  find 
the  mean  centre  of  each  group  ;  then  find  the  mean  centre  of  their 
mean  centres  for  multiples  equal  to  the  sum  of  the  multiples 
helonging  to  each  group. 

Cor.  S.^If  !»,  +  His  .  . .  +  j»„  =  0,  the  mean  centre  is  iudo- 
terminate  or  at  infinity  on  a  determinato  line. 

Let  -B^a  be  the  mean  centre  of  A„  A^,  .  ■  .  ^„-i,  then  the 
point  £,^1  must  satisfy  the  proportion 

iB^,S,^,):iS^,A„)  =  -m,.:m,^m,...m.^,  =  l. 

If  5„_3  does  not  coiueide  with  A„  the  point  B,^i  m  at  infinity 
on  the  line  £^iA„  if  B,^  coincide  with  A„,  B^i  may  ho  any 
point  whatever  in  the  plane. 

14.  If  M  he  the  mean  centre  of  fJw  summits  A,  B,  G  of  a 
triangle  for  the  system  of  multiples  a,  yS,  y,  then  a  :  fi:  y  :  :  the 
triangle  BMC :  GMA  ■  AMB. 
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Bern. — In  order  to  find  tho  point  M  we  divide  A£  in  C  so 
that  the  ratio  oi  section  {A£,  6")  =  -  ;8  :  a,  that  is  SG' :  C'A 


-.  :a:  /3;  hut  BC  :  C'A  :  :  triangle  £MC  :  CMA.  Hence 
a  :  /3  : :  5JfC:  0^4.     Similarly  ;8  :  y  :  :  CMA  :  ^^5. 

Ciw.  If  a  +  ^  +  y  =  0,  hut  a,  /3,  7  vdiiable,  the  locus  of  the 
point  M'\&  the  line  at  infinity. 

Def. — If  j»i  =  OTj  =  »%...  =  OT„  iA^  «je(i«  centre  is  called  the 
centre  of  vmm,  Mstanee^. 

EXEBCISES. 
I.  The  medians  of  a  triangle  ai'e  conounent,  foe  eaaii  passes  through  the 

3.  The  orthoeentre  of  a  triangle  ie  the  mean  centre  of  its  eumiiiits  for 
the  multiplea  tan  ^,  tan  £,  tan  C. 

3.  If  x'y',  le'Vi  *'' V"  ''^  t'l®  summits  of  a  triangle,  a,  5,  c  tiie  lengths 
■of  its  sides,  the  co-ordioales  of  .its  incentra  are 

^■  +  ^."+_^      <^l_±h£2^Z  (38) 

4.  If  She  tho  oaotre  of  mean  distance  of  jii.  At, 4.,,,  the  sum  of  the 

pvojeotiODS  of  the  lines  BA\,  BAi-,  . . .  BAn  upon  any  asis  whatever  is  =  0. 
Take  B  as  origin,  and  the  axis  of  x  the  line  on  which  the  projections  are 
made. 

5.  Find  the  co-ordinafes  of  the  centre  of  mean  position  of  the  poiufa 

{B0OS(a  +  ^  +  -y).     -iflin(a  +  S+?)f- 
Ans.  j  =  acoB^(a  +  fl)  003^(^  +  7)003^(740), 
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6.  If  S  te  the  mean  oentoe  of  the  points  A,  B,C,  . . .  ZioT  the  multiples 
a,  b,  e,  . . ,  I,  the  Bum  of  tJie  prodiiota  of  the  prnjectiona  of  the  lines  SA,  SB, 
.  . .  SZ  upon  an  J  line  wliateve!- by  a,  b,  ...  1  =  0.    In  fact,  from  (37jwegHt 

2a6i-a2tt  =  0,     01'    2a[-ri-^)  =  0.  (Stein£r.) 

7 .  With  tie  aame  hjpotliesis  if  T  be  any  arbitrary  point, 
aTA'+bTB^  .  ..  lTl'i  =  aSA'-LiSS^  +  ...lSZ^  +  3<.i'}.T8^.   {Ibid.)     (40) 

If  s,  y  be  the  oo-ocdinafes  of  T,  ami  S  be  taien  aa  origin,  we  have 
2&ei  =  0,     Snyi  =  0 ; 
but        2  {d]  TA^  =  S^  { {i  -  W)H  to  -  Vif  i  =  2o  («■  +  !(=)  +  2»  («i^  +  yi') 
-  2l2fWi  -  2s'2a&'i  =  (So)  ST''+  S  (sS^=). 
a.  In  tho  same  case 

3a,.SA-^=~.-Sni.AIP.  {Ibid.)     (il) 

Taking  S  aa  origin,     Sftri  =  0,  Sayi  =  0,    aquaie  and  add  and  via  have 
2n'  (ki=  +  5-1=)  +  23fl*  (ai  s;3  +  id  j-s)  =  0, 
or    5»'(si^  +  yi=)  +  2«*{Ki'  +  5'i=-f22H!'s'-(xi-a;s)*-(yi-s'i)'i=0, 
ot  2«=.S^'  +  2flJ(5^=  +  S5=-'-^B')  =  0. 

Hence  2aS^'  (a  +*  +  ...)  =  2aMS». 

Sbciiok  III. — PoLiE  Co-ordinates. 
15,  The  polar  co-ordinates  of  a  point  P  ai'e — 

1".  Its  distance  OP  from,  a  fixed  point  0,  called  the  origin. 
OP  is  usually  denoted  by  p,  and  is  called  the  raMm 
eeetar  of  the  point  P. 
2°.  The  anyh  0,  which  OP  nialces  with  a  fixed  line  {called 
the  mitial  hne),  passing  tlrowih  the  oi  igin 

Fiom  tteae  Jetmitions  it  is  evident  that  iny  tqnation  in 
CaitcBian  co  oriluiites  will  to  transformed  into  polar  co-ordi- 
nates if  the  initial  hue  comLik  with  the  axis  of  i  by  tht 
substitntion  a:       p  coa  fi    y  -  p  bin  6     or  hy  the  suUtitution 
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The  Point. 
-a),  y  =  fi  sin  {B - «),  \i  it  make  an  angle  a.  witi 


The  angle  B  lias  the  same  meaning  as  in  Tngonometry.  H 
with  0  aa  centre  with  a  unit  radius  we  describe  a  circle  meeting 
OF  in  M,  M';  0  is  the  aic  AM  ox  more  generally  AM-\-  2?wr, 
In  some  questions  the  radius  vector  OP  is  negative ;  then  6  is 
the  arc  AM'. 


1.  Chfnige  the  fdllowing  equations  to  polua-  co-ordinates. 


»■(»+•) 


2.  Change  the  following  equatio 


oi  =  aU 


3.  What  ia  the  condition  that  the  points  pifli;  pafls;  pa  9a  may  be  ool- 
linear  F     ^ns.  pi  pj  sin  (fl,  -  Sa)  +  pj  pa  sin  (fls  -  flj)  +  pa  pi  sin  (Sa  -  »i)  =  0. 

4.  Express  the  area  of  bbj  leotilineal  figure  in  teiins  of  tiie  polar  co- 
ordinates of  its  angular  points. 

16.  In  some  special  questions  we  use  witli  advantage  birttdial 
oo-ordinates  or  Hangular  co-ordinates.  These  are  defined  as 
follows  :— Being  given  two  fixed  points  F,  F',  the  hiradial  co- 
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nsformation  of  Co-ordinates. 
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oriiiaatcs  oi  a  point  P  are  the  diattuioea  PF=p,  PF'=p';  to 
every  system  of  values  of  these  radii  vectors  correspond  two 
points  symmetriques  witi.  respect  to  F,  F'.    p,  p'  are  the  biradial 
co-ordinates  of  P.     The  biaugular  oo-ordinatea  of  P  are 
cot  F'FP  =  X,     cot  FF'P  =  !>.. 


SBcrioN  III.- — Tbaksfoemation  op 

17.  The  co-ordinates  of  rniif  point P  with  reelect  toone  system  of 
axes  heinff  htown,  to  find  its  co-ordinates  with  respect  to  a  pwallel 
system. 

Let  Ox,  Oy  be  the  oM  axes,  (yX,  OTtie  new,  so  that  0' 
ia  the  new  origin;  then  let  the  co-ordinates  of  0\  with  reapeot 
to  Ox,  Oy,  he  x',  ai'— that  is,  let  OL=x',  LO'^y'.  Again,  let 
a;,  y  he  the  old  co-oi-dinates  of  P,  that  is,  let  0M=  x,  MP  =  y. 
Lastly,  let  X,  T  he  the  co-ordinates  with  respect  to  the  new 


y 

Y 

0 

p 

W       X 

0 

I 

1\ 

T         ^ 

axes  ;  then  we  have 

0'jV"=  X,     NF^  Y; 
therefore,  since 

OM=OL'rO'N,     and     MP=LO'-tJVP, 
we  have 

w  =  a:'  +  X,     and     y  =  y'+  Y.  (42) 

Kmtes,  if  in  any  equation  we  replace  x,  y  hy  x'  -k  X,  y'  -V  Y.  tc. 
have  it  ref^red  to  parallel  axes  tlwough  ilie  point  x'y'. 
c2 
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.  Refer  tie  following  eqiiation 


,0  ))antllel  axes 
1  =  0.    New  o: 


2.  Find  the  uo-onlinateB  of  a  point,  ao  tliat  when  lie  following  equations 
are  referred  to  parallel  ases  passing  through  it  they  may  he  deprived  of 
terms  of  tha  first  degree  ; — 

I'.     3a^  +  6a^  +  s('-    Zx+2y  +  2l  =  (l.  ^«(-  -  H,  is. 

r.     fee'  +  2a^  +  J/'  -  lOx  +  3j(  +  10  =  0.  Am.  f ,  -  j. 

3'.    ix^  +  ir!/  +  y'-    8k-6j'-10  =  0.  Am.  01,0,. 

18.  The  co-ordinates  of  a  point  P  mth  respect  to  a  reetanguhr 
system  Ox,  Oy  of  axes  being  itnown,  to  fi/nA  its  co-ordinates  with 
respect  to  another  reetmgttlar  system  OX,  OY,  hcwitg  the  same 
origin,  hut  making  (Wi  angle  8  with  the  former. 

Let  OM,  MP,  the  co-ordinates  witli  respect  to  the  old  axes, 


lie  denoted  by  a-,  j/ ;  and   ON.  NF  tlio  new  co-ordinates,  b; 

X,  r. 

Let  OP  be  denoted  by  p,  and  the  angle  PO-ffby  ^.     ISm 
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Transformation  of  Co-ordinates. 
multipljing  each  by  p,  and  substituting,  we  get 

y  =  Xsm^+  ToosB) 
Cor. — If  the  situations  (43)  be  solved,  we  get 


Ois ef (! if (w».— Those  who   are   acquainted  with  the  Diffe- 
rential Calculus  will  see  that 


The  following  more  general  demonstration  is  due  to  Bui 

et  BOUQUBI. 

Let  OZ'be  an  asia  of  projection,  then 


j.  of  OM^  proj.  of  OP  +  proj.  of  PM 
=  proj.  of  OP  +  proj .  of  P'M. 
^<^aaZOX+i/<iOiZOr 
=.  x' eos  ZOX' + 1/' eofiZOV- 
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'i'i  The  Point. 

Supposing  OZUi  he  successively  perpendicular  to  OY,  OX,  and 
we  get 

a-  sin  e  =  .^^  sin  («-«)  +  i/  mn  {0  -  a%  (45) 

y6in^  =  a;'8iiia  +  /sina'.  (46) 

If  both  systems  are  rectangular,  we  liave 

and  the  ec[Tiations  are 

which  are  tlie  same  as  eciuations  (43). 


i.  If  we  transfona  from  oblique  eo-oi'dinates  to  rectangular,  retaining 
the  old  a:ii3  of  !K ;  prove  T=  ^  sin.  aj,  X=3:  +  yeos(o. 

2.  li  X,  y\  i/,  y'  he  tie  co-ordioalB  of  a  point  rrferred  respeotitely  to 
rectangular  and  oblique  axes  lutving  a  commoa  origin;  prove  that  if  fte 
axes  of  tie  first  syatem  bisect  the  angles  between  those  of  tlie  second, 

,.(.■+,,■)  to,  J,, 

3.  Show  that  botb  transfurmatioas  are  included  in  the  formulte — 

x  =  >.x  +ii.y-lv, 

}/  =  \'x+ IX  </+-', 

by  giving  suitable  values  to  IIlo  oonstanta  h,  /t,  &a, 

*4.  If  the  old  axes  be  inclined  at  an  angle  »,  and  the  new  at  an  angle  w', 
and  if  the  quantie  oaf  +  2hxi/  +  ii/^  referraii  tD  the  old  axes,  be  tiansf orraed 
to  a'S?  +  2A'ir+  b'T',  referred  to  the  new ;  prove— 
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Transformation  of  Co-ordinates.  '-so 

If  Jfbe  the  point  Xf/  referred  to  one  sj-stem,  aiidZr  referred  to  tte 
other  system, 

OM-^  ==  ^  +  if  +  2^-y  aoBw  =  X'  +  l'=+2Xroos»'; 

but 

«j:2  +  2hi:y  +  iy~-  =  a'X'-  +  2h'XY+i'Y^  (hyp.). 

Hence  if  \  he  any  mulfiple 

Ha»  +  2Aa:y  +  Sj("  +  A  {x'^  +  ;,»  +  2«j<  COS  c«) 

=  o'  2=  +  2A'xr+  4'  rH  A  (x=  +  r^  +  asrcosO, 

|»  4  A)  a=  +  2  {A  +  X  C09  0,)  <^ij  +  {b  +  A) !/' 

=  («■  +  A)  S=  +  2  (/.'  +  A  eo!^<a')  -TF  ..I-  (y  +  \)  YK 


Now,  if  the  first  side  of  this  identity  ho  a  peifect  square,  the  aecortd  will  he 
a  perfect  square  ;  but  if  the  first  he  a  perfect  squaie, 

(•  +  ll(i  +  x)-(»  +  »oo..)-.0.  or 

and  if  the  second  be  a  perfect  square, 

«'  +  J'  _  2;/  eos  10'      n'*'  -  /i'^     „ 


Since  the  same  values  of  A  satisfy  both  equations,  the  coeffiwents  m 
equal.     Hence,  ftc. 
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*SisciTON  IV, — Complex  Vaei«il US. 

19.  An  expression  x  +  iij,  in  which  a:,  y  are  the  reotcmgwlar 
Cartesian  eo-wdinates  of  a  point  P,  and  i  the  imaginary  radicd, 
•/  -lis  called  a  complex  magm- 
tilde.      If  p  =  y^r^  +  f  =  OP, 
p  is  called  the  modtiltia,  and  the 
angle  6,  made  hy  OP  with  the 
axis    of  «,    the    incUnaUon    or       ^^  MX 
argitmeni- 

The  modulus  p  is  ahoays  positive,  ike  argument  is  determined 
except  a  multiple  of  Stt,  We  say  that  the  imaginary  x  +  yi  is 
represented  5y  the  point  P,  and  also  by  the  vector  OP. 

Complex  magmfcudea  were  introduced  by  Caueliy  in  1825, 
in  a  memoir,  "  Siir  leg  integrates  definies  prises  entre  des  Umites 
imaginaires :"  the  method  of  representing  them  geometrically 
is  due  to  G-aiiss.  The  introduction  of  theae  variables  is  one 
of  the  greatest  strides  ever  made  in  MathematiQa.  The  whole 
of  the  modem  theory  of  functions  depends  on  them  ;  and  they 
are  so  connected  with  modem  Mathematics,  that  some  know- 
ledge of  them  is  essential  to  the  student.  "We  shall  give  only 
their  most  elementary  principles. 

20.  If  the  complex  variables  n,,  z^,  s,  .  .  .  %  he  represented  by 
the  motors  OAi,  OA^,  OAs,  .  .  .  0A,„  the  sum  2(si)  is  represented 
by  the  resultant  of  the  vectors. 

First,  to  find  the  sum  of  t„  s,,  draw 
AiBi  parallel  and  equal  to  OA^,  we 
have  proj.  0.ffj  =  proj.  OA,  +  proj. 
-^i-5!  =  proj.  0,^1,+proj.  OAi-  Hence 
if  the  co-ordinate  axes  OX,  OF  he 
token  as  axes  of  projection,  we  have  _ 
ahcissa  of  P^  =  Xi  +  %,  ordinate  of 
-Bj  =•  ^1  +  ya,  and  continuing  thus  draw  B^Bi  oqual  and  parallel 
to  OAi,  BjBi  equal  and  paa'^Iel  to  OAt,  &a.,   we  find  the 
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Complex  Variables. 
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abcissa  of  £„  =  5  (*i),  ordinate  of  £„  =  2  (i/i).      Hoaco  the  pro- 
position is  proved, 

21.  To  construct  the  vector  which  ref resents  the  difference 
between  two  eom/plea:  variables. — If  ■we  put  Ki  +  Ej  =  s^,  we  have 
K,  =  aj  -  a,.  Hence  we  have  the  following  construction  for 
finding  the  vector  Mid  the  point  which  represent  the  difference 
of  two  complex  magnitudes.  Draw  from  the  origin  a  line  OA^ 
equal  and  parallel  to  the  Une  A^Bi,  joining  the  representative pointa. 
At,  Si  of  %,,  3j ;  then  OA^  will  be  the  vector,  and  A^  the  point 
required. 

22.  Being  ffiven  the  vectors  OAj,  OA^  of  the  complex  magni- 
tudes %i,  %x  to  construet  the  vectors 

1°.  Their  product. — Let  bi,  is,  he 


the  given  points 
duH,  and  0^,  0^ 
then  we  have 

ai  =  Pi(cos( 

S,  =  Pj(c03I 

theicfore       ss  a 


thei 


Pi  tlieir  mo- 
■  arguments ; 


9.), 


«».)• 


p,(oo  9  +..m«) 
Hence  ifss  be  the  point  requued  paitamoluli  anl  S  ita 
irgument  we  see  that  the  produ  t  of  two  o'njlex  maj  tildes 
is  a  complex  tag  ati  ie  vhoae  modal  a  ta  /.qual  to  the  pioduet  of 
theirt-olul  ani  argunert  equal  to  the  sum  of  tl&  argt  etis 
Hence  if  we  make  OA  equal  to  the  bnear  init  the  fiian^le 
4.0  13  aimiliT  to  z  tfej  'uid  the  method  of  constructing  the 
J  omt  i3  IS  known 

2°    Tfnr  quot  e  t  — Tl      f  Hows  ti  m  1        I^  i  we  hire 


Hence  the  quotient  iSj  -r  Zs  makes  with  axis  of  a:  an  angle  equal  to 
that  which  %  makes  with  z^,  and  the  modmlus  is  a  fourth  propor- 
tional to  Pi,  Pa,  and  1 . 
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BXEBCISES. 

1.  Traneform  x  -t  iy  U>  polar  co-octliiiateB.  Am,  pe'9. 

2.  Find  the  point  which  j^epveeents^ 

.*,      .4,      »",      d. 

3.  It  8i,  33,  33  be  three  coiiiitial  complex  yariablea,  prove  that  if  tirceio!<£' 
miiltipleB  /,  m,  «  can  bo  found  satisfying  the  two  equations 


lii  ponding  points  are  eoliineor. 

4  If  0  b  th  origin,  a,  j8,  y  coniplex  magnitudes  Tepresentiog  the 
ant  1  I  nfs  f  the  triangle  ASC,  prove  that  if  la  +  mS  +  117  =  0,  the 
p     i    A     B     C     in  wbich  tlia  linos  ^O,  BO,  CO  meet  the  sides  of  the 

t       ^  d      f  d  by  either  of  tte  syBteros 

~la        -mS       -«7_       mg  +  ny      H7  +  la      la  +  iiiS 
m  +  n'     n  +  l'     i  +  m'         m  +  n'      k  +  1'       l  +  n   ' 

5.  If  D,  ft  7,  S  represent  any  four  coplanar  points  A,  B,  C,  B,  and  if 
the  multiples  I,  m,  n,  p  satisfy  the  two  equations  la  +  »i(3  +  "7  +  pS  =  0, 
/  +  Bi  +  «  +  p  =  0,  prove  that  the  point  of  intersection  of  AB  and  GB  ia 

O  is  ■    ■         ',  and  of  C4,  BB  ia  -; ■'. 


l  +  m   ' 

6.  If  !  be  the  oomples  magnitude  whici.  represents 
the  points  si,  sj  .  .  .  !«,  &o.,  for  the  system  of  multiples 


7.  If  B  denote  any  complex  magnitude,  prove  fiat  the  points  s",  i',  a-,  a^ 
■&0.,  represent  the  sanimita  of  a  polygon  ivliose  angles  are  equal,  and  whoEO 
Bides  are  in  GF. 

Def. — The  polygon  of  this  Ex.  is  called  a  logarithmic  polygtat. 

8.  Prove  that  the  n  values  of  s«  represent  the  summits  of  a  regulai- 
polygon. 

9.  Between  the  points  n"  and  z,  prove,  that  can  be  described,  islcgarithmie 
polygons  each  of  n  sides 

10    If     fig       b    t  h         t        f     h  mmt  & 

p         th  t      ti      1  t         £  ti    fi  IB      p  es    d  by    dd  mpl 

mag    td        +etth         tofbmmt        d        t  tbrh 

1    $     b        tb         6      b     mult  1  Ij  Hi  i.        aeh.   by 
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Miscellaneous  JExereises.  27 

MISCELLANEOUS  EXBROISBS. 

1.  Show  that  the  polav  co-ordinates  ((>,  9j ;(-/),  tt  +  e) ;  ( -  p,  d  -  ir),  all 
lepresent  the  same  point. 

2.  Prove  that  liie  iJiree  points 

(33  33\ 

form  a  yight-angled  triangle. 

3.  Find  lie  perimeter  of  the  quadiilatoral  whose  verticoa,  takon  in  order, 

"*         (...■ri):    (-W5,  (),    [-.,-Wt):    dsTs, -i). 

4.  If  flie  opposite  eides,  AB,  BO  oi  a  quadrilateral  be  diTided  in  the  same 
ratio  in  the  points^,  J';  and  the  sides  jJ2),  i(C  in  the  same  ratio  in  the  ]ioiuts 
G,  S;  prore  tiat  EF,  (riZ"intei-aeet  in  a  point  I,  eo  that 


5.  If  the  poiiltB  (h5),  (o'  6"i,  {a~~  d,  h  —  i')  he  ooUiriear,  prove  ab'  =  a'i. 

6.  If  the  co-ordinates  (a'  ^')i  {^"  y")-i  {*'"  '/")  <>^  ^''^^  vatiabls  points 
satisfy  the  relations 

{^■-^'■)  =  >.(^' ->,'■■) -I,  {,/'-,/■■), 

where  \  and  /a  are  wnstants,  prove  that  tlie  triangle  of  whii;h  these  points 
are  vertices  is  given  in  species. 

7.  If  two  syatema  of  oo-ordinatea  liave  the  same  origin  and  the  same  axis 
of  3!,  prove  ihttt 

8.  For  what  system  of  multiples  is  the  eircumcentre  of  a  triangle  the 
mean  centre  of  its  angular  points  P 

9.  If  S  be  the  mean  centre  of  the  points  ^,  .B,  C  .  .  .  i  for  the  multiples 
a,  b,  e  .  .  .  I,  prove,  if  T  be  itny  whitrary  point,  that 

(2fl)  TS^  =  (2e)  2a .  TA^  ~  2oi  .  ABK  (49) 

Laghanoe,  Mhaniqiie  Aaalitique. 

10.  TiA'' ^-rS.AB-' ^  nTS^.  (60) 
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1 1 .  Prove  titat  tte  degree  of  any  eq^uation  ceumot  be  altei-ed  by  tranefor- 

12.  If  A,  S,  0,  S  be  four  oollinear  pointa,  pcovo  ihs,t, 

AB.CJ)  +  BG.  AD  +  CA.BB=z  0. 

13.  ProYfl  tbe  following  formulsa  of  tranafoimatioc  from  oblique  axes  to 
polar  co-oi-dinalos  : — 


14.  Prove  tint  tbe  diameter  ot  tl 
p'  ff,  p"  d",  and  tbe  origin,  is 


ciiole  passing  tirough  tl 


16.  Find  the  area  of  tie  triangle  whose  vertices  are  the  three  points 

(.,  .),  (j.,  .  +  i).    (=»,  .  +  1). 

16.  If  Ji  be  the  centre  of  mean  dislunees  of  the  pointa  A,,  Ai .  .  .  A„ 
S  {AiAtAaf  =  «  2  (BAiAif.—DmisB  Ani.bb.  (51) 

17.  If  B  be  the  mean  oeutre  of  A„  A^,  A„  for  tbe  multiples  mi,  ».».., 
>nu,  Smimmi  {AuliA,)'  =  2(!Ki]  S  whmu  (£AiAi)''.—{NEVBEB.o.)     (52) 

Multiplying  iJie  matrices 


•n,       f»!?2  -   -   -  Hilllj', 

The  product  "will  be  iSraiMiams  {AiAiAif  (Mi 

2iKi,         2mii],        SiHiyi, 

2mi»h      ZmiXi",       Sm^m, 

X  miff  I,      ImiaiJ'i,     ^mifi', 
if  .B  be  the  origia  of  co-ottlinHtas. 

But  the  last  determinant  is  the  pvoduct  of  the  n 


Det.,^  72],  and 
^mixi',        2inia:]j/i, 


which  is  equal  to  42  w 
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Miscellaneous  Exercises.  29 

18.  In  the  ssrae  case  if  C,  ft,  Ci ,  .  .  C„  be>  second  system  of  n  points, 

^rnrnwa  {A1A3A3)  (CiCjCa)  =  2mi3fi!i»K  {BAiAi)  {BCi(h).—{IHd.)   (63) 


the  aeoojid  jnatrii  by 


■oi'dinafes  of  Ci,  C^  .  .  .  (7„,  rejilace 


19.  If  D  lie  the  mca»  centi-e  of  Pi,  ft  .  .  .  C,  for  mi,  i«i .  .  .  nh,, 
3  Mims  (5.^1^!)  (SCiCs)  =  2  mimz  iSAUi)  [J)«f,).— (liiif.)      (54) 

30.  If  the  Bides  AB,  BC,  CD,  &c.,  of  a  polygon  ho  each  divided  in  the 
Bama  ratio,  (he  centre  of  mean  distancea  of  the  aammils  coincide  with  that 
of  the  points  of  dii'ision. 

21.  If  Ai,  As,  Ai,  Ai  be  four  coplanar  points,  and  if  AiA^  he  denoted 
by  12,  &c.,  then, 


13  , 


H  , 
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CHAPTER  II. 


THE    RIGHT    UNR. 


Section  I. — CdBTHBiAif  Co-oediwatks. 


33.  To  represent  a  right  line  ly  an  equation,  there  are  thr 
cases  to  be  considered. 

1°.    WTim  the  line  intei'seeis  both,  axes,  hut  not  at  the  origin. 

First  method. — Let  the  line  he  SQ,  and  let  it  cut  the  ax 
in  the  points  A,  B ;  then  OA,  OB 
are  eaUed  the  intercept     n  the    x 
and  are  usually  denot  1  by         h 
Also  when  tie  axes  ai-        t  ngul 
the  tangent  of  the  angl    wh    h  th 
line  makes  with  the  axi     £       n   h 
positive    direction    (viz.    the  anj,lc 
PAX)  is  denoted  by  m.     Now  take  ' 

any  point  P  in  SQ,  and  draw  PM  parallel  to  OF;  then  OM, 
MP  are  the  co-ordinates  of  P;  and  if  the  axes  be  rectangular, 
we  have,  drawing  52"  parallel  to  OX,  since    TP  =  MP  -  OB 


Y 

B, 

T 

/ 

/A    0 
S 

h 

i 
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If  we  had  taken  suiy  other  point  in  SQ,  and  called  its 
co-ordmates  x  and  y,  we  should  have  obtained  the  same 
equation.  On  this  account  y  =  mx  +1>\&  called  the  equation  of 
the  litie.  li  the  axes  were  not  rectangular,  the  equation  "would 
still  be  of  the  same  form .  Por  in  that  case  TP^BT=OB-^AO 
=  sin  OAB  -^  sin  ^BO  =  sin  ^  V  sin  («.  -  A), 


therefore 


y  =  !> 


and  the  only  thing  changed  is  the  quantity  represented  by  m. 
Since  x,  y  denote  the  co-ordinates  of  any  point  along  the 
line,  they  are  called  cwrent  eo-ordinatss.  They  are  also  called 
variables,  because  they  vary  as  the  point  which  they  represent 
moYGs  along  the  line. 

The  quantities  ot,  i  are  called  constants,  because  they  retain 
the  same  values  while  the  line  remains  in  the  same  position, 
and  vary^  only  when  the  position  of  the  line  varies ;  h  is  called 
the  ordinate  at  the  origin  and  m  the  coefficient  of  direction. 


Second  method. — Let  A£  he  the 
line ;  and  denoting  the  co-ordinates 
oi  any  point  P  in  it  by  x,  y,  and  the 
mtexn^yts  {sG&  first  method)  OA,  OB 
by  0,  h,  we  have,  from  similar  ti-i- 


PB 
^  AB' 


:.-^^^ 


therefore  -  -i- 1  =  1 . 

a,  I  are  subject  to  the  i:iiles  of  signs. 
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Third  method. — Let  AB  be  the  lino.     Let  fall  the  pcrpen- 
diculM'    OP  from  the   origin ;  and   de- 
noting OP  hyp,  and  tlie  angles  A  OP, 
FOB  hy  a,  /3,  respectively,  we,  from 
(38),  have 


or  3i  ooaa  +  y  cos^  =^.  (58) 

In  this  equation  the  positive  direction  of  p  is  from  the  origin 
towards  the  line,  and  a,  ,8  are  the  anglea  which  the  positive 
directions  of  the  axes  make  with  the  positive  direction  oip.. 
Hence,  if  the  axes  be  rectangular, 

X  CiiSa  +  y  sva.a=p.  (59) 

This  form  of  equation,  which  in  many  investigations  is  more 
manageable  than  any  other,  has  been  called  the  standard  form. 
See  Hesse,  Vorlesung^i  Analytische  Geometrte. 

Fowrth  method. — The  general  equation  Ax  +  By  ■¥  0  =  0,  of  the 
Jwst  degree,  represents  a  right  Une. 

Dem.— -By  transposition,  and  dividing  by  B,  we  get 


y  =  -  «^ 


B' 


and  this  (see  first  method'),  being  of  the  form  y  =  n 
presents  a  right  line. 

24.  2°.    When  the  line  passes  through  the  origin. 

Let  OA  be  the  line,  Taitc  any 
point  P  in  it,  and  draw  PM 
parallel  to  OF;  then,  if  the  angle 
POM  be  denoted  by  a,  wo  have 
MP:  03f:  :  sina  :  sin  («,- a), 

therefore 


n(«. 


0.) 
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HeEoe,  putting         ..  ^'•°°      =tn,  wc  get  y  =  tnx.  (60) 

This  equation  may  be  inferred  from  (66)  by  putting  i  -  0. 

'S.ence—^  the  eqiMdion  of  a  line  eontwin  no  absolute  term,  the 

Ime  passes  through  the  origm, 

25.  3°.  When  the  line  is  parallel  to  one  of  the  axes. 

Let  the  line  AB  be  parallel  to  the  axis  of  ^,  and  make  an 

intercept  l  on  the  axis  of  y.      Now  X\ 

take  any  point  P  in  AS,  and  draw 

the  OT-dinate  MS',   ^phich  is  equal 

to  b  [Ere.  I    xxiiv  ]      Heme  the 

ordinate  of  any  point  P  m  the  Imc 

AB  is  equal  to  J ,  and  this  stite 

ment  is  expressed  algebraicilly  bi  the  equation  ^  -  />,  whith  is 

therefore  the  equation  ot  the  line  iB 

This  result  c"n  be  obtained  difterently,  and  in  a  way  that 

will    connect    it    with    i    fundimental    theorem    of    Modem 

Geometry. 

Fi'om  equation  (57)  we  have-  +  -  =  I,  whei-e  a  and  h  are  the 

intercepts  on  the  axes.  Now  if  the  intercept  a  be  infiniti 
that  is,  if  the  line  meet  the  axis  of  x  at  infinity,  the  term  —  wi 
vanish,  and  weget'"=  l,oi-j/  =  h;  but  3/ =  i  denotes  a  line  paralli 
to  the  axis  of ,«.  Hence  a  line  which  meets  the  asis  of  x  i 
infinity  is  parallel  to  it ;  and  we  have  the  general  theorem,  thai 
lines  which  meet  at  infinity  are  parallel.  In  a  similar 
X  =  a  denotes  a  line  pai-allel  to  the  axis  of  y  at  the  distance  a. 
Hence  we  have  the  following  general  proposition : — If  the 
equation  of  a  line  contains  no  x,  it  is  pavallel  to  the  axis  of  x  ;  and 
if  it  eontains  no  y,  H  is  parallel  to  the  axis  ofy. 

From  the  diseuBsion  in  the  preceding  §g  23-26  we  infer  the 
following  definition : — 

The  equation  of  a  line  is  suoh  a  relation  ietween  the  co-ordinates 
of  a  voridble  point  that  if  fulfilled  the  point  must  le  on  the  line. 
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EXEBCISES. 

1.  "What  line  is  representBii  by  tlie  equation  y  =  0  ? 

Aiss.  The  asia  of  a.     For  if  S^  0  in  the  equation  y  =  b,  we  get  y=  0. 

2.  ProTe  that  if  the  equations  of  two  lines  differ  only  in  their  absolute 
terms,  the  lines  are  paiallel. 

3.  Find  the  intercepts  which  the  Hnc  Ax  -i-  B'j  +  11=  0  makes  on  the 


4.  If  the  equation  of  a  line  be  multiplied  ty  any  constant  it  stiU  repre- 
sents the  same  line ;  for  the  intercepts  made  by  xAm  +  \By  +  xC  =  (I 
on  the  ases  aro  the  same  as  those  made  by  Ax^By^-  (7=  0. 

5.  Prove  that  the  line  which  divides  two  sides  of  a  triangle  proportion- 
ally is  parallel  ta  the  third  side. 

6.  Find  the  locus  of  a  point  which  is  equally  distant  from  the  oiigin 
and  the  point  (2a:',  2^'). 

If  {xy)  be  equally  distant  fram  (0,  0)  (2s',  2i/'),  wo  have 
K'  +  j/=  =  («-2s7  +  {y-2j,r. 
Hence  x^  A-yy' ^x'^-^y'^.  (61) 

And  since  this  contains  x  and  y  in  the  first  degree,  the  locus  is  a  right 
line. 

7.  Find  the  loci  rf  points  equally  distant  frum  the  following  pairs  of 


.  (••-*■)  raJ(»-«,').    (82) 


^        oo,i(»t(,-)      «i.i((,  +  »-) 
2-.   {om(,H-S),  i.ta(«  +  S))i   l«m(, 


4°.     (US',  2aO  ;  (fli'%  2b<'). 

Am.     2(<  +  0^  +  4!/  =  »('  +  '')(*^  +  '"  +  4). 
5°,     (n  aeo  f ,  i  taa  ())) ;  (a  sec  ^',  i  tan  ^')- 
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26.  If  the  equations  Ax  ^- By  ■vC=<i\  x  cosa -^y  sina-p  =  0, 
represent  the  same  line,  it  is  required  to  find  the  relations  between 
their  coefiioients. 

1°.   WTisn  the  axes  are  rectamgula/r. 

Dividing  the  first  ec[uatioii  by  B,  and  equating  with  the 
second,  we  get 

A  li 


S,u™ 

,  and  add,  and  we  get 

^-i^  =  1  ;  therefore  It  =  -^A^  +  B\ 

Hence 

A                            B 

(67) 

2°. 

When  the  axes  are  ohlique.    It                \ 
irsSi  to  compare  the  equations                   \/ 

/ 

w  requ 

Ax  ^  By  +  C  =  %                               /\^ 

and 

«cosa  +  yeoa^-?  =  0.                       / 

Let  OQ,    OR  he  the  intercepts;       /q  ^^'^ 

\ 

then  W' 

e  have                                           /^ 

\ 

o,.-^on.4-         ° 

a\ 

Hence 

QE.^4A-+B--2AJ)cc,«; 

but 

aiJ ;  Ofl  ::  sill  «:BUie  or  CO... 

Hen  no 

^sm<u 

"""     ?^=+i?-24il,«s« 

In  like 

„,„„,         ™»--           ■»"» 

'             '^    ^yP*J-2^Boo.» 

Cor 

■.  1.— 

sina=- 

i>-^cos.                       ^-Jico,. 

-        (68) 

M=+.B=-2^5eosM'      '^    iA^JP-^ABwn^, 

Cor.  2.-tan  a  =  ^"^"""',  tan  ^  =  dzA^ 

-.       (69) 
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27.  Tojindthe  angle  between  the  lims  Ax  +  Jl^  +  C^0{1); 
and  A'x -^  B'y -i-  O'=0(2). 

1°.  Let  the  axes  he  reotangtdar.  Then,  if  ^  be  the  angle 
hetweon  (I)  and  (2),  it  is  equal  to  the  difference  of  their 
inclinations  to  the  axis  of  x  ■  but  the  tangents  of  these  in- 
clinations are  (see  §  23,  fourth  method), 

A  A' 

-^,  and-^. 


/         AA'\      A'S-AB' 


Cor.  1. — If  the  lines  (1)  and  (2)  he  parallel,  they  make  ec[ual 

angles  with  the  axis  of  x ;  therefore 

^A     ^A!_ 

5"     Ji'' 

Hence  the  condition  of  parallelism  is 

^S'-^'-S  =  0.  (71) 

Cor.  2. — If  ^  =■ -,  tan  tfi  is  infinite  ;  and  from  (70)  we  infei' 
the  condition  of  the  lines,  being  at  right  angles  to  each  other,  is 
AA'+Mli'^i):  (72) 

That  is,  if  two  lines  whose  equations  wre  gvom  he  perpendicula/r 
to  eaeh  other,  the  smn  of  the  froduets  of  ike  coejicients  of  Uhe 
variables  is  %ero. 

Cor.  8. — If  the  lines  y  =  mj;  +  J,  y  =  m'x  +  h'  be  perj^ien- 
dicular  to  each  other,  ■ 

mm'+l  =  0.  (73) 

Cor.  4. — The  angle  between  the  lines  i/  =  mx  ^-b,  y  =m'x  +  b' 
is  given  by  the  formula 

t8n^=-— "',.  (7^) 

Cor.  6.— If  the  equations  of  the  given  lines  be  in  tiie 
standard  form, 

a:  cos  a  +  j;  sin  a-p^O,     x  cos  j3  +  1/  sin  ^  -p'  =  0, 
we  hare  *  =  a-/?.  (75) 
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2°.  Let  the  axes  he  oblique. 

If  6,  6'  denote  the  angles  which,  the  given  lines  make  with 
.e  axis  of  x ;  then  (g  26,  2°)  -we  have  ^  =  a  +  90 ;  therefore 


Similarly, 
Hence 


AA'+£B'-  (AB'+  A'B)  cos  o.' 
Cor.—  If  the  lines  he  perpendicular  to  each  other 

AA'  +  BB'  -  {AB'  +  A'B)  cos  u>  =  0.  (77) 


angle  between  the  lines 

ai8m(g-7) 


Vo"  Bin's +  *"  003^^  Vn=  ain^y  +  i- ooa^y' 
2,  Find  f be  angle  between  the  lines  ;i:—^  =  0  and 


!(«•/) 


fan  ^'  +  tan  * '      cot  f  +  cot  ^' 

Am.  tan-'  j^X^*^'}.       (79) 
Dbp. — The  remit  of  substituting  the  co-ordinates  of  anj/ point 
in  the  equation  of  any  Une  or  eurve  is  called  the  Powee  of  that 
point  with  respect  to  the  line  or  curve. 

[This  definitioD,  first  given  by  Steinbr, 
is  now  employed  by  all  the  French  and 
German  writers.] 

28.  Tofiitdthelengthof  the  perpen- 
dicular from  the  point  !/fy' on  the  line 
Ax  +  By  ^  C  =  a. 

1°.  Lei  the  axes  be  rectangular. 

Let  the  line  intersect  the  axes  i 
tlie  points  Q,  E,  thtn  the  perpendicular  from  P  ia  equal  to 
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twice  the  area  of  the  triangle  PQIt  divided  by  the  t 
but  the  areii  of 


PQR  =  — j^  {A'x'  +  By'  -f  C),  (Eiiuation  (34).) 

and  ^^"'Jb  >/^'  +  -^-  (Equation  (11).) 

Therefore  the  length  of  the  perpendicular  is 

(80) 


Ax'  +  By'  +  C 

The  area  PQR  changes  sign  when  B  goes  from  one  side  to 
the  other  of  the  line  QR.  Thus  the  formula  (80)  must  have 
the  sign  +  for  all  points  on  one  side  of  the  line,  the  sign  —  for 
those  on  the  other  side.  We  find  the  proper  sign  by  observing 
that  the  distance  from  0  to  the  line,  viz.  Cj  >/A'  +  5'  must  be  +. 

Hence  we  have  the  following  rule  for  finding  the  length  of 
the  perpendicular  from  a  given  point  on  a  given  line  r — 

Dwiie  the  power  of  the  giv^i^oini  with  reapeot  to  tke  given  line 
by  the  square  root  of  the  sum  of  the  squares  of  the  coe_0eients  of  the 
variables,  and  ike  quotient  taken  with  the  proper  sign  will  he  the 
length  required. 

2°.  Let  the  axes  he  oUique. 

Since  the  axes  are  obliciuc,  the  area  of  the  triangle  PQR  is 


lion  (12).) 


id  the  length  of  QR  is 

2AB 

CyA' 

'■+B^-  2AB  cos  m 

AB 
Therefore  the  pcrpendieulax  is 

(Ax-  +  _Bj/'  +  (7)  sin  a. 

^  ^  A^  +  'P  -  %AB  & 


(81) 
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29.  If  the  equation  of  tlie  line  AB  be  given  in  tlic  form 


«  cos  a  +  y  DOS  ;8  -  p,  we  find  tie  length  oi  the  pei-pendiculai 
from  tlie  point  M,  as  follows  ; — 

Let  OP  =  x',  PM  =  y',  and  MR  the  perpendicular  from  M 
upon  AB  =f'.  Then  the  projection  of  OR  on  OQ,  is  equal  to 
the  projection  of  the  contour  OPMR  on  OQ.    Hence, 

p  =  !e'  nwa  +  y'  cos  (3  +/,   ,-.  -jo'  =  x'  cos  a  +  /  cos  (i~p, 
.-.  p'  =  ~  the  power  of  the  point  M.  (82) 

"We  suppose  that  js' is  suhject  to  the  same  rule  of  signs  asy; 
p  is  always  +,  and  the  points  for  which  ^'  is  positive  are  on  the 
same  side  of  the  line  as  the  origin  of  co-ordinates. 

Cor. — The  power  of  any  point  on  a  line  with  respect  to  the 
line  JB  zero  ;  and,  conversely,  if  the  power  of  a  point  with  respect 
to  a  line  he  zero,  the  point  must  be  on  the  line. 

30.  If  S^A(s  +  By  +  C  =  0,  S'  ^  A'x  +  B'tf  +  C"  =  0,  he 
the  equations  of  mty  two  lines,  and  I,  m  any  two  multiphs  (iMltid- 
ing  unity),  either  positive  or  negative,  then 

l8-vm8'=0  (83) 

is  the  equation  of  some  line  passing  through  the  interseetien  of  the 
lines  S  and  8'. 

Por,  since  iS  and  S'  are  of  the  first  degree  with  respect  to 
X  aad  y,  IS  +  mS'  =  0  will  also  be  of  the  first  degree,  and  there- 
fore will  be  the  equation  of  some  line.  Again,  if  P  be  the  point 
of  intersoction  of  8  and  5',  the  powers  of  P  (§  29,  Cor.)  with 
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respect  to  S,  S'  are  respectively  zero.  Hence  the  power  of  P 
with  respect  to  IS  +  mS'  =  0  is  zero,  and  therefore  the  line 
IS  +  mS'  =  0  must  pass  through  P. 

Oor.  1 . — Tho  line  y  -  y'  -  rrt  {tc  -  x')  =0  passes  through  the 
point  x' y' ;  for  tho  power  oi  x'  y'  with  respect  to  it  is  zero. 

Or  thus  :  y  -y'  =  0  denotes  (§  25)  a  line  parallel  to  tho  axis 
of  m  at  the  distance  y' ;  and  x-  a/  =  0  ».  line  parallel  to  the  axis 
of  y  at  the  distance  ss'.     Hence, 

y-y--m{x-^')  =  0  (84) 

denotesaline  passing  through  their  intersection,  that  is,  thi-ough 
the  point  x'  y'. 

Cor.  2. — In  the  same  manner  it  may  he  ehown  that  if 
■8  =  0,  iS'  =  0,  be  the  equations  of  aay  two  loci  (such  as  a  line  and 
a  circle,  or  two  circles,  &c.),  18  +  mS'  =  0  will  denote  some  curve 
passing  thi'ough  all  the  points  of  intersection  of  S  and  S'. 

81.  To  Jsnd  the  equation  of  a  line  pamng  through  two  points 
x'y',  of' y" . 

Take  any  variahle  point  xy  on  the  line,  then  the  three  points 
«y,  ^ ^,  af' y"  aie  collinear.     Hence  (equation  (18)), 


»■",        !/",       I, 
which  is  the  required  equation. 

It  may  ho  otherwise  seen  that  this  is  the  equation  of  a  line 
passing  through  the  two  given  points.  1°.  It  contains  x  and  y 
in  the  first  degree  ;  hence  it  is  the  equation  of  a  right  line. 
2".  If  we  substitute  V  y'  for  xy  the  detenninant  will  have  two 
rows  alike,  and  therefore  will  vanish ;  hence  the  co-ordinates 
x^y'  satisfy  it,  and  the  line  passes  through  x'y'.  Similarly  it 
passes  through  x"  y".     The  determinant  (85)  expanded  gives' 

(/-»")  s>  -(»!'-«'")  y  +  ^'  S"  -«"!('-  0  i  (86) 
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from  wMoh  we  infer  the  following  practical  rule  for  writing 
down  the  equation  of  a  line  passing  througli  two  given  points 
(d'y,  x"y":— 

Place  the  eo-ordinates  of  one  of  the  gwm  points 
tinder  those  of  tlte  other^  as  in  the  ma^fftn  ;  then  the         x',     y', 
difference  of  the  ordinates  of  the  given  points  will        *",    y", 
give  the  coefficient  of  x:  the  eorrespoitding  difference 
of  the  dbseiaais  with  sign  cha/nged  toill  be  the  coefficient  of  y.   Lastly, 
the  determmmd,  with  too  rows  formed  hg  the  given  co-ordinates, 
will  he  the  absolute  term. 

Cor.  1. — If  the  equation  of  tlie  line  joining  x'  y' ,  x"  g"  be 
written  in  the  form  -4a:  4-  i?)/  +  C  =  0,  wc  have 

/-  y"  =  A,     («'  -  a/')  =  -  B,     x)'y"  -  x"  y'  =  C. 
Cor.  2. — Hence  may  he  inferred  tlie  condition  that  the  points 
a:"!/",  m'" y'"  may  suhtend  a  right  angle  at  x'  y'. 
For,  let  the  joins  of  the  points 

3/y',  a/' y"  he  Ax  +  Sy  +  C=  0, 
and  the  join  of  the  points 

x'y',  x"'y"'  he  A'x  +  B'y  +  (7'=  0  ; 
and,  since  these  are  the  right  angles  to  each  other, 

AA'  +  BB'=Q; 
and,  suhstitixting,  we  get 

(*■'-  ^")  (^'  -  X"')  4  {y-  -  y")  W  -  r)  =  0.     (Comp.  (14).) 

EXEKCISES. 

1.  Find  the  equation  of  tlie  join  of  (2,  -  4),  {3,  -  5). 

Ana.  J!  +  J/  +  a  =  0. 

2.  Find  tlie  meclians of  the  triangle  whose  vecfices  are  a' j',  !^'y",i>"'y"'. 

Am.  (y-  +  y-  -  Zy)  %  -  {^"  +  t^"  -2^)y  +  {x-  +  a/")  ^ 

-  i.f  -^  V'")  «■  =  0.  &c.     (87) 
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42  The  Eight  Line. 

3.  Find  the  equations  of  tto  joins  of  the  pairs  of  points — 

r.  if  COB  ^^  J-  bh  f ) ;  (r  cos  .J.",  >-  sin  *"). 

^m.  EOS  J  If  +  f '1  j;  +  sin  1  (^  +  f ")  y  =  )■  cos  i  (f  -  f  ■).     {88] 

2°.  (aoMf,  Jsinf);  (acosf',  *dn^"). 

^(jj.  COB  ^  if-  +  <p"j  %  sin  ^  (,f,'  +  f ')  I  =  cos  J  (^'  -  f '].      (89) 

3°.    («cfls(«  +  ^),  *siii{a  +  fl]l;    {b  cos  («  -  fl),  *  sin  (a  -  fi)  j. 

^«s.cosa^+sina|=cios^.  (90) 
r.  {n(5,2B();  (at"S  2a(')-  -i«s.  2k -{'+*')  S' +  2««' =  0-  (91) 
5'.  {flsec^.itan^):  («  aec*',  Stan  f ). 

Am.  cos  J  ip-p-)  I  -  sin  J  (*  +  f )  ^  =  cosi  (,p  +  f  ■).     (92) 
fl",  (itan^, /(COttJi);  (X:  tan  f,  ^' coif ). 

yiMs, _  +  1 =  A-      (93) 

tait^  +  lm^        rc>tf()+    )t^ 

4.  Find  the  equations  of  the  joins  of  fhp  nud  Ue  points  of  the  opposite 
aides,  and  also  of  the  joins  of  the  midllo  poin  s  of  fhp  diagonals  of  the 
qnaddlateral  whose  vertices  are  I'j  i  j  i  /  i  (/  inl  ahow  that 
the  three  lines  thus  found  are  oonoiirrent 

32.  To  find  the  co-orMnates  of  the  point  of  intersection  of  two 
lines  whose  equations  are  given. 

Sinco  tib.e  co-ordmat  f  th  p  nt  f  interaeotioii  must  Batisfy 
the  equation  of  each  Im  tl  p  blem.  is  identical  with  the 
algebraio  one  of  solyiag  w  mnltan  ous  equations  of  the  first 
degree.  Thus  the  co  d  n  t  f  tl  point  of  intersection  of 
the  lines 
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Cartesian  Co-ordinates. 


1.  Find  the 
diit  of  lines  :- 

co-orainates  of  tlio  jwjints  of  inl^rs 

ecfion  of  the 

following 

1-.  »c. 

ia?4y3ill^  =  f,     ;CCOBfl.'  +  2/3in^ 

'  =  ,-. 

roO.J(»  +  »')   ,.        •■ 

sin's  {'P  +  -P') 

(91) 

r.  -  cc 

»»+|.in,.l,5co.  ♦'  +  !»♦■ 

=  1. 

.00.5W  +  ,')           I 
-"■■•     0..-J  (♦-«''       ■ 

'sini(^  +  *') 

.      (95) 

^osi(*-?'}' 

3-,  .- 

(y  +  Bf  =  0,    I  _  i'j,  ^  alf^  ~  0. 

Jm.  s  =  ««',    y  =  «  ((  +  0- 

(96) 

2.  If 1-  —  =  I. h  —  =  1   be   one  pair  of   opposite  sides  of  a 

2a      2*       '  2t^      2b'  '^  "^ 

quadrilateral,  and  the  co-ordinate  axes  the  other  pair,  find  tie  co-ordinates 
of  tie  middle  points  of  its  three  diagonals,  and  prove  that  they  are 
oollinear. 

3.  Find  the  co-ordinates  of  a  point  equally  distant  from  tlie  three  points 

(«eosf,  isinfl.);  (a  cos  f ,  S  sia  *') ;  (o  cos  ,f,",  4  ain  (."], 
The  locns  of  a  point  equally  distant  from 

(»  cos  f ,  b  sin  ij)) ;  and  {a  toa  *',  *  sin  ^'), 

J,  the  line         —T^~^,  -  --wJt--.  =  ("=  -  *')  '•-•>'  J (f  -  *')■ 

COB  1(^-1-^)       sin^(y  +  ^) 

Similarly,  „   .  J_^^„.  -  ^TTtSt^  =  '"'  "  *''  '^^  ^  '* '  "  1'"^ 

cos^l^  +^  ]      sm^(^  +  ^  ) 

is  the  locus  of  a  point  equally  distant  from 

(a  cos  <ti',  J  sin  iji') ;  and  {a  eos  ^",  *  sin  -p"). 

llence,  solving  from  tiese  eqnations,  we  get 

.r  =  tjzl  cosi(^  +  fl.')cosi(*'  +  ^")'">sH*"  +  f),) 

y  -  — J— ain^(^  +  f')  sin  J(^' +  $")  siaj  (,p"+^) 
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*4.  Find  the  co-ordinates  of  a  point  eq^ually  distent  from  — 
1°.   [aC,  2a();   [af^,  2af) ;  (al"%  2at"). 

^n,9.  s,-  =  "  (;»  +  f'  +  n  +  i/  +  ft"  +  ft  +  i), 

y^-^{t  +  t'){f  +  fj{f'  +  l)- 

*2'.  (oHse^,  i  tan^];  {assaip',d  tan  •!>');  (a  aoo  <j",  i  tan  ip"), 

Am.  X  =  "'^^^ cosi(»-4i')cog}(<,'-Ocoa}(^"-»)^  1 
0  cos  ^  cos  ?i'  coa  f>" 

y  =  "'  +  ^'  sin^C,f,  +  ^')sin^(»-4-^")aini(,p"+y) 

^S".  (itan$,  Acot*};  (i  tanfl,',  Seot$'] ;  (J teafl,''K«+f ';9. 

Atis.  X  =  -  (cotip  oot$'  cot  ?"  -I  tirn^  +  tan  ^'  +  tan  <))"), 

ji  =  -  (tea  ^  tan  ^i'  tan  ^"  +  cot  -f.  +  cot  ip'  +  cot  <p") 

*i\   (acosa,iaii.a):    {«  cos  (a  +  fll,  ^  sin  (^  +  j3) ! ; 
{acos(a-^),  is;n(a-B)!. 

^„,.  ^  =  ?iri%os(a-|fi)cosacos(„+^fi),) 
^  =  __^  sin(a  -  ifi)  sin»  ein  (o  +  ^3)) 

33.  To  find  the  equation  of  the  line  through  afy',  making  an  angle 
<ft  with  Ax  +  £^  +  C  =  0. 

Let  A'x  +  £'j/  +  C  =  0  te  the  required  lino  ;  aad  since  this 
passes  through  x'^',  -we  have  A'x'  +  B'y'  +  C"  =  0.  Hence 
A' (iv ..  w')  +  B'{y  -y')  =  0  is  the  form  of  the  reijuired  equation. 

Agaia,  we  have     tan  ^  =  —^--^-,.         (Equation  (70).) 

Hence  A'{B  -  A  tan  <^)^B'{A^B  tan  ^). 

And  the  required  equation  is — 

(102) 


-  A  tan  ^      A  +  B  ts.ii<j) 
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Cartesian  Co-ordinates.  4-5 

which  may  ho  written  ia  either  of  the  following  forms  ; — 

y  ~y' 


n  0      ^  cos  <^  +  ^  sin  ^ 
I,     ^  cos<f.  +  ^  sini^,     0 


(103) 


If  the  angle  ^  be  right,  the  equation  becomes 

Hence  the  equation  of  the  line  through  x'i/',  pei'pendioular  to 
Ax^By-¥  C,  is 

Ji{^-^)=A{y-y').  (105) 

This  may  he  otherwise  proved  as  follows  ; — ■ 

The  line  Bx  -  Ay  +  C  fulfils  the  condition  (72)  of  heing 
perpendicular  io  Ax  -i  By  -i^  C ;  and  if  it  pasa  through  x'y',  we 
get  Sx'  -  Ay'  +  C  =  0 .  Hence  subtracting,  we  get  the  equation 
just  written. 

34.  The  line  through  ic'y',  making  an  angle  4-  with  y  =  mx  +  h, 

x-x'  y  ~y' 

fT^-tan-*=^3^a^-  (^O^) 

Cor. — Tlie  lino  throngh  x'y'  perpendicular  to  y  =  mx  +  i  is 

y-y'  =  --  («^-^')-  (107) 


1.  Find  tlie  line  thraugh  (0,  1),  making  an  angle  of  30°,  with  x  +  y 

2.  Prove    that   tlie    lines    a;  +  )/  VS  -  G  =  0,     Zx  -  yJl  -  i  =  Q   ai 
right  angles  to  each,  other. 
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3.  Find  tie  ei^uatioiia  of  tlic  peipondicukis  of  the  tviangle  w' 
[joiata  are  x'y',  x"y",  x"'y"'. 
i.  Find  tlic  eq^ualion  of  tlie  perpendicular  to  tlie  line 

+  —T — ■  =  1  at  tlie  point  {a  cos  ii,Jaiii  a). 

5.  Find  the  perpenilioular  to 

x  -  y  taa  ^  +  a  tan'^  =  0,  at  the  point  {« tan^ifi,  2a  tai 


*)- 


35.  To  find  the  equation  of  a  Um  dwiding\  either  of  the  angles 
hefween  the  lines  Ax  +  By  +  C  =  0,  A'te  +  B'y  +  C"  =  0,  into 
two  ^0}  is  whose  Sines  hate  a  given  ratio  a  :  b. 

Let  Z-Z',  MM  ho  the  given  lines  ;  OJV  the  rrqnired  line. 
From  any  pcmt  XT  on  0J\ 
let  fall  perpendiculars  on 
the  given  lines  these  per 
pendiculais  will  he  to  oik 
another  m  the  latio  of  thf 
sinea  of  the  angles  anil  will 
hoth  bfj  of  the  same  sign 
(g  28),    it  the  origin  of  co 

oidmites  lies  m  tithei  of  the  angular  spaces  ZOM,  Z'OM'; 
inl  of  ihfferoat  signs,  if  in  either  of  the  two  rematntug  spaces. 
Hence 

Ax  +  B^+C      A'^  +  By*  C"  _     a 


^A'  +  Ji' 


the  choice  of  sign  depending  on  the  position  of  tlie  origin. 
Hence  the  equations  of  the  lines  dividing  the  angles  between 
Ax  +  By  +  (7=0,  A'x  +  B'l/  4-  C  =  0  into  parts,  whose  sines 
are  in  the  ratio  a  :  i,  are 


6  (Ax  +  By  4-  C)  _  ^  a  jA'x  +  B'y  +  C") 
-/Ay+IF'       ~~        ^A'''  +  B" 
f  hcing  the  proper  or 


(108) 
3  of  them,  and  -  for  the 
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Cartesian  Co-ordinates.  47 

In  this  proof  it  is  assumeii  tliat  tbe  powers  oi  tlie  origin  with 
respect  to  both  lines  have  lite  signs.  If  they  have  imlifee  signs, 
the  conclusions  will  he  reversed. 

Cor.  1 . — If  we  put 

*_^;    ^^  " 

the  ot[Uations  (108)  are  transformed  into 

l{Aa:  +  Btj-V  C)  ±  m (-i'a:  +  B'y  +  C")  =0.         (109) 

Saw  if  a  ami  h  are  given,  I  and  m  will  he  gi'ien  Hence  we 
have  the  following  important  theorem  — Ij  the  eqmiioni  of 
two  given  Urns  he  muUtplied  resjiecttvel^  hy  given  cumtants,  and 
the  products  either  added  w  suhiraeted,  tht  result  will  he  the 
equation  of  a  Une  dividing  one  of  their  anqlfs  mto  parti  whose 
sines  have  a  given  ratio. 

Cor.  2. — If  in  the  equation 

l{Ax^By^  C)  +  m{A'-^^Ly  +  t  )  =  0, 
we  put 

mjl  =  k,  we  gQtAa;  +  Bi/+  C  +  k{A'x  +  B'y^  C')  =  0  ; 

and  giving  all  possible  values  to  \,  we  get  all  possible  lines 
through  the  intersection  of 

'Ax^-By+C  =  0,    and  A'o)  +  B'y  +  €'  =  0  ; 

C!ompare§  30,  Cor.  1. 

Cor.  S.~li  the  ecLuationa  of  the  given  lines  be  in  the  stan- 
dard form,  the  ratio  of  the  sines  will  he  the  same  as  the  ratio 
of  the  multiples. 

Cor.  4. — Smoe  the  line  passing  through  a  fixed  point  ^'y' 
and  the  intersection  of  the  lines 

Aj:-^By+  0=  0,     A'^:  +  B'y^C'  =  (i 
divides  the  angle    between  the   lines  into  parts  whose   sines 
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48  The  Right  Line. 

arc  in  the  ratio  oi  the  perpendiculars  on  them  from  x'y',  we 
have 

^  Ax'  +  £/+  c     __  AW  +  sy  +  C 

y/A^T£^    '       ~    v'^"'  +  ~B"' 
Hence,  suhstituting  these  values  in  (108),  we  get 
{Ax  +  By-i  C){A'X'  +  Sy  +  C) 

-{A'x+S'^+C)(Ax'+S^+C)  =  0.      (110) 
36.  7b  find  the  condition  thai  three  given  lines  he  eoneurrent, 
let  the  lines  he 

Aa:-iBy+C  =  (i,  A'x  +  S'l/ +  C  =  0,  A"x  +  S'Uj  +  C"  =  0, 
we  see  (§  35,  Cor.  2)  that  the  tliii-d  must  he  of  the  form 

l{Ax.l-Bi/+  C)  +  m{A'x  +  £'y+  C). 
And,  comparing  coefficients,  we  get 

lA  +  mA'~  A"  ^  0, 
IB  +  mB'  -  B"  =  0, 


IQ  ^ 


n.C  - 


Hence,  eliminating  /,  m,  the  condition  of  C' 


C,      C" 


Cor.-^lf  Hie  eoejieients  in  the  equations  of  three  lines  he  suek 
that  when  the  equations  are  multiplied  ht/  an^  smtaile  aonstants 
they  vanish  identieally,  the  Unes  are  concurrent. 
For  if 

\{A(X  +  Bff+G)  +  f>.{A'a:  +  B'7/+C)  +  v{A"x  +  B"y+C")^0, 
we  have,  comparing  coef&oients, 

XA  +  iJ,A'  +  vA"=0, 

\B  +  II.B'  +  vB"  =  li, 

XC  +  IX.O'  +  vC"  =  0; 

and  eliminating  X,  fi,,  v,  we  get  the  condition  (HI)  oi  conem- 
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Cartesian  Co-ordinates. 


1 .  Find  tin  lines  whieli  divide  the  angles  between 

Sa  +  4j/  +  12  =  0,     8a;  +  !5y  +16  =  0, 
into  parts  whose  sines  are  in  the  ratio  2  ;  3. 

A«3.    Sl(3a!  +  4y  +  12)  +  10  (Sa:  +  15)/+  16]  =  0. 

2.  Write  tlie  equations  of  the  biseelors  of  the  onglea  between 

in  the  Btandacd  form. 

3.  Form  the  eq^uations  of  the  perpendieulars  of  the  triangle  whose  sides 

^ia  +  Bij/+C,  =  0,  (1)  .J!3T+B2!/+Ca  =  0,  (2)  ^3«+£s!/+Ca  =  0,  (3); 
the  perpendicular  on  (1)  must  he  of  the  form  (2)  -  S  (3) ;  and  the  condition 
of  perpendicularity  gives 

k  =  [AiAi-^BiBi)  -^  {AUi  +  SiBi). 
Hence  tho  perpendioulai'  ia 
{AiAi  +  B3B,){Aias  +  Si^+  d)  -  {AiAi-i-B,B2)[As!i!  +  Biy+  ft)  =  0.  (112) 

i.  Show  that  the  orthocantre  of  the  triangle  formed  by  the  linca 

isihepoJnt  -a,     a{t  +  f  +  ("  +  tff).  (113) 

5.  Find  the  equation  of  the  line  which  passes  through  the  inleraeotion  of 

Aix  +  Biy  4  fl  =  0,     A^  +  Biy  +  ft  =  0, 
and  is  parallel  to  A^x  +  Bag  +  ft  =  0. 

6.  If  the  distaneSB  of  a  certain  point  from  the  lines 

he  d,  if,  iT',  respectively,  and  if 

\  =  p  +  d,    \'=p'  +  d',    X"=j3"+(f'; 
prove  ABin(a'-O  +  A'sin(a"-B)  +  A"sin(a-a')  =  0.  (IH) 

7.  Being  given  two  Uiangies  ^iM^Ms,  Nilf-slfs,  to  find  the  condition  tliat 
the  parallels  through  M,,  Ms,  Mi  to  Ifilf,,  JVaiVi,  N,Ns  may  be  concurrent. 

Let  the  co-ordinates  of  Jfi,  jtfs,  Ms  be  iiiJi,  osij,  03*3 ;  and  the  co-ordi- 
nates of  Ifi,  Si,  S'l  be  c\di,  fids,  cjdi,  respectively,  then  the  equatdons  of  the 
pai'allels  anjt^ 

(1/  -  hWt-ci)  -{x-  «,)[*  -  (fa)  =  0,  &e. 


y  Google 


The  Right  Line. 

IB  equations  be  added,  the  noefficionts  of  x  and  y  vaniBli  iaentically. 
a  order  tliat  fie  Jicea  may  be  oonourrent,  the  Bum  of  the  absolute 
lat  vanlsli  in 

Smlrfa  -  da)  -  2Ji(^  -  cs)  =  0, 


(Neubbkg). 

Cor.  I.- — If  pwallela  through,  the  aummits  of  the  fii^t  triangle  fo  the  sides 
of  the  Eeeond  be  eonoujTent,  parallels  through  the  aummifs  of  the  second  to 
tie  aides  of  the  first  ai-e  concorrant.  (Ibid.) 

Cor.  2. — If  two  triangles  are  auch  that  Hues  through  the  summits  of  the 
Bvst  making  the  same  angle  a^ith  the  sides  of  the  second  are  couBurrent, 
the  lines  thitiugh  the  summits  of  the  second  mating  an  angle  a  with  the 
sides  of  the  Sret  ai'e  conmirrent.  (Ibid.) 

8.  To  find  tho  condition  that  the  perpendioulais  through  the  summits  of 
M\MiM3  on  the  sides  of  NtN^i  may  bi 

The  ec[uations  of  the  perpendiculars  are 

(j^-«0W-'^)  +  (!'-*i)('?3- 
And  we  Snd,  as  in  Ei.  7,  the  windition  of 
%a\(ei-e^  +  'Sh(<i 


!    as,     es,     1    I  I    h,     ^3,      1    I 

(Ihid.) 
Cor.  1. — If  tlie  perpendiculars  from  the  summits  of  JTi^SfsMa  0(1  the  sides 
of  JTiiCsJTa  are  concurrent,  the  perpendiculars  from  the  summits  of  S'\lf%Ni 
on  the  sides  of  MiM^M^  Bie  concurrent.  (Stbinkr.) 

Two  Buoh  triangles  are  said  to  be  orihologiqut. 

Cot:  i.—li  MyMiM'i,  ITiN^s  be  orthologic[ue,  and  if  Bi,  B%,  lis  divide 
the  lines  Milfi,  Mi2fi,  Jlfa^i  in  the  same  ratio,  DiDiIk  ia  orthologigue  to 
each  of  the  triangles  MiM-^Ms,  NiNilfa.     For,  if  we  substitute  in  (116)  for 

c\,  ■ ■ — ,  foriJi ,  &o.,  the  reBiilting  determinant  will  vanish. 

(Neobebo.) 
Gar.  3.— If  SiEiEi  divide  MiN„   ^sM,  -ffsffs  in  the  same  ratio,  the 
triangles  BiDzJJs,  EiE^Ez  ai-e  orfhologique.  (Ibid.) 
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87.  7h  _find  tolien  an  equation  of  the  second  degree  is  the  prodtict 
of  the  equations  of  two  lines. 

1°.  Let  the  equation  contain  only  one  of  the  variables,  such 

Since  tliis  is  evidently  the  product  of  the  equations 

■we  see  thai  an  equation  of  the  second  degree,  containing  only  one  of 
the  variables,  represents  two  lines  parallel  to  the  axis  of  the  other 
variahle. 

1°.  If  the  eguaiion  he  homogeneotts  in  both  variables,  it  represents 
f/wo  lines  passing  through  the  origin. 
For  example, 

«=  -  5«y  +  6/  =  0  is  tho  product  of  (a-  -  2y)  =  0,  (*  -  3y)  =  0. 
8°.  If  the  general  equation 

^■'  +  2hxy  +  hf  +  2gx^2fy  +  c=^0 
denotes  two  lines,  throwing  it  into  the  form 

{ax^hy^gf-{{h^-ab)f^2{gh~af)y^{g^-ac)]=0, 
we  see  that  the  second  memher  must  be  a  perfect  square. 
Hence  (A'  -  ai)if  -  ac)  -  igh  -  afY  =  0, 

or  abe  +  2fffh-ap-bg^-ch^  =  0.  (117) 

This  important  function  of  tho  coefficients  of  the  general 
equation  of  the  second  degree  is  called  its  diseriminant.  It  may 
be  written  in  determinant  form  as  follows  : 

b,        /       =0.  (118) 

/,         ^ 
Or  thus,  let 
ax'  +  2hxg  +  bf  +  2gx  +  2/y  +  tf  =  {Ix  +  my  +  n){l'x  +  m'y  +  »')■ 
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The  Kight  Line. 
!,  compariDg  coefficients,  we  get 


2/- 

«»'  +  «i' 

2j,.»i'  +  » 

i,     24.fo.'  +  rm. 

%<m  tho  product  ol  the  matrices 

I.    I' 

I',    I 

•at. 

;m'+j'M,     fa'+f« 

.»,  «' 

« 

m\  u 

. 

Im'  +  Zjre', 

2OTm',      Bw'  +  m'w 

»,   ).' 

»',   « 

fe'  + ;'«, 

mn'+M'n,        2«»' 

The  student  Bhoulcl  carefully  commit  each  of  tte  formiiUe 
(117),  (118)  to  memory.  The  minors  of  the  determinant  (118) 
will  be  denoted  by  the  corresponding  capital  letters.     Thus, 


O^hf-bg,     H^fg-ch. 


F^gli-c^f, 


38,  Ifihs  general  equation  represent  two  lines,  it  is  required  to 
find  the  eo-orMnates  of  tlieir  point  of  intersection. 

Let 

ax'  +  2hxy  +  hy^  +  2gx  +  2fy  +  ii  ^  (^  +  my  +  n)(l'x  +  m'y  +  »'), 
2/=m!!.'+  m'n,    1g  =  w?'+  n'l,    2A  =  to'4-  ?m; 
and  solving  for  x  and  ^  from  the  ec[uations 

Ix  +  wi)/  +  «  =  0,      far  +  m')/  +  «'  =  0, 
we  got  x:y  -.1,  ::  mn'  -  m'n  :  nl'  -  n'l ;  im'  -  I'm ; 

Hence  x:y:\  :  :  Ai :  £'' :  f, 

which  are  the  required  values. 


y  Google 


Cartesian  Co-ordinates.  53 

Cor.  1. — If  the  general  equation  represent  two  perpendicular 
ines, 

a  +  J  =  0  for  rectangular  axes.  (H^) 

«  +  i  -  2A  COB  m  =  0  ior  oblique  axes.  (120) 

Cor.  2, — If  the  general  equation  represent  two  lines  making 
in  angle  ^,  we  have  for  oblique  axes, 

...j,_'^^/*^»-»»'"  (1211 


Heaee,  if  h^-  ah  =  0,  the  lines  are  parallel. 

EXERCISES. 

1 .  "Wliat  lines  are  repieaented  by  a^  -  »;'  =  0  ? 

2.  What  hneaare  represented  by  r^  —  2as/  sen  9  +  y'  =  0? 

3.  Prove  that  the  two  lines  ax'  +  ihxy  +  J^  =  0  are  respectively  at  right 
angta  to  fhe  linos  bx'  -  ihxy  +  ay'  =  0. 

4.  Find  tho  angle  between  the  lines  oa:'  +  Zkcy  +  iy^  =  0.     If  tho 
equation  represent  the  two  lines  y  ^mx^H,  y  -  m'x  =  0,  we  get 


5.  The  angle  between  the  lines. 

(a*  +  ^=)(oos'e  sia=o  +  sin'9)  -  (a;  tann  -  y  sin  Bf  is  a. 

6.  Find  the  bisectors  at  tte  angles  made  by  the  lines  aai'+  1hs>y  + 
The  hiseotflrs  of  the  angles  between  the  lines  y  —  mx  =0,  y  —  r, 

Hence,  multiplying  and  restoring  values,  we  get 
h  (!^  -  f)  ~  {a  --  6)  tey  ^  0. 
7-  The  lines  x"  +  2x^  sec  2a   I-  j^'  =  0  are  equEjly  inclined  to  k  4 
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8 .  The  diffetenoo  of  the  tengents  wiicli  the  linea 

s!'  (tan'e  +  cos"e)  -  23r!/  tan  9  +  j'-  siii'fl  =  0 
vnalic  with  the  axis  of  ;i  ie  3. 

9.  If  A  denota  the  diaoriminant  (118),  prove  tlie  following  Telationa— 

aii  =  Ba-F\     bA=OA-G^,     c  A  =  AB~S'.       (124) 

10.  Whm  A  =•  0,  prove    A:  S:  C:  :  y^:   ~:   ^^.  (125) 

11.  If  (13^  +  2ki^+  bi/'  +  2gv  +  2/V  +  c  =  0  represent  two  lines,  prove 
that  the  lines  ax'  +  2hxy  +  i j'  =  0  are  parallel  to  them. 

12.  Findaed] 


(03;=  +  2kxy  +  by^  +  2gx  +  2fy  +  c)  +  \  ix^  +  )/=  +  2^;/  cos  «). 
13.  PrOTO  that  if  in  the  result  (123)  we  oliange  x,  y  into 
Ai  21 

we  get  the  equations  of  tie  hieeotoi^  of  the  angles  made  by 

(or'  +  'ikxy  +  ij/=  +  2^3;  +  'ifij  +  o)  =  0, 
■when  it  denotes  linos. 

Hi.  If  the  som  of  the  angles  ^,  ^',  0",  ip'"  be  2ir,    prove  that  tEe 

(oMB^, iaa$);(acoB^', isin^');  (a cos.}.",  Jsin^"};  [acos^'", ieiniji'") 
are  oonoyclie. 

By  hypothesis  ^  (i/>  +  ^')  =  if  -  a  (^"  +  ^"')i  and  ^  (^  +  $'')  = 
IT  ~  ^  (^'+  ^"')  making  these  substitufioas  in  (97)  we  infer  that  the  point 
which  ia  eqaidistant  from  the  1st,  2nd,  3rd  of  the  given  points  is  equidisf  ant 
from  the  2nd,  3rd,  4th.    Ilenee  (he  four  points  are  concydie. 

*15.  litif  +  t-  +  f"  =  0,  prove  that  the  points 

(aC,  2at) ;  (flr\  2ai') ;  {at''",  Uf) ;  {ai"'\  2ai"') 
ore  coneyelio.    This  folbws  from  equatjona  (98). 

«16.  "iix,  y  denote  the  mean  ecntre  of  the  points  in  Es.  14,  prove  that 
the  co-ordinates  of  the  circumcentre  are 

Compare  the  co-ordinates  of  the  mean  centre  (39)  and  of  the  oi 
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•17.  Tlie  points 

(itan^i,  keoi^);  (Ataa^',  Jcot^');  (^tan^",  it  cot  ^") ; 
[S  cot  ^ .  cot  •f .  cot  -Jj",  !:  tan  $  .  tan  <p' .  taa  ^"), 
are  coiicyclio.    Make  uso  of  equations  (100). 

Theory  op  ANnAHMonro  Eatio, 

39.  Def. — ?!S«  anha/rmomo  ratio  of  four  eoUimar  points 
A,  B,  C,  D  is  the  quotient  of  the  ratios  of  section  of  the  two 
last  with  respect  to  the  two  first,  and  is  denoted  by  (ABCI>). 

-  CSTSA  ('"' 

Cor.  1. — -The  anharmonic  ratio  is  inverted  by  inTertiiig  either 
pair  of  points.     For 

Heuoe  {ABCB)  =  ll{ABI)C).  (128) 

Similarly  {ABCD)  =  IJiBACD).  (129) 

Cor.  2. — Tlie  anharmonio  ratio  remains  unaltered  if  any  two 
of  the  four  points  he  inverted,  and  at  the  same  time  the  two 
remaining  points.     Thus 

{ABCB)  =  {BADC)  =  (CBAB)  =  (BOBA).     (130) 

40,  To  express  (ABCB)  in  terms  of  the  co-ordinates  of 
A,  B,  C,  D. 

Let  OX,  0  J"  be  the  axes,  and  let  parallels  to  OF,  OX  through 
A,  B,  C,  B  meet  the  axes  in  A',  B',  C,  B ;  A",  B",  C",  Bf' ; 
and  putting  OA'  =  a',   OB'  =  h',  &e.     Then,  evidently, 
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Hence  {ABCB)  .  ^^-^^^-^^ 


Similarly       {ABCJ})  -- 


{^' -  c'){h' -  d') 
{V  -  e'){a' -  d'Y 

{a" -€"){¥' -d-) 


41.  To  express  {AS  CD)  in  terms  nf  the  ratios  of  seetian  made 
•y  the  joints  A,  B,  0,  I)  on  a  given  segment  PQ. 


Let  APjAQ  =  a  . .  .'FromAPIAQ  =  awoh!iy(iAP  =  aAQ; 
therefore 

QP-QA^  aAQ.     Hence  QA  =  QP/(1  -  a). 

Similaiiy  QB  =  QPI{1  -  b),  &c. ; 

but  (^^^-^)  =  a2rQc=QF=-e5= 

and  substituting  for  QA,  QB,  &e.,  we  get 

Tlms.^If  {ABCB)  =  -  1,  A,  B,  C,  D  we  ealM  a  har- 
monic system  ef  points,  and  0,  J)  are  said  to  he  harmonic  con- 
jugates to  A,  B.     In  this  case  we  have 

CA         J)A 

OB  ^     DB' 
■which  agrees  with  §  II,  Def,  i. 

42.  ^  A,  B,  C,  D  be  a  harmonie  system  of  points,  and  M  the 
middle  of  AB — 

l\  MB'  =  MC.MJ).  2".  2IAB={llAC^\jAI)). 

MC     AC^      BO^ 
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Let  a,  h,  e,  d  bo  the  abecissEG  oi  A,  B,  C,  D  with  respect  tO' 
an  origin  0  upon  AB.     Thea 

1°.  If  0  be  tlio  middle  point  ol  AB  wo  ha¥0  a  =  -h,  and  (1) 
bocomes  a'  =  cd. 

2°.  If  0  coincide  with  Aot  a  =  Q,  (1)  becomes  2cd  =  i  (c  -i-  rf)^ 
and  diyiding  by  hod,  we  get 


3°.  If  0  is  at  J 


Cor.  I.— It  iV  be  the  middle  point  of  CD,  the  relation  (I) 
becomes 

OA.OB+  OC.  OB  =  2031.  ON,  (134) 

or  the  sum  of  the  powers  of  0  with  respect  to  two  harmonic 
segments  is  double  the  power  of   0  with  respect  to  their  middle 

Cor.  2. — If  the  abscissie  of  the  points  A,  £  be  given  by  the 
ecination  r^  +  Z^x  +  7  =  0,  and  those  of  C,  D  by  a'x'  +  i^'z 
+  y'  =  0,  we  have  ah  =  7/0,  a  +  h  =  -  2/3/a,  &c.,  and  substituting 
in  (1),  we  get 

«/ +  a'y  =  3/3^'-  (135) 

It  is  the  same,  if  the  points  A,  B,  C,  D  are  defined  by  theii- 
ratios  of  section  (g  41). 

43.  Def. — Thf  mthm-'Mmie  ratio  of  fawr  rays  a,  h,  c,  d  of  a 
pencil  is  the  quotient  of  the  ratios  of  section  of  e  and  d  relative  to 
a  and  h,  and  is  denoted  hy  (abed). 


c-a      e  f  V'^ 
d^a      d^-/7d 

y-o 

Vs 

AC      0      MC 

AB''  d^  MB' 
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If  ^,  ^' ;  q,  q'  1)0  the  perpendiculars  from  two  points  C,  D  oi 
tf  and  d  upon  a  and  i,  Tre  have 


{(tf  ei^)  = 


P     i 


nhc': 


a.U" 


ihc 


(136) 


Tlie  sign  of  (abed)  is  independent  of  any  particular  contention 
of  signs.  'Eov  if  th.c  rays  c,  d  both  pass  bBtwccn  a  and  h,  the 
ratios  — ,  and  ^  have  the  same  sign,  and  (aied)   is  positive. 


It  will  he  the  same  if  c  and  d  divide  the  supplementary  angle 
(t^&)]  but  if  one  divide  the  angle  (ah)  and  the  other  (_a'b), 
{aicd)  is  negative. 

4:4.  If  the  pencil  of  four  rm/a  a,  h,  e,  d  he  cut  ly  any  trans- 
verml  m  the  points  A,  B,  C,  D,  then  hth  in  magnitude  omd  sign 
{ahed)  =  {ABCD). 


Dem. — Eoth  in  magnitude  a 


p  _AC     ^_B0 
AD'     q'  ~  BB 


{ahed)  =  i 


^  {GBAB)  =  {ABCB). 
(187) 
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45.  If  S  =  0,  S'  =  0  he  anij  two  lines,  the  anhwrmonie  ratio  of 
the  four  Unes  S  ^- aS' =  0,  S+lS'  =  0,  S  +  e5'  =  0,  S  +  ^S'  =  0 
is  equal  to 


Tim..—T:.ei  8  ^  Ax  +  By  +  C=0,  &'  ^  A'x  +  B'y  +  C'  =  0; 
and  cutting  tlic  pencil  liy  the  axis  of  x,  the  atisciasje  of  tlie 
points  ol  intersection  of  the  four  rays  are 

C  +  aC  _  _  C+iC"    ^^  _ 

'         A-i-aA"       '        A  +  bA''       '' 

and  suhstituting,  we  get 

Xi  -  X3    X,  -  Xf      a  -  o-   a  —  d 

Xi-  Ws'  X!i-  Xi       b  -  c'  h  -  A 

Cor.-— The  anhaimonio  ratio  of  the  four  lines  S,  S',  S  +  aS', 
S  4-  bS'  is  equul  to  a  :  S. 

Des.—A  pencil  of  four  rm/s  {a,  b,  e,  d)  is  mid  to  be  har- 
monie  when  {abed)  =  -  1. 

Esamples — 

1°.  An  angle  and  its  internal  and  external  bisectors. 
2°.  The  sides -i5,  ^C  of  a  triangle,  the  median -4 If,  and 
a  parallel  through  ^  to  -BC. 

SXEBCISES. 

1.  With  a  giyen  range  of  four  points  A,  E,  C,  D  there  can  be  formed 
fiix  different  anhannonie  ra-fioB. 

Foe  wili.  four  lettera  can  he  formed  24  different  permutationa,  and  these 
considered  aa  Bnharcoonic  ratios  are  equal  4  by  4.     {j  39,  Oor.  2). 

Tlic  sis  distinct  anharmonica  are  {ABGD),  {ABBG),  (ACBS),  {ACDB), 
{AJ)SO),  [ASCB) ;  and  the  2nd,  4th,  6th  are  reciprocals  of  Ist,  3rd,  5th 
(5  39,  Cor.  1). 


y  Google 


60  The  Bight  Line. 

2.  Proye  that  {ABCI>)  +  (ACS!))  =  1, 

{A£DC)  +  {ABJSC)  =  1, 

(ACDJS)  +  (ADCS)  =1.  (13'J) 

3.  If  ABCD  =  \,  prote  that  the  values  of  the  other  five  aiihaniwHiica  are 

1/A,      (l-A),      1/(1-X),     ^/(A-1),      (\-I)/A.  (140) 

4.  If  through  the  point  C  [aee  fig.,  {  43)  we  draw  a  line  ^CF  parallel  to 
Sd,  and  cutting  So,  Si  in  the  points  S,  F,  ahow  that  the  six  anharmonio 
ratios  of  the  pencil  (S.aW)  can  he  eipreeaed  in  ferms  of  the  three  seg- 
ments £e,  CF,  F£. 

5.  If  {ABCD)  =  -  1,  prove  that  {A0B3)  =  2,  and  ACSB  =  ^, 


-<an^^,      see=|,      sin^'^;     -eot^-. 

cos^^,     oosec^-.        (141) 

ne  pencil,  their  anharmonio 

ire  equal. 

f  two  equal  anhaimonic  pencils  have  a  o 

oramon  my,  tlio  intersections 

of  the  remfltning  threi 

9,  If  thi'ee  sides  of  a  variable  triangle  pass  through  three  collinear  points, 
and  two  of  its  vocticea  move  on  fixed  lines,  the  locus  of  the  third  vertex  is 
a  right  line. 

10.  If  A,  B,  0;  A',  B',  C  he  two  triads  of  poinfK  on  two  lines  inter- 
secting in  0.  and  if  [OABC]  =  {OA'B-C),  the  lines  AA',   BB\   CO'  are 


Secii'in  II. — ISrsTtMR  nr  TnnBis  Co-okbikai'ES. 

46,  Dbf.  I. — A  fundamenfal  triangle  AUG,  whose  sides  are 
Hirm  in  position,  anS  which  is  used  for  the  pterpose  of  defining 
the  position  of  an^  figwe  in  %ts  plane,  is  ealled  the  triangle  of 
reference,  and  its  sides  the  lines  of  reference. 

*  This  theorem  was  Erst  publiBhed  in  the  PAilosophkal  Ti'amaciioni  in 
the  Auth-or's  "  Cyolides  and  Sphere  Quartics." 
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»  any  point  P  to 
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Dei.  II. — If  the  perpendiculars  fro% 
of  the  triangle  le  denoted  ly  a,  ^,  y;  a,  ji,  y 
are  called  the  lEiLiNiiAS  or  tjoeiual  oo-oebi- 
NATES  of  I*. 

If  tie  point  P  be  on  tlie  sido  BC,  the 
perpendicular  from  it  on  £C  ■will  vaniali. 
Hence  in  tiilinoar  co-ordinates  the  equation 
of  -B  C  is  a  =  0.     Similarly  the  equations  of    B~  C 

OA,  AB  are  (3  =  0,  7  =  0,  respectively.  In  order  to  pass  from 
trilinear  to  Cartesiaji  co-ordinates  (a  problem  of  frequent  reeur- 
reace)  it  is  necessary  to  express  the  equations  of  AB,  BO,  OA 
in  a,  y  co-ordinates.  For  this  purpose  the  most  eonyonicnt  ate 
the  standard  forma 

a  cos  a  ■(- !/  sin  a  -  ^  =  0,     a:  COS  /3  H-  y  sin  ^  -  ^'  =  0, 

a;  cos y  +  y  smy  - p"  =  0 ; 

the  origin  being  in  the  interior  of  the  triangle.  From  this  it 
follows  that  the  normal  co-ordinate  of  any  point  P  correspond- 
ing to  any  line  of  reference  is  positive  or  negative,  according  as 
P  and  the  opposite  summit  of  the  triangle  are  on  tlio  same  or  on 
different  sides  of  that  lino. 

Cor.  1. — The  noi-mal  co-ordinates  of  any  point  P  in  the  in- 
terior of  the  triangle  of  reference  are  all  positive,  and  for  any 
exterior  point  two  are  positive  and  one  negative. 

Oor.  2. — If  a,  /3,  y  be  the  trilinear  co-ordinates  of  a  point  P, 
X,  y  its  Cartesian  co-ordinates, 


■Vysmli-p', 


>^y^ywiy-p". 


Obaervation.' — In  faem  identities  it  will  be  seen  that  n,  ,8,  y  ai 
witii  different   significatious ;   but  after  a  little   practlee  this  can 
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Cor.  S. — If  a,  b,  c  be  tlie  lengtlis  of  the  sides  of  the  triangle  of 
reference,  A  its  area,  a,  ^,  y  the  normal  co-ordimatee  of  any  point 
in  its  plane, 

fla  +  i/3  +  cy  =  3A-  (143) 

Gor.  4. — If  R  he  the  cirDumradius  of  the  triangle  of  reference, 

^  •/■*''  a  sin  ^  + /3  sin  £  +  y  sin  C  -  i/fi.  (143) 


1.  Find  the  e([uatioi;a  of  tie  tiseetora  of  the  angle  G  of  the  kiangle  of 
Inference.  The  equation  of  any  line  through  (7ia  of  the  form  a-ij8,  where 
h  denotee  the  ratio  of  the  sices  of  the  angles  into  whieli  C  is  divided.  Hence 
the  in.lem»]  bisector  ia  a  -  fl  =  0,  and  the  external  n  +  j8  =  0.  Both  are 
included  in  the  equation  a  ±  S  -  0.  (144) 

2.  Find  the  equation  of  the  median  that  bisects  AH. 

If  D  be  the  point  of  bisection  of  AB,  we  have  BB  =  DA.     Hence  the 
ratio  of  seofion  of  the  angle  C  is  sin  S/sin  j4  =  k,  and  the  equation  of  GJ)  is 
oGin^-,eeinS  =  0.  (145) 

3.  Find  the  eqnation  of  the  perpendicular  from  G  on  AB. 

Here  tte  ratio  of  section  is  cos  J/coa.^.     Hence  the  perpendiculur  is 

aco3^-BcoaJB  =  0.  (U6) 

Obaervation. — The  eqiiationa  of  the  internal  bisectors  of  the  angles  of 
the  triangle  of  reference,  via,, 

may  he  written  in  tie  foim  a  =  /3  =  y,  where,  by  omitting  any  letter,  we 
have  the  equation  of  the  bisector  of  the  angle  between  the  sides  denoted  by 
the  remaining  letters.     Similarly  the  three  medians  are 

o3in4  =  gsini  =  7sinC, 
and  the  perpendiculars 

4.  Three  lines  whose  equations  are  in  tie  form  la  =  in^  =  i(y,  are  con- 
For  these  equations  are  equivalent  to 

and  these,  when  added,  vanish  identically.  Or  thus,  the  eo-ordiuat^s  1(^. 
1/mi,  1/n  satisfy  the  tiiee  equations. 
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47.  The  lines  la-  m^  -  0,  afl - ^/m  -0  «re  equally  inclined 
to  the  bisector  of{o.p). 

Tor  the  ratio  of  section  of  the  first  is  l/J :  Ijm ;  that  is,  as 
wi :  I,  aad  the  ratio  of  section  of  the  second  I :  m.  Hence  one 
makes  the  same  angle  with  ex  which  the  other  makes  with  ,8. 

Cor.  1.— If  three  lines  through  the  summits  of  a  triangle  be 
concurrent,  the  lines  equally  inclined  to  the  bisectors  of  its 
angles  are  concurrent.  Tor  if  the  three  first  be  la  =  mji  -  ny, 
the  others  are  ajl  =  pjin  =  yjn. 

Dbf.  r. — Two  points  P,  I",  which  are  meh  that  lines  drawn 
'  fi-oin  them  to  i/te  mmmts  of  the  triangle  of  reference  are  equally 
inclined  to  the  hiseeiors  of  its  angles  are  called  nonotud  /y^pigates 
mith  respect  to  the  triangle. 

Cor.  2.— If  a,  j8,  y,  a'/S'/'^e  the  normal  co-onlinatis  of  P,  P'. 
W  =  ^/3'  =  yy'.  (147) 

For  aa'  =  CP  sin  BCP .  CP'  sin  B  CP' 

=  CPsmPCA.CP'e,mP'CA^pfi\ 

Dei.  n. — The  isogonal  conjugate  of  the  eentroid  of  the  triangle 
ofreferetice  is  called  its  ^fmie^g&.4Uimf,  and  the  Unesfrom  tlie 
angles  to  the  symmedxan  point  tJie  summed'""-  li»i\^  nfilin  triangle. 
Thmr  equations  me 

a/abxA  =  plsmS  =  y/sin  G.  (148) 

48.  If  the  lines  -o  =  -/3  =  7-7  ^^^t  i"  O,  and  ifQ'  he  the  ieo- 
gonal  corrugate  ofil,  the  angles  QAP,  ilBC,  QCA,  Q'PA,  ii'CB, 
n'A  0  are  all  equal. 

Dem. — Let  SlAB  he  denoted  by  <■>,  then  CAii  =  A  -  <a;  and 
since  the  eq^uation  of  Ail  is 

^p  =  ^y,  we  have  i  sin (^  -  «>)  =  ^  sin  <«. 
Hence,  by  an  easy  reduction, 

cotu)  (that  is  cotUAB)  =  cot  A  +  eut-B  +  cot  C; 
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and  it  may  be  sIiotto  that  tlie  cotangents  of  Q,BC,  ilCA,  &q., 
have  tlie  Bame  value. 

De¥.— The  points  fi,  Q'  are  called  the  £roeard  points,  and  w  the 
Brocard  imgle  of  the  triangle. 

49.  The  ratios  of  the  normal  co-ordinates  of  a  point  arc 
suf&cient  to  determine  its  position.  Por  all  the  points  of  a 
given  line  drawn  through  A  are  such  that  ^  :  y  is  constant. 

The  following  Table  contains  the  normal  co-ordinatos  of  some 
special  points  ;■ — 

If  h,  h',  h"  denote  tho  altitudes  of  the  triangle  of  reference  ^j?  C, 
the  co-ordinates  of  -- 
^  are  A,  0,  0  ;     B  ai'e  0,  A',  0  ;     C  are  0,  0,  ft"  ; 
centroid  \h,  ^h',  ^h" ;   or  simply    !/«,  Ijh,  Ijc; 
the  aymmedian  point  a,i,e; 
incentre   r,r,r;  or  1,  1,  1  ; 
excentre  -  *"„,  r„,  r„,  &c. ;  or  -  1,  1,  1,  &c. ; 
circumcentre  cos^,  cosB,  cos  C; 
orthocentre     sec -4,  secB,  sec  C; 
O  cjb,  ajo,  hja; 

Q'  b/c,  cja,  alb. 

Certain  points  related  to  the  triangle  have  heen  named 
after  the  Geometers  Steiner,  Tarry,  Ifagel,  and  others.  These 
will  occur  in  the  course  of  the  -work. 

Cor.- — The  orthocentre  is  the  isogonal  conjugate  of  the 
■circumcentre. 

EABTCBNIBrC    Co-OEDINATES. 

50.  The  areal  eo-ordtnates  of  a  point  M  are  the  areas  of  the 
triangles  SMC,  CMA,  AMB,  formed  hy  joining  Mto  the  summits 
of  ABO.  SineeMis  the  centre  of  gravity  {^  14)  of  masses  pro- 
portional to  the  m-eas  BMC,  CMA,  AMB,  plaeed  at  the  points 
A,  B,  C,  the  areal  co-ordinates  are  called  by  French  and  German 

I  Baetcbhieio  Co-o 
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If  the  areas  BMC,  CMA,  AMB  be  divided  by  ABC,  the 
quotysnts  are  called  the  absolufce  Barycentric  co-ordinatee  <A  M. 
Hence  if  those  be  denoted  by 

"1,  y3„  y,,     a,  +  ;8,  +  yi  =  1.  (149) 

Cor.  1. — If  a,  ji,  ybe  the  normal,  and  a,,  ^i,  yi  the  Bary- 
centtic  co-ordinates  of  a  point  M,  then 


^  =  t^=Zi.  (150) 

aa      bji      cy  ^        ' 

Cor.  2. — If  {a,  p,  y),  («',  ,8',  y')  he  the  ahaolnte  normal,  and 
("ii  pip  yi}i  {"-it  Pi!  7')  t^^  absolute  Barycentrie  co-ordinateB  of 
two  points  M,  M',  then  the  co-ordinates  of  a  point  P  euch  that 
MF :  M'F : :  -  ^  :  »  are  respectively 

^; ,  &e.,    and    — ; ,  &c.  (151) 

51.  The  lines  la-m/l  ~  0,  ajl-  ^jm  =  0  meet  the  side  AB  of 
the  triangle  of  reference  in  points  equally  distant  from  its  middle. 
Porif  Zn-mp=  0  meet  ^-B  ia  fl,  we  have  S-DC.  J=  CDA.m. 
Hence  BD:  DA  ::  m:l;  therefore  {I  +  m)  DA  =  4bA.  Simi- 
larly if  ajl  -  ISIm  meet  AB  in  D',  we  have  (I  +  m)  BJ/ =  %BA. 
Hence  BB'  =  DA ;  therefore  B,  If  are  equally  distant  from  the 
middle  point  of  AB. 

Dee. — Two  points  P,  P'  vrhtah  are  such  that  pairs  of  lines  con- 
necting them  with  any  angle  of  the  triangle  meet  the  opposite  side 
equidistant  from  its  middle  are  caUed  teotomic  conjugates  with 
respect  to  the  trimgle. 

Cor. — If  (a,  ^,  y),  {a',  j8',  •/)  be  the  Earyoentric  co-ordinates 
of  isotomic  points  with  respect  to  the  triangle,  then 

a«'=pp'  =  yy'.  (152) 
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52.  The  following  aio  the  Earycentrio  co-ordinates  of  s 
special  points  :~- 


The  Lemoine  or  syramedia 

\  point,     »',  ¥,  c". 

Tlic  Brooard  points  fl,  fi', 

Ill       111 

■   p'  c"'  <t= '  c''  B''  ;=* 

The  third  Broeard  point, 

1    I    1 

■   «='  i"'  (?' 

The  centroid,    .... 

■   1.  1,  1- 

The  circumcontre,      .     . 

.     Bin  2^,  sin25,  ain2C. 

The  orthocentre,    .     .     . 

.     tan  ^,  tan  5,  tan  C. 

The  incentre,    .... 

.     sin  ^,  sin  5,  sin  C. 

The  excentres,       .     .     . 

.     -ain-4,  ain^,  sin  C,  &e. 

Steiner's  point,      .     .     . 

1             1             1 

Barycentric  co-ordinates  are  for  many  inYestigations  simpler 
than  the  normal,  but  not  always.  "Whenever  we  employ  them 
we  shall  state  it  esplicitly. 

53.  To  _find  the  equation  of  the  Join  of  the  points  a' fi'y',  a";S"y". 
The  determinant. 


y 


-  ¥/5  + 


C  0  1  evidently  the  required  equation,  for 
it  contims  a  ^  y  m  the  hrst  degree,  and  is  therefore  a  light 
hno  \gain  if  for  o  j8  y  ho  suhstitnted  the  co-ordinates  of 
ithei  point  tho  determinant  will  have  two  rows  alike,  and 
therefore  vinialies  identieilly.  Hence  tho  lino  (153)  passes 
throi  gh  tKe  given  points  The  foregoing  will  be  the  form  of 
the  pq  lation  wheth&i  the  co-ordinates  are  normal  or  Barycentric. 
If  they  ire  noimal  I-  M  JVare  respectively  twice  tho  areas  of 
th    tiianglecj  foimel  Vy     jiy',  o."ji"y",  and  tlic  summits  of  the 
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tnaiiole  of  reference  multiplied  respectively  by  am  A,  sin  5, 
sin  C  But  these  tn ingles  hiding  a  common  base  arc  propor- 
tionil  to  the  peipenliculars  on  it  from  tho  points  A,  B,  C. 
Therefore,  if  these  perpendicu!  irs  be  d^enoted  by  A,  /a,  v,  the 
equation  (153)  may  be  wiitten 

(A,siH^)a+{/<.sin5)^+(vsinf  )y  0,  or  Xfla+ /i,J/3  + 1-17  =  0. 
That  IS  m  Bdrycentrie  co-oidmates  A,a+  /i/3  +  vy  =  0.  Sence  when 
the  equation  of  a  Una  is  writtm  in,  Bmycentric  co-ordinates  the 
eoeffieienU  A,  /i,  v  are  proportional  to  the  perpendiculars  on  it  from 
the  summits  of  the  triangle  of  reference— &  result  which  is  other- 
wise evident. 

EXEBCISES. 

1.  Find  tts  oqualions  of  tho  joins  of  the  four  points  a,  +  ,S,'  +  7.' 

^>is.  o/a'±,8/fl'  =  0,     fi/fl'±v/y=0,     7/7'  +  «/a'  =  0.  (154) 

Honce  they  intersect  in  pairs  at  the  aummita  of  tte  tiiangle  of  referenoe. 

2.  The  determinant  '  =2A(tt'-a").  (155) 


M,     N    I 


jS',     3i 


3.  Find  the  cqiiatione  of  the  joins  of  the  following  pairs  of  points ; — 

1°.  Orthocentre  and  centroid. 
Am.  aAa.2A  ^{B  -  C)^&amiBsm{G-  A)  +  y&ia%Csm{A-B)  =  ri. 
This  is  called  the  line  of  Sulci:  (156) 

2°.  Tho  oircumoentre  and  symmedian  point  [diatneter  of  Brocard). 
Ams.  asin[B-C)  +  $ain{C-A]+y^{A-B)  =  0.     (157) 
3°.  The  Brocard  points  n,  sX  {the  Brocard  line) . 

An,.  (a*-b^di)-+  (i'-==«=)^+(c*-o=*=)^.      (1C8) 

4°.  Tho  centroid  and  symmedian  point. 

Am.   (i'-c')nH+(«=-o^)i3-t("'-i')n-0.      (159) 
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Tmlibdab  P01.EB  Ain>  PoiABs. 

64.  CoTBs's  Theokbm. — If  on  eaeh  radius  metor  through  a  fixed 
point  0,  and  meeting  the  sides  of  the  triangle  of  referenee  in  the 
points  Ml,  Us,  a,,  there  h  taken  a  point  R  so  thai 
BIOS  =  l/OSi  +  1/0^,+  IfOM,. 

The  locus  of  R  is  a  right  line. 

Dem. —  Let  0  te  taken  as  origin  of  Caitesian  co-ordinates,  and 
the  equations  of  the  sides  of  ABC  be  given  in  their  standard 
forms    :»  eosa  +  y  sina  -  y  =  0,  &c.     Then,  if  OB  make  an 
angle  9  with  the  axis  of  x,  we  have 
OEi=p'looBie-a),   OM^  =  p"lco&(6-l3),   OSi  =  p"'lcos{$-y). 

Hence  denoting  OR  by  p,  we  get 

3  _  e».(«-»)  ^  ""C-W  ^  °<»(9-r) 


'A-l, 


f" 

) 

I      c 

-+  - 
p 

o,(8. 

it) 

1 
P 

X 

oo./S- 

f  ?/SL 

i(J- 

-P" 

p" 

X 

cosy  +  ysii 

ly- 

r 

or  as  it  may  be  written 

•lT'il3lf"  +  ylp"'.0.  (160) 

Bbf. — The  line  (160)  is  called  the  polar  line  of  0  with  respect 
to  the  triangle,  and  0  is  called  the  pole  of  the  line  (Salmon,  Sigher 
Curves),  or  for  shortness,  trilinear  pole  andpola/r  (Mathibij). 

Cor.  1- — The  polar  line  of  the  point  a',  ^',  y' 
is  ala'  +  0/P'+yiy  =  O.  (161) 

Cor.  2.— The  trilineai'  polar  of  a  point  has  the  same  form  in 
normal  and  Bjiryoentric  co-ordinates. 
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Cor.  3. — If  la.  =  M/3  =  ny  be  three  concurrent  lines,  the  tri- 
lineac  polar  of  their  common  point  is 

lix  +  mP  +  ny  =  (>.  (163) 

Cor.  4. — The  Hue  connecting  a  point  0  with  any  summit  of 
the  triangle  of  roforonce  and  the  trilinear  polar  of  0  meet  the 
opposite  side  in  points  that  are  harmome  conjugates  with  respect 
to  the  remaining  vertices.  For  making  •)'  =  0  inla+m^-i-  ny  =  0, 
we  get  la  +  m^  =  0,  which  is  the  harmonic  conjugate  of  la,  -  m^ 
=  0  with  respect  to  a  and  ^. 

Thboky  oe  the  Complete  Q,UAi)EitiTEKAL  OE  QuAnitiNsi^. 

55.  Det.  I. — The  Jiffwe  formed  hy  four  lines  a,  h,  c,  A p 
indefttitdi/,  no  tlwee  oftuMohare 
coneumtit,  is  called  a  oomplete 
quad^ilaterd.  The  lines  are 
ealled  the  sides  of  the  quadri- 
lateral l%e  intersection  of 
the  sides  its  summits.  There 
are  six  summits,  whieh  consist 
of  three  couples,  -4,-i'i  -B,  B'; 
C,  0' of  opposite  summits.  The  ■ 
joins  of  opposite  summits,  vi%. 
AA',  BB',  GO',  are  caUed  the      ^  " 

diagonals.      The  triar^le  formed  hy  them  is  called  the  diagonal 
triangle  of  the  q-uadrilateral.  (Steinee.) 

Dbp.  II. — 27ie  J^we  formed  hy  four  points  A,  B,  C,  D  and 
their  joins  is  ealled  a  complete  quadr<mgle.  The  points  are  ealled 
its  summits ;  and  the  joins  of  the  szmmits  are  called  its  sides.  There 
are  six  sides  which  consist  of  three  pairs  of  opposite  covples,  AB  and 
CD,  BCand  AB,  CA  amd  BB.  The  ^oint  of  intersection  of  two 
opposite  sides  is  ealled  a  diagonal  point.  There  are  ih-ee  of  these 
points.  The  triangle  formed  hy  them  is  called  the  diagonal  triangle 
of  the  quadrangle.  (Steinee.) 
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Def.  m.—A  quadrilateral  whom  three  diagonals  are  the  tides 
of  the  triangle  of  reference  is  coiled  a  standard  qiiadrilateral ;  and  a 
qitadrangU  whose  diagonal  points  are  the  summits  of  the  triangle  of 
reference  is  called  a  standard  qiiodrangle. 

56.  The  eguations  of  any  four  lines  F  ^  fx  +f'ig  4-/3  =  0, 
Cf^gia:+g2f/+g3  =  0,  ffshiX  +  h^  +  hs^^O,  X=  ^i^;  +  %  +  A3  =  0, 
no  three  of  which  are  concurrent,  are  connected  by  an  identical 
relation  of  the  form 

fF  +  gG  +  hS+hK^Q  (163) 

where  f  g,  h,  Jc  are  constants. 

Dem. — Such  an  identity  requii-es  tfiat  _ff',  +  ggi  +  AAi  +  iJ,  =  0, 
ff  +m  +hht  +  Ih  ^0,  ff  +  gg,  +  M,  +  A/-^  ^  0.  Hence  (SiiMOH, 
Modem  Algebra,  page  4),  the  values  of/,  g,  h,  k  are  proportional 
to  the  minors  o£  the  matrix 

/i,     i^H     K,     K 
f,     9.,     K     h 
f,     g^,     ha,     k. 
These  minora  eich  differ  from  zero,  sit 
aio  concTirront      This  proposition  may  be  stated  and  proved 
iMEereutly  as  tollowt,  :— 

If  a,  j8,  y  he  any  three  lines  forming  a  triangle   ABC,   the 
e^uatton  of  any  fom  th  line  DF  is  of 
the  totm  ?a+  m^+tiy=  0. 

Bern  — Now  emce  CT>  passes 
through  the  mt  ci  -.ection  of  a  and  ^  its 
equation  is  of  the  form  lii  +  mff  =  0, 
g  30,  aod  since  DF  passes  through 
the  intersection  of  la.-Y  rii{i  =  0,  and 
•y  =  0,  ita  equation  is  the  form  I 


0  three  of  the  linos 


la  +  m 


\-ny  = 


57.  In  every  complete  quadrilateral  each  diagonal  is  divided 
harmonically  by  the  two  others. 
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Dem.— It  results  from  (163)  that  /?+  gO^-  {hM  +  TiK). 
Therefore  the  equations /-?'+yG'=0,  hII-\-hK  '=  0  repreeent  the 


eame  line.     This  lino  passes  through  the  poiut  of  c 
F  and  6',  and  through  that  of  S  and  K.     It  is  therefore  the 
\  from  which  it  follows  that  the  equations  of  the 


M^fF+  ff&^-  {iiH-V  hE)  =  0, 
N ^/F -^hS^  -  {g&  +  hK)  =  0, 
JP  ^fF  +  Wr-  -  {£&  +  hH)  =  f). 
Hence  N  -  P  ^  (hS  -  kK) ;  but  iV"  -  P  =  0  represents  the 
lino  passing  through  7,  and  hS-  ^iTthe  line  passing  through  4, 
Hence  the  equation  ef  the  line  47  is  hS~  hK=  0  ;  it  is  there- 
fore the  harmonic  conjugate  of  M^  h3  +  hK  =  0  -with  respect 
to  the  lines    ff- 0,     JT^O;    .-.  (2578)  =  -  1. 

Our.  Ill  ei  ery  complete  quodi  angle  any  two  diagonal  points  arc 
separated  harmonit^lly  hy  tlip  pair  of  opposite  sides  passing 
through  the  thu^  diagonal  point 

Por,  if  the  complete  quadrangle  be  2356  the  diagonal  points 
are  1,  4,  7,  and  the  hne  17  is  divided  harmonically  hy  the  lines 
35,  26.  This  lollops  fiom  the  fact  that  the  pencil  (4-2578)  is 
harmonic . 


y  Google 


73  The  Eight  Line. 

58.  The  quadrilateral  whose  sidea  are  la  +  m^  +  wy  =  0  (1), 

or  say  the  four  lines  Ja  ±  m^  ±  wy  ■=  0  ia  a  standard  quadrilateral. 
For  (l)-(2)E=2rey=  0,  (S)+(4)  =  2rey  =  0.     HeEce  y  =  0  is  a 
diagonal. 

59.  Dep. — Two  triimgUa  wUeh  are  such  that  the  lines  joining 
eorresponiing  eimmits  me  etmmrrmt  are  said  to  h  in  perspective, 
the  point  of  ooncwrence  is  called  the  centre  of  perspective. 

Pfiop. — 7\eo  trilogies  whose  corresponding  sides  interseei  in 
eolKnear  points  are  in  perspective. 

Bern. — Let  one  be  tie  triangle  of  reference,  and  let  the  line 
of  oollinearity  he  la  +  m^  +  «y  =  0.  Then  evidently  the  equa- 
tions of  the  sides  of  the  other  triangle  are  I'a  +  m^  +  wy  =  0, 
la+m'^+ny=0,  ^a  +  mjS  +  w'y  =  0  ;  and  taking  the  differences 
of  these  in  pairs  we  get  the  concurrent  lines  (/-?')«=(»»- iw')/5 
=(»-w')y,  which  are  evidently  the  joins  of  corresponding  vertices. 

Dir. — The  line  of  collimarity  of  the  points  of  intersection  of 
the  corresponding  sides  of  triangles  in  perspective  is  called  their 
axis  of  perspective. 


1.  Tbe  points  (o',  S',7);  {~a,  S'.y');  W,-ff,7'];  {«,  B', -7')  are  the 
summita  of  e.  Btandard  quEittrangle. 

For  the  pairs  of  opposite  sides  are 

a/"'  ±  -8/fl  =  0  8lS^  ±  ylY  =  0  7/7'  ±  a/a'  =  0, 
equation  (164),  and  each  pair  intersect  in  a  summit  of  tte  triangle. 

2.  The  triangle  formed  by  any  three  sides  of  a  atandacd  quadiilateral  is  in 
perspeotive  with  the  triangle  o£  reference,  the  axis  of  perspective  being  the 
fourth  eide  of  the  quadrilateral,  and  the  tiiaogle  formed  by  any  three  summits 
of  a  standard  quadrangle  is  in  perspective  with  the  triangle  of  refereuoo,  the 
centre  of  perspective  being  the  remaining  summit  of  the  quadrai^le. 

3 .  The  trilinear  polars  of  the  four  summits  of  a  standard  quadrangle  form 
the  sides  of  a  standard  quadrilateral. 

4.  The  centres  of  perspective  of  the  triangle  of  reference  and  each  of  tie 
four  triangles  formed  by  the  sides  of  a,standard  quadrilateral  f onn  the  summits 
of  a  standard  quadrangle,  and  the  aiea  of  perspective  of  the  triangle  of 
reference  and  each  of  the  four  triangles  formed  by  the  summits  of  a  standard 
quadrangle  form  a  standard  quadrilateral. 
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6.  If  lie  lines  la  +  tti0  +  ny  =  1,  ail  +  ^/"i  +  yjn  =  0,  meat  tie  aides 
BO,  C^,  JB,  ol  thetcianglaof  leferencointliepomtaji',  £',  G';  Ai,Si,  C, 
respeotiTely,  then  the  pairs  of  lines  AA',  AA, ;  £B',  BBi ;  CC,  CG\,  are 
isogonal  or  isotomic  conjugatea  according  as  tlie  co-ordinates  a\-a  normal  or 
Baryoenfiric. 

6.  If  two  points  be  ieogonal  oonjugateB,  their  trilinear  polars  are  isogonal 
transversals ;  and  if  they  he  iaotomic  conjugates,  the  polars  are  iaotomio 
trans  versals. 

60.  To  find  the  length  of  the  perpendioutar  from  the  point 
a',  j3',  y'  on  the  line  la  +  m^  +  ny=  0. 

This  equation,  ia  Cartesian  co-ordinates  is 

S?  {;c  cos  a  +  ^  sin  a  -  ji)  =  0  ; 
and  tlie  distance  of  the  point  cc'y'  from  this  line  ia 
S^Cig'cosa  +  y'sina  ~p) 


or     {■S.W)l-/l!'  +  vi'+n^-2mncoaA-2nloos£-2lm  cos  C; 

putting    ^P+'m'+n'  -  2mn  cob  A  -  2nl  co3  B  -  2lmcoeO=n. 

The  perpendicular  distance  of  a'jS'y'  from  {la  +  m^  +  ny)  is 

C^a' -I- m/y-h  «/)/"■  (164) 

61.  To  find  the  angle  hetween  the  lines 

la.  +  mll  +  ny  =  0,     I'a  +  m'^  +  n'j  =  0, 
let  V  denote  the   angle   between  the  lines.      Then  if  when 
transformed  into  Cartesian  co-ordinates  they  hecomo 
Ax-^By-vC=G,     A'a:  +  £'y+C'=0, 

.     ^    AB'-A'B 

we  have  sm  y  =  - —  - — ,.         — ;;:^  ■ 

V  A' -^  B"  ■/ A!'- -V  :B^ 

The  nnmerator  of  tliis  fraction  is 

\     A,      B         I 


)sy34-ra  cosy,     I  sino+wi  sin(3  +  K  sj 
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the  product  oi! 

I,      m,      « 

cos  a,     cos 

I',     m',     n' 

sia  a,     sin 

the  numerator  ia 

I. 

M,              n 

V, 

m',           tt' 

sin  A, 

AnB,     siiiC 

(165) 


and  tlie  denominator  is  evidently  Oil'.     Sec  |  60. 

Cor.  1.— The  vanishing  oi  the  determinant  (165)  is  the  con- 
dition of  parallelism  oi  the  lines 

/-x  +  wi^  +  «7  =  0,      I'a  +  m'j3  +  n'y  =  0. 
Cor.  2.— The  equation  of  the  line  at  infinity  is 

aain^  +  /3sin£  +  7sinO=0,  (166) 

for  the  determinant  (166)  ia  the  condition  that  the  lines 

Za4  m^  +  ny  =  0,      I'a  +  m'yS  +  w'y  =  0 
should  intersect  on  that  line. 

Cor.  3.— If  Ax+  £i/^  C==Q,  A'x  +  ^'j/  +  C  =  0  be  per- 
pendicular', AA'  +  BB'=  0,  I  27.  Hence  the  condition  that 
la  +  mj^  +  ny=0  may  be  perpendicular  to  ra+ m'^ +n,'y  =  0  is 

(S^cos  a)(S?  cos  cc)  +  2(?  sin  a)  2(?  sin  a)  =  0, 
or        ll'  +  mm'  +  nn'  -(mn'  +  m'a)  cos  A  -  (nl'+n'l)  cos  B 

-(lm'  +  l'm.)oasC^O.  (167) 

Cor.  4. — Every  line  is  parallel  to  the  line  at  infinity,  and 
every  line  is  pei-pendicular  to  the  line  at  infinity.  The  first 
follows  from  (165)  by  suhstituting  sin  .^,  sin -5,  sin  dor  I',  m',n' 
and  the  second  from  (167). 

Cor.  5. — The  condition  that  la+  m/3  +  ny  —  0  may  he  perpen- 
dicular to  y  is     w  =  »jcos^  +  ^co5^.  (168) 
Cor.  6. — ^The  angles  which  la  +  mp  +  »y  =  0  makes  with  a,^,y 


»n  r.  =  (» 


n.S-BisinC)/n, 
sin  r^  =  (Msin^ 


n  Fp  =  (?  sin  C~ 
■  I  &ia  B)/Q. 


in  A) in, 
(169) 
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Cyclic  Points — Isoteopic  Lines. 

'..  The  function  denoted  by  n',  §  60,  being  the 
res  breaks  up  into  the  two  imaginary  factors 


u  of  two 


(5^0. 


±v'- 


.a), 


le^' 


and     ^e-'"  +  MiT*^  +  «i 


The  q^nantitiea  «"■,  e'^,  e'y,  and  «-'»,  e-'^,  e-'y  are  the  co-ordi- 
nates of  two  imaginary  points,  say  the  points  /,  J,  -which  are 
called  cyclic  points.  They  are  at  infinity,  for  if  we  form  the 
equation  of  their  join  we  getasiii^+/3  sin^+y  sitLC=>0,  which 
ie  the  liae  at  infinity,  and  we  shall  see  in  Chapter  iii.  that  overy 
circle  passes  through  them. 

63.  Dbf. — Thejoin  of  any  red  point  to  eifhe-r  I  or  J -is  called  an 
isotropic  line. 

The  join  of  a'yS'y' and  7  is 


y 


or  Xfl'"  +  re'3  +  Ze^y  =  0,  where  Z  =  (/?/  -  fi'y),  &e.  Similarly 
the  join  of  a'^'f  and  J  is  Xe-'"  +  Te-'^  +  ^^-'v  =  0.  Henee  the 
product  of  the  equations  of  the  two  isotropic  lines  from  a'^'f  to 

/,  ^is 

X>4.F^  +  ^_2XrcosC-2rircos^-2irXeos5  =  0.  (170) 
64.  If  Zj,  Lj  denote  the  powers  oi  the  points  /,  .T'with  respect 
totheline  Zs^a  +  m^  +  Hy^O.  Then  the  condition  (167)  that 
the  lines  Z  s  Za  +  m/3  +  «y  =  0,  X'  s  ?a  +  m'jS  +  «'y  =  0  may  be 
at  right  angles,  can  be  written  ZjZ'j  + Z'jij-=  0.  Now  let  .3/" 
be  the  finite  point  of  intersection  of  Z,  Z',  and  if  Z  pass  through 
Z,  the  condition  just  written  proves  that  Z'  passes  through  I\ 
therefore  Z'  coincides  with  Z.  Mence  a  line  wMoh  passes  through 
either  cyclic  point  is  perpendicular  to  itself 
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EXERCISES. 

1.  Find  the  equation  of  tie  perpendicular  tolte  side  7  of  the  triangle  of 
refetence  nt  its  middle  point. 

Am.  aAnA  -  BnhiB  -i-  y  tihi{A  -  B)  ^0.     (171} 

2.  Find  the  condition  la  +  hijS  +  M7  =  0  may  be  perpendicular  to  itaelf . 

*,^  ^...n-o. 

3.  Find  tie  equation  of  the  line  a'B'7'  parallel  to  ia  -I-  mfl  +  ny. 

Let  Va  +  m'S  +  n'y  =  0  be  the  required  parallel ;  then  aince  it  passes 
through  a'0y',  we  hove  fa'  +  m'fi'  +  «V  =  <■  I  ""'i  ^9  condition  (166]  of 
parallelism  may  bo  written 

l  (msiaC-nS!iiB)  +  m-  (nMTiA-ldaG]i-n'  {IsmB-mimA). 
Hence  cEminating  V,  m',  «',  we  get 


4.  PiOTE  that 
inri61  = 


(W-m'»)sin.^  +  (»ir-«7)ain- 


m'n)c<3iA-(«l'+>ii)ai 


■-(W+n«)cos£? 
(178) 

6.  Find  the  aquation  of  the  perpendicular  to  la  +  mB  +  «7  through  i^B'y\ 
6.  If  Bo,  Bs,  5c  be  the  distances  of  ^,-B,Cfrom  the  line  la  +  mS  +  «y  =  0 
prove  that 

4A'  =  2»=S„=  -  2  SnS  5„  Bi  cos  C.  (174) 

Lety,  g,  r  he  the  altitudes  of  jiSC,  we  havo  Bi=  Ipjn,  B»  =  m(/la, 
S,  =  w/n.    Hence  ?  =  n  .  B„/y,     m  =  O  .  Bs/j,    »  =  n .  S,/i', 


Hence  the  proposition  is  evident. 

7.  Prove  that  the  parallel  through  a'Q'y 


:ancosA-2nleosB(i& 

Of 

';but,  =  ^,&c. 

ay  to  the  join  of  a"0"y". 

d"B'"y" 

y        1 

7'         =0. 

(175) 
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8.  Prove  that  tHe  join  of  tlie  orthocentra  and  centroid  is  poipendioular  to 
oooB^  +  Bco35+  700a  (7=0. 

lysY.—A  line  BE  ealting  tlie  aides  OA,  CB  of  the  triangle  of  reference  so 
that  the  triangle  ODE  ia  inversely  similar  to  GSA  is  called  an  antipanUlel  to 
the  base. 

9.  If    la  +  iiifl  +  ny  be  antiparallel  to  t,  pi-ova  that 

IsmA-mimB-n  sia  [A  -  M]  =  0.  (ITG) 

10.  Prove  Oitit 

4A^  =  20'  (B™  -  S(,](8o  -  S,).     See  ex.  6.  (177) 

11.  If/a  +  )M^  +  M7  =  0  be  tlie  equation  of  aline  in  absolute  Barycentric 
co-ordinates,  prove  that  tho  distance  of  the  point  o',  ff,  y'  from  it  is 

(n' +  Hlj8' +  My'.  (178) 

12.  If  B  be  the  circumradiua  of  the  triangle  of  reference,  prove  that  the 
perpondiculara  from  ita  Eummita  on  Euler's  line,  equation  (156),  are 


ii{B-0)/Vl- 


13  C,  &B. 


(179) 


13.  Prove  that  the  locua  of  the  centres  of  mean  distances  of  the  points  in 
which  parallels  to  ^a  +  me  + 127  =  0  meet  the  sides  of  the  triangle  of  reference 

a/(«einJ-ttB!nO)  +  S/{;sia(7^nain^)  +  7/(™3in^-;sin5)=0,     (180) 

[Make  use  of  equations  (189).] 

li.  If  the  points  a'B'y',   a"P''y''  subtend  a  right  angle  at  aBy,  prove  that 
2a'{B'e"  +  7'/'+  [*5Y'  +  j8'V)  OOsA)~3aB[B.'^"  +  <i"0'  + 
(y'c'-  +  y-'a')  cos^  +  (BY  +  ff'V)  cos  B  ~  ly'  7"  cos  C}  =  0.        (181) 

15.  If  the  equation  aa'  +  bg' +  cy^  +  2kaB  +  IfBy  +  'igya  =  "   represent 
two  perpendicular  lines,  prove  that 

n  +  *  +  c  -  2/  cos  ^  -  2j  cos  S  -  2h  cos  C  =  0.  (182) 

16.  If  the  same  equation  represent  two  parallel  lines,  prove  that 
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Distance  between  Two  Poiwts, 

66.  To  find  ihe  AistancB  Z  between  two  joints  a,^,yi,  as/Sjya. 

Prom  the  given  points  draw  perpendiculars  to  tlie  sides  AB, 
AC  ai  the  triangle,  and  from  a^p^y^  draw  parallels  to  AB,  A C. 
Then  denoting  MWhj  I,  we  have 

S=sinM  =  Z^  =  (^,-ft)'  +  {y,-V,)V2(/3,-A)(7.-7>)c«^^. 
but       ((3,  -  ;8,)  =  (oL  -  aJV}l2A,  yi  -  yj  =  (aM-  hL)l2A  ; 
therefore  (1^5) 

iA^S'sm'A  =  (cZ  -  fljy)'  +  {aM-  hLf  ^^{eL-  aN){aM: 
-bL)oosA 

=  a"  {I?+M'  i-i\«  -  2M2Veo&  A  -  2NL  cos  B  -  2iJf  cos  C| . 

Hence 

3  =  - v'Z^  +  M'^T'm  -  %MN cos  ^  -  'TnL  cos  5  -  %LM^^C. 

(184) 


Coj'.— The  quantity  under  the  radical  is  the  power  of  either 
of  the  given  points  Tfith  respect  to  the  pair  of  isotropic  linos 
drawn  from  the  other  to  the  cyclic  points. 


Thia  may  be  reduced  to  (184)  by  siibsfitutiiig  for  (m  -  a-i),  kt,.,  their 
values  from  et[Hation  (165). 
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2.  Prove  that  8=  =  -  — 3fl  (Si  -  &)  [t,  -  yi).  (186) 

3.  The  distances  of  Bii9iys  from  tie  aummits  of  the  triangle  of  refe- 

[137] 


V(^+^T2a^  COS  O)  /  ein  C, 
4.  Prove  liat  tlio  distanoo  hatwcen  the  points  of 
la  +  mb  -i-  ny  =  0 
H'ith  the  lines     Ija  +  iniB  +  «i7  =  0,     lia  +  «isfl  4-  iisv  =  < 
is  n  {I,  m,,  ni]j{{l,  mi,  ain  C){1,  mi,  sin  C)}. 

where  (/,  mi,  tts)  denotes  tlie  determinant 


of 


AkBA  OE  TmiSGLB. 

66.  To  find  the  ana  of  th«  trimgU  whose  svmimis  am  o-i^xji-, 

If  the  axea  be  oblicLue,  the  area  of  the  triangle  whose  sum- 
mits are  ^i^i,  x^i,  *3«/s  (§  8),  is— 


I, 


1 


But  taking  as  axes  the  lines  a  =  0,  /?  =  0,  wo  have 

sin  (u  =  sin  C,     ^,sw  o>  =  a,,     j/jsin  ;>  =  ^S,,     &c. 
therefore 

oi,      a,,      a; 

1,      1,      i 


CO see  C 


I3„    A,    y3, 
T,     T.     T 


Now,  taking  T^i.mvA-v^  sin  JJ  +  v  sin  C  =  a/S,  we  get, 


yGoosle 


diminialiiiig  the  last  row  by  the  sui 
by  sin  ^  and  the  Beoond  by  em5, 


Or  thus  : — Writing  the  equatio 
co-ordinates, 


of  the  first  multiplied 


By  multiplication  of  determinants,  ^ 


"5, 

"s 

/3., 

/3. 

= 

Tj' 

Ti 

thei-efore  A'  =  {a^^y,)l2T  =  R  (a,fty,)/2A. 

(7w.  I. — If  ai,  ^„  yi,  &c.,  be  not  tte  actual  lengths  of  the 
co-ordinates,  let  them  be 

(miQi,  nii^i,  Miiy,) ;     (fBiOj,  MjjSj,  tB^ys) ;    (mjUs,  »(s;8a,  Ways), 
and  we  get  A,  =  S»},«!j»!3  (ai;8jya)/2A.  (190) 

(7d»'.  2. — To  fiad  the  factors  OTi,  m-,,  m^,  we  have  evidently 
OTiaisin^  +  M,;Sisin-B  +  OTiy,siii  C=  y=A/^; 
or  OTir,  =  A/^; 

therefore  «''=  ^jRT,.  (19!) 

Co*-.  3.—  A,  =  A=(aiAya)/{2-S=^.  ^=3;).  (192) 


1.  Find  the  facfors  i«  of  proportionality  for  the  following  poinls — 

1°.  The  eymmedian  point ;  3°.  The  circumoentro;  3°.  Thu  orthoopntre. 

2.  Prove  tiat  fhe  area  of  the  triangle  foiineii  by  stcob  a  +  y  sin  o  —  J^  and 
the  line  pair  ens'  +  Ihxy  +  iy^  =  0  ia 

;.=  VF^^i/("sin'o  -  2AEin  a  cosa  +  J  cos=a).  (193) 
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3.  Find  ttfl  area  of  iha  tiiangle  foimed  by  the  lines 

ha  +  miS  +  "ly  =  0|     ^la  +  )Hj|8  +  ns7  =  0,     ha  +  nisS  +  "!7  =  0. 

Solving  between  the  second  and  third,  we  get  fie  co-otdinatos  of  their 
point  of  intersection  proportional  to  the  minors  Zi,  Mi,  Nt  of  the  determi- 
nant IfilniKij.    Hence,  in  this  case, 

Ti-i|siQ^  + Jfi sin B  +  A^, sine,  &o. ; 
and  substituting  in  equation  (191),  we  get  the  area. 

i.  If  (Ai,  /ii,  n] ;  (:\!,  w,  I'l)  i  (ab>  w,  ''3)  be  the  absolute  bacyoenti'Lo 
co-ordinates  of  thi'ee  points,  prove  that  the  area  of  the  triangle  whose  sum- 
mits they  are  is  AtM^ii-a). 

COMPLBHBNTABT    PoiHTS  AHD   PiQTJBBS. 

67.  Let  A',  B',  C'  ie  the  middle  points  0/  the  aides  BC,  OA, 
AB  of  the  triangle  of  reference.  Then,  if  M,  W  he  homologous 
poinin  toitk  respect  to  ABC,  A'B'C,  M'  U  called  the  eomplemett- 
tary  ofM,  and  M  the  anU-con^hmentary  of  W. 

If  (?  be  the  centroid  of  ABO,  then  it  is  also  the  oentroid  of 
A'B'G';  that  is,  it  is  their  douhle  point.  Hence  (?  divides 
MM'  in  the  ratio  2  ;  1.  Hence  if  {a^yj,  W^'y')  be  the 
absolute  barycentric  co-ordinates  of  M,  M',  the  co-ordinates  of 
^  ar&—  a  +  2o.'      ^  +  2^8'      y  +  2y'  _  I 


-Itl 


(194) 


a  =  l3'  +  y^a',     fi  =  a--^'  +  y',     y^oZ  +  fi'-y'.     (196) 
If  the  point  .3f  describe  any  figure  F,   M'  will  describe  a 
figure  F".    F'  is  called  the  eomplem^ntary  of  F,    and  F  the 
anti-eomplementary  of  F". 


1.  If  three  concurrent  lines  he  drawn  through  tho  middle  points  of  the 
sides  of  a  triangle,  parallels  to  them  through  the  summite  are  concurrent. 

2.  If  AtBiCi  be  ibe  triangle  formed  by  parallels  ta  BC,  CA,  AB  through 
A,  B,  O,  the  triangles  AiBiCi,  ABC  have  M,  M'  aa  homologous  points. 

8.  In  normal  co-ordinatas,  the  oomplenientaty  of  lie  point  0,87  is  (he  point 

bg  +  cy   cy+aa   aa  +  i^    ^,  ..  ,  .  ,,         .   .b&  +  cy-aa 

~ — — ,  ■   ,  . — — ;  the  anti-oomplemectary,  the  point  — — — — — , 

&c.  (196) 

4.  Centre  of  circle  ^BC  is  complementary  of  orthoceatre. 
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B8.  If  a,,   p,  y  ha  the  normal  co-ordinates  of  a  point  M,  the 

point  M',  whose  co-ordinates  are  ^  +  y,    y  +  a,    a  +  ^   is  called 

the  suppUmentary  of  M. 

a'  &  y' 

Et  definition,  -= ■  =  —  ■■-  =  — -—-^• 

Hence,  if  we  seek  whether  M,  M'  can  coincide,  we  must  havo 

_^^A Y     ^     a+/3  +  y    ^ 

^  +  y      y  +  a      <.+  p      2Ca  +  ;8  +  y)      *■ 
These  "will  be  satisfied  either  ty  a  =  ;Q  =  y ;    that  is,  by  the 
incentre  of  the  triangle  of  reference,  or  by  the  pointfi  of  tho 
line  o  +  ;8  H-  y  =  0,  which  is  the  trilinear  polar  of  the  incentre. 


1.  Any  point  and  its  aupplementary  are  collinear  with  the  in 

2.  If  M  describe  the  line  U  +  laS  +  117  =  0,  pvoye  that  M'   ■ 

(;  +  ,„  +  „)(„+ fl+T,)_2(;tt  +  mfl  +  „^)  =  0.  (197) 

3 .  The  points  supplamenter y  to  the  aummita  of  the  triangle  of  reference 
are  the  points  A',  B',  C,  where  tte  internal  biacctora  meet  the  oppoaite  Eiflea. 

For,  putting  n  =  0  in  (197),  we  aee  that  the  Bupplementfirj'  of  any  iine 
la-¥  mfi  =  0  passing  through  C  ia  the  line  [l  —  ffi)[n  —  S)  ~  ('  +  '«)  7  passing 
through  C. 

i.  The  supplemcntaiy  of  the  triangle  whose  summits  are  the  centres  of 
the  escribed  circlea  ia  the  triangle  of  reference. 

Tei4hglb3  ih  Mttltiple  Pbkspbciivb. 

69.  "We  have  given,  in  §  59,  the  fundamental  property  of 
triangles  in  perspective ;  but  here  we  shall  enter  into  more 
detail. 

To  find  the  conation  thai  the  triangle  of  reference  may  he  in 
perspective  with  one  whose  swmmits  have  the  oo-ordmates  oiftyi, 
oi^syai  lajSays,  OT  tvhose  sides  have  the  epilations 

l,a  +  MJ3  +  »iy  =  0,     ?,oi  +  OTj/3  +  wijy  =  0,     ?aa  +  n^ajS  +  »yj  =  0. 

1".  The  equations  of  the  joins  of  corresponding  suinmits  are 
easily  found  to  be  jS//?,  =  y/yi ;  y/yj  -  q/oj  ;  aja,  =  /3//?3.  Hence, 
eliminating,  the  condition  of  concurrence  is 

;3i7=«3  =  yit^j-  (198) 
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Or  fcKuB — 

Let  la+  ■in^+  ny  =  0,  the  axis  of  perspectJTe,  Wie  lines 
liH  +  mip  +  niy  =  0  . . .  meet  5  C,  CA,  AB  in  the  same  points  as 

*a+jre^  +  »y=0;     .-.  -  =  — ,  y  =  ^,  —  =  — ;  .'.  minih^nihfrh- 

2°.  If  the  minors  of  the  determinant  (^iMjM,)  he  as  in  §  66, 
Ex.  3,  Li,  Ml,  JVi,  &c.,  the  summits  of  the  triangle  whose  sides 
are  l^a  +  OTi^  +  n^y  =  0,  &c.,  will  he  these  minors.  Hence,  from 
(198),  the  required  condition  is 

J^iiV^sts  =  NiUM,.  (199) 

70.  If  ABC,  AiBiGi  J>e  suck  that  the  lines  AAj,  BB^,  CG^ 
are  eoneurrent  in  a  given  point,  say  (1,  1,  1),  the  eo-ordinates 
of  Ai,  Bi,  Ci  are  of  the  following  forms  (fl»i,  1,  1),  (1,  jHj,  1), 
(1,  1,  »tj),  ami  the  tria/ngU  ABC  ean  be  in  six  different  wage 
in perspeetive  teith  A,B,C, — 

1°.  ABC,A,BiOi:  2°.  ABC,  BjCA^;    3°.  ABC,  C,A,B,; 

4°.  ABC,  A,0,B,;  5°.  ABC,  C^B^A,;    6°.  ABC,  £,A,C,. 

The  equation  (198)  gives  for  these  different  oases  the  follow- 
ing conditions,  viz.,  for 
Stands",  mim^m^^l;   4°.  nh  =  ms;    5°.   mi-^m,;   6°,  m,  =  Mj. 

71 .  The  quantities  m^,  mi,  m^  denote  anharnionic  ratios. 


For  let  P  be  the  point  (1,  1,  I),  the  equations  of  BP  and 
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The  Right  Line. 

,re  a  =  -y  and  a.  =  my.     Hence  m,   is 
ratio  {AA'PACj.     Similarly, 


From  § 

spectives : — 

(a)  If  trH  =  nH,ABC\s 
AiCiB^,  and  the  triaaglea 
of  perspective  is  on  the  Hi 
m,  =  m^  or  m,  =  »»;. 

(h)  li'm,i»hmi=  1,  thei-D 


mj  =  {BffPB,),     m-,  =  ( CC'BC,). 

wo  have  the  following  cases  of  multiple  per- 


Q  perspective  with  A,B^C,  and  with 
re  biperspeetive ;  the  second  centre 
!  AAi.     Similar  results  follow  from 

i  triple  perspective,  viz.  ABC  with 


A,B^C„  and  with  B,C,A,  and  C,A,B,. 

((!)  If  m,  =  m^'='t>h;    that    is,    if    {AA'PA,)  =  {BBTB,) 
"{C'C'PC-i),  there  is  quadruple  perspective. 


In  order  to  construct  AjB^Ct  in  quadruple  perspective  with 
ABC,  being  given  ABCaai  B. 

Let  AP,  BP,  CP  meet  BC,  CA,  AB  in  A',  B',  C,  respec- 
tively. Join  B'C",  cutting  ^Cin  A",  and  drawie^  any  line 
through  A",  cutting  BP  in  B^  and  CP  in  C^.  Again,  let 
C"  he  the  point  of  intersection  of  A'B'  with  AB.     Join  C".C„ 
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T 
cutting  A^  m  At.     Tiett  AiB^O\  has  quadruple  perspective 
with  ABC. 

For,  join  A"P,  C"P,  and  it  is  evident  that  {AA'PAi) 
=  {BB'PBj)  =  [CC'PCi). 

(d)  The  triangles  ABC,  A^B^Oi  will  have  quadruple  per- 
spective if  Ml  =  »Js  =  ll\/ms. 

(e)  If  Wi  =  Mj  =  Ma  is  equal  to  an  imaginary  cube  root  of 
unity,  there  win  be  a  sixfold  perspective,  but  then  the  triangle 
A^B-iCi  is  imaginary. 

BXEHCISES. 

1.  If  in  the  triangle  ABC  we  inscribe  A'B'C  in  perspective  with  ABO; 
and  in  A'B'C  A"B"C"  in  perspective  with  A'B'C",  then  A"B"C"  is  in 
perspeolire  with  -^j?(7. 

2.  If  ^■S'C  be  the  orthique  tiiangle  of  AJBG  (that  is,  formed  by  the 
feet  of  perpen^culiirs)  and  A"B"G"  the  otthic|ae  of  A'B'C,  show  that 
the  normal  co-ordinates  of  the  centre  of  perspective  of  ABC  and  A"B"C" 
are  seo^  coa  2^,  &c.,  and  that  it  is  a  point  on  Ei;i,ek's  line. 

3.  In  the  Eame  case,  if -4"',  S"',  C"  be  tho  summits  of  the  triangle  formed 
by  tangents  in  A,  B,  C  to  the  circle  ABO,  the  normal  co-ordinates  of  tile 
centre  of  perspective  of  A'B'C,  A"'B"'C"'  ace— 

sin  ^  tan  ^,    dr,  B  taa  B,     sin  P  tan  C, 
and  it  is  a  point  on  Edleb's  line.  (Gob.) 

4.  Prove  that  the  isogonal  conjugate  of  the  centre  of  perspective  in  Ex.  3 
is  the  isotomio  conjugate  of  the  orthocentre  of  the  triangle  ABO,  and  also 
the  anti-oomplementary  of  its  symmedian  point- 
DBF.— 'T/iiw  points,  lehose  baryeenirie  co-ordinates  are  [a'S'y'),  Ifi'y'd), 

(7'H'y3'),  is  called  an  isoharye  grotip  of  pomts. 

6.  The  triangle  formed  by  an  isobaryc  group  is  triply  in.  perspective  with 
the  triangle  of  rcfererice. 

6.  If  the  triangle  ABO  is  in  perspective  with  A,B,Ci,  the  sides  of 
AiBiCi  have  equations  of  form 

hx  +  fliy  +  «s  =  0,     to  -h  mi!/  +  «e  =  0,     &  +  mj'  +  Mis  =  0 , 

Deduce  from  these  equations  the  condilions  of  multiple  perspective. 
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72.  Db». — The  coeffldents  in  the  equation  of  aline  are  called 
line  co-ordinates.  Because,  if  the  coefficients  he  known,  the  posi- 
tion of  the  line  is  fixed.  Thus,  let  -  +  |  -  1  =  0  he  the  equa- 
tion of  a  lino  ;  then,  putting  —  =  m,     --=?!,  wc  get 

xu-hyv^l^O,  (200) 

In  this  equation  m,  u  are  called  Une  co-ordinates,  and  x,  y 
point  co-ordinates.  If  x,  y  he  fixed,  and  m,  v  variahle,  we  shall 
have  difEereat  lines,  hut  each  shall  pass  thiougi  the  Sxed 
point  {xy).  Thus,  if  xy  be  the  point  {ah) ;  then,  in  Modem 
Geometry,  the  equation 

«M  +  gi;4-  1  =  0  (201) 

is  called  the  equation  of  the  point  {ab),  and  the  variahles  u,  v 
are  the  eo-ordiaatea  of  any  Une  passing  through  it.  Hence  we 
have  the  following  general  definition  : — The  eqiuttion  of  a  point 
is  sueh  a  relation  heiween  the  co-ordinates  of  a  variable  liTte  which, 
if  fulfilled,  the  line  must  pass  through  the  point ;  thus,  if  the  point 
co-ordinates  00  satisfy  the  equation  of  a  line,  it  must  pass  through 
the  origin ;  and  if  the  hne  co-ordinates  00  satisfy  the  eq^uation 
oi  a  point,  it  must  bo  it  minity 

73.  The  following  examples  will  illu=tiatc  the  reciprocity 
hetween  hoth  systems  of  c  j  ordinate^  — 


1°.  TaliC  the  general  equation: — 

Equation,  of  the  line,  [  Equiition  of  the  point, 
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We  sliall  have — 
For  the  line  oo-oiiiinatea,  j         For  the  point  co-ordinates, 


C' 


C 


-7f  - 


Oor, — HS  +  fly  =  0  denotes  either  a  line  passing  thrmigh  the  origin  o 
point  at  infinity. 

2".  Let  there  lie  given 

Two  points,  I  Two  lines, 

(•>■),   Ws")-  I  (•■••'),    (""•")■ 

"We  shall  have — 


Foe  tl 


^ion  of  their  line  cc 
i  the  Join  <tj  the  f 


For  the  equation  of  their  point  of 


The  results  and  the  operations  which  lead  to  them  are  the  se 
Dsses.  The  significations  of  the  variables  only  are  different  sine* 
mioaats  will  be  satisfied  if  tve  put 

g  =  III'  +  fny",  V  =  Iv'  +  W, 

1  -;  +  m.  I  l  =  i  +  m. 

For,  in  fact,  they  are  the  results  of  eliminating  I,  m,  1.  Bet 
two  syetems  of  equations,  we  shall  have,  putting  A  =  - , 


_/  +  Ay" 


Supposing  A  variable  these  two 
equations  represent  the  to  ordmates 
of  any  point  of  a  row  by  means  of 
two  special  ones.  li  is  the  liost 
gmsral  represeHlation  of  i  hne  as 
the  base  of  a  row  of  po  'Is  Com 
pare  5  11,  Coy.  1. 


S  ippoing  A.  ■varallc  those  two 
equations  leprsEiJit  the  ro  ordinates 
of  any  lay  of  a  pencil  b^  means  of 
two  speual  rays  II  la  the  moai 
ffe  jfli?  iepnseiiafiOR  oj  t  point  as 
Ifete  lexafapeiCtleffBjs  Oom- 
preju5  *.     2 
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74.  The  ei^uation  (198)  can  be   rendered   homogeneous  by 

taking  -,  -  for  point  co-ordinates,  and  — ,  —  for  line  co-ordinates, 

then  (198)  becomes 

m  +  i/v  +  zw  =  (l.  (202) 

Cor. — K  =  0  ia  the  equatioa  of  the  origin. 

TBEBB-POIira  LiKB  C0-OEDIN4TES. 

75.  II  a,  ^,  y  be  the  batycentrie  co-ordinates  of  a  point  with 
respeet  to  tie  lines  ol  reference  BG,  CA,  AB,  and  if  Ma  +  w/3 
+  «iy  =  0  be  the  equation  of  a  line,  m,  v,  w  the  co-ordinates  of 
this  line  (§  53)  are  proportional  to  the  porpendioulars  from 
A,  B,  C  oa  the  line.  Hence  ■wo  have  the  following  deflni- 
tion  •.—The  absolute  oo-ordtnietes  of  a  line  are  its  distances  8a,  Sj, 
S,  from  the  summiti  A,  B,  0  of  the  triangle  of  reference,  and  m-e 
of  the  same  or  different  signs  aeeoriing  as  the  mmmits  are  on  the 
same  or  on  different  sides  of  the  line. 

76.  The  equations  (200)  and  (202)  express  the  union  of  the 
positions  of  the  point  and  the  line ;  in  other  ■words,  they  denote 
that  the  point  is  found  on  the  line,  or  ■what  is  the  same  thing, 
that  the  line  passes  through  the  point.  And  since  it  does  not 
vary,  if  we  interohange  u,  v,  w  with  x,  y,  z  we  have  the  follow- 
ing important  result : — In  the  equation  which  expresses  the  union 
of  the  positions  of  a  point  and  line,  point  and  line  co-ortHnaies 
enter  symmetrically.  The  point  therefore  enjoys  in  the  geometry 
of  the  line  the  same  rdle  which  the  line  does  in  the  geometry  of 
the  point. 

77.  The  equation 

li.  =  2  f-Y  -  22  — -''  cos  (7=0,  (20S) 

\p)  PS 

denotes  the  cyclic  points. 

For,  if  a,  ^,  y  be  the  angles  which  the  lines  BC,  OA,  AB 
make  with  any  line  whatever,  the  equation  may  be  written 
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tiat 

\f  ?  r       j\p  q  r        1 

which  proves  the  proposition. 


1.  If  the  oocifioicnts  in  the  equations  of  a  given  line  be  conuoctei  by  a 
given  linear  relation  it  passes  tiirougli  a  given  point. 

2.  If  the  vertical  angle  of  a  triangle  be  given  in  magnitude  aM  position, 
and  I  timoa  the  reciprocal  of  one  side  plus  m  times  the  reciprocal  of  the 
other  be  given,  the  base  passes  through  a  given  point. 

3.  If  a  variable  triangle  .45P  have  its  vertices  on  tiree  concurrent  lines. 
OA,  OB,  OPVbieh  are  given  in  position,  and  if  two  of  its  sides  pass  ibrougt 
fixed  points,  the  third  side  will  pass  through  a,  fised  point. 

For,  if  the  reciprocals  of  OA,  03,  00  be  n,  v,  in  the  conditions  of  the 
question  give  Hit  +  *b  +  1  =  0,  a'v  +  b'w  +  ].  =  (].  Hence,  eliminating  v 
we  get  a  linear  relation  between  «  and  ta,  which,  is  the  equation  of  the  point 
through  which  the  third  side  passes. 

4.  If  (»,  V,  ui),  (h',  v',  !!'')  be  the  co-ordinates  of  two  lines,  prove  (fM  +  flili', 
It!  4  Bfn',  Iw  +  ime')  are  the  co-ordinates  of  a  oonorarent  line. 

5.  If  (»,  II,  w),  («',  n',  «)')  he  the  co-ordinafes  of  }  73,  prove  that  the  lino 
(lu  4  mu',  h)  +  mv',  hn  +  mw')  divides  the  angle  between  them  in  the  ratio 
of  secriou  I :  m. 

6.  The  anharmonio  ratio  of  fonr  lines  corresponding  to  the  values  (!i,  mi), 
(fe,  jHj),  (h,  ma),  {h,  '»4)  is  equal  to 

""''  -  "^'^  :  '"'^^-'"^^'.  (204) 

7.  If  (1  =  0,  !J  =  n,  10  =  0  in  thfl  equafions  of  the  three  summifa  of  the 
triangle  of  reference,  prove  that  the  equations  of  the  middle  points  of  the 

8.  In  the  same  case  prove  that  the  points  at  infinity  on  the  aides  are 

,,-..  =  0,    !.-«.  =  0,    io-«  =  0.  (206) 

9.  If  H  rj  0,  ti  =  0,  w  =  0  be  tho  equations  of  three  points,  prove  that  they 
are  coUineai'  if  for  any  system  of  multiples  !,  m,  n,  In  +  m»  +  nw  ^0. 
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MISCELLANEOUS   EXEBCISES. 
.  Piad  the  equation  of  tie  join  of  the  origin  to  the  intersection  ol 


2.  Prove  fliat  2^:=  4  ^y  -I'f  -  8k  +  ii/  =  0  denotes  two  lines  at  right 
angles. 

3.  The  opposite  sides  of  a  parallelogram  are 

aj5  -  6e  +  6  =  0,     ^5  -  ISy  +  40  =  0, 
find  the  equations  of  ils  diagonals. 

4.  If  J]  =  0,  J'  =  0  bo  two  parallel  lines,  prove  that  Z  +  i'  =  0  is  mid- 
way hetween  them. 

5 .  Find  tbe  locus  of  the  intersection  of  the  diagonals  of  the  quadrilateral 
formed  by  the  axes  and  the  lines 


6.  Fiad  the  equation  of  the  line  which  joins  the  intorseefioas  of  tte 
liansversB  and  direct  joins  of  the  point- pair  i^  +  Igx  +  e  =^0  with  the  point- 
pair  jis  +  2/j/  +  ,!  =  0. 

7-  Prove  that  the  lines  represented  by  s?  —  xy  —  ^tf  +  2r^~y-\-l  =  li  ai'e 
inclined  at  an  angle  of  45°. 

8.  If  A,Bi,  AiBi  .  .  .  A„Sn;  C\Bi,  dDi  .  .  .  C„I}„  be  two  systems  of 
segments  in  the  same  plane,  such  that  A\Bi  :  CiDi  =  -IsBj  :  CiDi  .  .  . 
=  A„B«  :  C«B«  =  k;  and  if 

(AiBuCi^Di)  =  {AiBi^ChSi)  .  .  .  =  {A„S„)^C,.S„)  =  a, 

the  resultants  of  these  systems  have  the  same  ratio  i,  and  are  inclined  at 
angle  a, 

The  proof  is  cosily  inferred  from  §  3. 

9~lt.  If  on  the  sides  BO,  AC,  AB  of  a  triangle  there  he  constructed 
externally  three  squares  BCBB,  ACFG,  ABKE,  and  if  A',  B',  C"  be  tbe 

1°.  The  middle  points  a,  i,  c  of  BC,  OA,  AB  are  the  centres  of  squares 
constructed  Stern  ally  on  the  sides  of  the  triangle  A'B'C.       (Neubekg.) 
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For  Co  =  and  perpendicular  to  /ib,  ea  =  and  perpendicular  to  hB' ;  there- 
fore tlie  resultant  of  Co  and  CB  =  and  perpendicular  to  the  resultant  of  ab 
and  bB' ;  that  is,  Ca  —  and  perpendicular  to  aB'.  Hence  0  is  the  centre  of 
tiie  square  described  on  B'C. 

3°.  The  quadrilaterals  BCGS,  GFBZ,  MECF  are  each  equal  to  B'G"'. 
(Ibid.) 

For  it  is  easy  to  see  that  SG=  and  perpendiculflr  to  BCf  ;  therefore  area 
BCaB=^SC-B6  =  ^S(P.  Again,  SA  =  (/A'^^Ji  and  AC  =  A]/-J2  ; 
therefore  resultant  of  SA,  AC=  ^2  times  the  resultant  of  C'A,  AB' ; 
thatis,  SC  ^^-CB'.    Hence  BOGS=B'G''. 

3°.  The  lines  Aji',  BB',  C'C  are  equal  and  perpendicular  fo  the  sides  of 
the  triangle  B'C'A'.  {Ibid.) 

4°.  The  lines  AA;  BG,  KF,  CII  are  concurrent.  {Ibid.) 

Let  rbe  the  interasetion  of  BG,  OS,  then  in  the  cyclic  quadrilateral. 
AVCG  the  angle  ^FS  =  ACQ  =  vji.  In  the  same  manner,  in  the  quadri- 
Uteral  B  VCA'  the  angle  B  VA'  =  BOA'  =  TJi.  Hence  AV,  AT  are  thfl 
bisectors  of  the  angles  SVG,  BVC.  The  demonstration  13  the  same  for  KF. 

5°.  The  quadrilaterals  BFGH,  FGED,  HKEF  are  each  equal  to 
iA'B'C:  {aid.) 

For  i)ff  =  and  parallel  to  2X5',  and  BiT  =  and  parallel  to  lA'C 

6°.  The  quadrilaterals  BCOE,  BCFS,  CAZF  are  each  equal  to  2A'£'C'. 

15.  Find  the  locus  of  a  point,  the  si 
of  a  given  polygon  is  constarit. 

16.  If  B  =  0,  B  =  0,  7  =  0,  S  =  0  be  equations  of  lii,  tour  sides  of  a 
quadrilateral  in  Etandard  form,  and  a  b  (,  d  then  leUijtha,  proTe  that 
die  line  fltt  —  ij8  +  C7  —  if!  =  0  biseuts  the  diagonals 

Dbp.— TAs  UmvtMch  bisects  the  d%agmah  of  a  qtindnlatei  ai  is  eelbd  tht 
Hewtouian  of  the  quadrHaterdl. 

17.  The  Newtonians  of  the  live  quadnl  to  ab  g  linen 
f  ii  "it  iisi  ^i,  I'D,  taken  i  by  4,  are  conou 

For,  taMng  »j,  u^  as  axes  of  co  ordin  ua  ,  ifs, 

—  +  -?  -1  =  0,  &c.,  the  Newtonians  o    th    q      nl     nil  asses 

01      Si 

thi'ough  tiie  points  (^ni,  \bi),  (^j,  §ij)      H  ts 

(*i  -  *s)  I  +  (»i  -  lis) !/  -  J  (  Oa    ) 

Adding  this  to  the  equations  for  the  quadrilaterals  MiU3mi«6,   ms!1i"jWs, 
the  sum  vanishes  identiially.     Hence,  &o. 
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92  The  Right  Line. 

18.  I£  on  the  three  eidea  of  the  triangle  of  reference  ABG  three  similar 
iaosoelea  triangles  BCA',  OAB',  ABC  he  described,  proye  that  the  lines 
AA',  BB\  CO-  are  concuri-ent ;  tiat  is,  the  trianglea  ABC,  A'B'C'  are  in 
perapeotive. 

If  the  triangles  be  described  esternaUy,  and  if  the  base  aDgles  beJ,  the 
normal  ce-ordinatea  of  the  common  point  are  I/sin  {A  +  S),  1/sin  {^+  6), 
l/sin((7+S). 

19.  In  the  samfl  case,  prove  that  the  eq;uatioii  of  the  axis  of  per- 
Bpeotiye  ia  a  /  (ain  5  ain  (7  +  sm  J  ain  28)  +  B  /  (ain  C  Bin  ^  +  sin  J!  sin  29) 
+  7/(Bin^  EinS  +  Binesin2e)  =0. 

20.  Find  the  equations  of  tJie  perpendiculai*  to  the  sides  of  a  triangle  at 
their  middle  points.        Am.  aaiDA-ffEh.£  +  ysi-n{A-B)  =  l),&-!. 

21.  Prove  hj  the  properties  of  a  harmonic  pencil  that  y  is  parallel  to 
osin^  +  flsinJ. 

23.  Prove  that  the  equations  of  the  lines  Joining  the  middle  points  of  the 
sides  of  tJie  triangle  of  reference  are  6  sinS  +  7  sin  C—  a  sin  A  =  0,  &c. 

23.  Prove  that  tho  line  at  infinity  is  the  trilinear  polar  of  the  eentroid 
of  the  triangle  of  referenne. 

24.  Find  the  equation  of  the  Une  through  a'$'y'  perpendicular  to 
la  +  mfi  +  ii7  =  0. 


25.  Prove  that  the  perpendicular  to  Euler's  line,  which  hiaeots  the  die- 
tanoe  between  the  uircumcentr©  and  orthooentre,  ia 

aein  3^  +  iSEin  S.B  +  7  sin  3C=  0.  (203) 

26.  Find  the  area  of  the  triangle  formed  by  the  lines 

A^.  oJtan4(a-a)t«nH-8-?)fenJ(7^a).     (209) 
27-29.  II  A\  B;  C  be  the  feet  of  the  altitudes  of  the  triangle  ABG, 
proye  that  the  normal  co-ordinates— 
1'.    Of  the  eentroid  of  A'B'G',  are 

s\\?A>iW{B-C),    sin'S0O8{O-^},    ain'Ccos  (^-£).     (210) 
2°.    Of  the  oithocentra  of  A'B'C.  aro 

cos  %A  COB  (.B- CO,  cosiB  COS  {0 ~  A),  coa  2CeoslJ-B),     (211) 
3°.    Of  the  symmedian  point  of  A'B'C, 

tan^coe(S- (7),  tanScos  (C- ^),  tan  Coos  (^  -  fi),       (212) 
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30.  If  a  traneversal  moke  with  tlie  sides  of  the  triangle  ABC  angles 
A',  B',  C,  all  measuTed  in  Ite  Bume  direotion,  and  if  n  be  any  iateger, 
prove  that 

sin  iiA  ■  sin  nA'  +  sin  nB  ein  nB'  +  sin  nC-  sin  nO'  =  0.      (M'Cat.) 
(213) 

31.  If  A,  B,  G  be  three  points  of  a  line  u,  and  A',  B\  ()'  three  pointK  of  a 
lines;  show  that  the  poiiita  of  intereection  of  .^15' and  .^'5,  BC  aBA.B'C, 
CA'  and  C'A,  are  oolljnear. 

32.  If  V  be  the  line  nit  infeBitjt,  show  that  the  Newtonian  of  the  quadri- 
lateral 0^71!  in  barycentric  00-ordinafeE  is 

(B  +  7-.)/;+(T  +  a-^)/m+(a  +  S-y)/«  =  0.        (2U) 

33.  Prove  that  the  join  of  (I,  1,  1)  and  (cos  (J!  -  G),  cos  (C  -  A), 
coa {A-B))  is  pecpendloular  to  aa/ {*  -  c)  +  i0/ (c  -  o)  +  07/ (a  -  i)  =  0. 

34.  Show  that  Cotes'  theorem,  \  54,   may  be  extended  W  any  number  of 


35.  Prove  that  the  ratio  in  which  the  join  of  a'lj',  s^"y"  ia  divided  by 

^ar+%+(7=0  is  -(Ad' ^B'^' ^C):{Ax' -^Sy-^rC). 

36.  If  a  transversal  cut  the  sides  of  a  polygon  of  n  sides,  the  ratio  of  on« 
set  of  alternate  Eegmenta  of  the  sides  to  the  product  of  tha  remaining  seg- 

37.  Prove  that  the  triangle  whose  sides  are 

is  inscribed  in  the  tiiangle  of  referenne. 

38-40.  If  K,  fi,  y  denote  the  sines  of  lie  angles  which  la.  +  m^  +  Hy  =  0 
makes  with  o,  g,  7,  respectively,  prove  that 

r.  ,a=  +  j-^  +  2^1.  lioa  A  =  sin'^,  &c.  (215) 

2'.  X=ain2^  +  ;t2smaB  + v=sin2(7=2siii^Bin5EinC.       (216) 

3°.  siii^/\  +sini(/^  +  6in  C\y^  Bin  A  sin£  sin  G\\iiV  =  0.        (217) 

il.  If  A  be  the  mean  centre  of  the  points  ^i,  A^t,  .  , .  A„  for  the  mul- 
tiples BJ|,  mi, '. . .  m,n  and  if  Ar  describe  a  right  line  A,Br,  prove  that  A 
describes  a  parallel  line  whose  length  =  mrArBrjSini).  (Ne¥dero.) 
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i%  If  A  be  the  mean  centre  of  the  points  A„  Ai,  . .  .  A„  for  the  mul- 
tiples mij,  Ml!,  .  .  .  m«,  and  £tlie  mean  centre  of  5i,Bs,  .  ..  B» for  tie  same 
inultiples,  prave  that  AB  is  the  resultant  of  segments  puralM  to  AiS,,  AiBt 
d„5„  multiplied  respecliTely  by  mijSnt,     mijtm,  &a.     (Wecbebg.) 

43.  If  two  polygons  A1A3  . .  .  AnAi,  SiB^  . .  .  S„Si  have  the  same 
oentre  of  mean  distances,  the  resultant  of  the  lines  A\Bi,  AjBi ,  . .  A^Bn  is 
zaro.  {Ibid.) 

44.  If  on  the  aides  of  a  polygon  AiAs  ■  ■  ■  A,Ai  triangles  directly  similar 
AiSiAi,  AiBiAi,  &o.,  he  described,  the  EiimroitB  Si,  Bi ,  ,  .  Bn  0!  these 
triangles  have  the  same  centre  of  mean  distances  as  the  original  polygon. 

(Laisant.) 

45.  Being  given  two  triangles  ABC,  A'B'C  in  the  same  plane  to  find 
multiples  mi,  ms,  wis  for  which,  the  summita  of  hotii  triangles  have  the  same 

46.  If  the  Eummits  of  the  triangles  ABC,  A'B'C  have  the  same  mean 
centre  for  the  multiples  wi,  mi,  mi,  and  if  the  triangbs  AAA",  BB'B", 
C'C'G"  be  directly  similar,  the  triangle  A"B"G"  has  the  same  mean  centre 
for  the  same  multiples.  {Ibid.) 

47-  If  on  the  altitudes  AA' ,  BB',  CC  be  taken  portjona  AAi,  BBi,  GCi, 
respectively  proportional  to  BC,  CA,  AB,  the  centre  of  mean  distances  of 
AiBi  C\  coincides  with  that  of  ABC.  {Ibid.) 

48.  If  AiBid,  AiB^Os,  . . .  AiB„C„  he  a  system  of  n  triangles  directly 
similar,  and  if  n,  ^,  7  be  the  mean  centi-es  of  the  A  summits,  the  B  sum- 
mits, and  the  C  summits  respectively  for  any  common  system  of  midtiplea, 
the  triangle  087  is  similar  to  ABC.  (Laisaht.) 

ltd.  If  for  each  of  the  triangles  formed  by  four  lines,  a  liue  be  drawn 
hisecling  perpendicularly  the  distance  &om  circumcentre  to  orthooentre  the 
four  bisecting  lines  are  concurrent.  (Hervey.) 

SO,  If  the  Joins  of  corresponding  veitjces  of  two  triangles  be  concurrent 
the  intersections  of  corresponding  sides  are  oolUneai. 

For,  if  the  Joins  be  the  lines  «  =  ,8  =  7,  the  sides  of  the  triangle  will  be 
o  +  ,e  +  !  =  0,  S  +  7  +  S=0,  7+H  +  8  =  l);     0  +  ^  +  5^  =  0,  8  +  7  +  ^  =  0, 


and  each  pair  of  corresponding  sides  intersect  on  B  —  S'  =  0. 

Def.^A  line  SE  cnUmg  the  sides  CA,  CB  of  the  triangle  0/  refers 
the  points  D,  E  so  that  the  triangh  CBB  is  inversely  similar  to  CBA  is 
an  anii'paraliel  to  the  hase  AB. 
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51.  Find  tlie  conditiou  tliat  \a  +  ii.^  +  v'f  =  (i  may  be  anti- parallel  to.  7. 

Am.  Ui-aA-msi'aB-n  ^■a{A-B)=0.        (213) 

52.  Find  the  equation  of  the  line  tlirougli  tie  Eymmediun  point  of  ii  tri- 
angle anti-parallal  to  the  base. 

Ans.  acotAimB  +  ^aotB&laA^y.  (31B) 

53.  The  eumniits  ii,  (?  of  a  triangle  move  on  a  flsed  line,  the  summit  A 
is  fixed;  prove  that  the  loeua  oi  the  triliaear  pole  of  a  giren.  line  with, 
respect  tfl  the  tiiangle  ABG  is  a  right  line.  (Hebmes,  Crelle's  Journal, 
vol.  56,  page  207.) 

54.  Find  tho  co-ordinates  of  the  points  anti- complementary  to  fie  four 

Ans.  cotAI2,  cotBjl,  cotC/2;  -  cot^/2,  (miB/2,  tan  C/2  ;  ian  ^/2, 
-cot£/2,  tane/2;  tau^/2,t8n£;2,  -eot  C/2.  These eaveaa«aS^aBi:s 
points,  and  are  demoted  hy  v,  va,  vb,  V4,  respeclively.  Their  iaotomic  conju- 
gates are  called  the  Geii.&okhb  points,  cmd  are  denoted  iy  r,  ra,  Tt,  ro, 
respeeliiielif. 

55.  The  diagonal  triangle  of  the  quadrangle  whose  summits  arc  tlie  Nagel 
poirit£  is  the  anti-complementary  of  ABC. 

58.  Tho  triangle  ABO  is  in  perspective  with  each  of  the  four  triangles 
fonned  by  the  Gergonne  points,  the  centres  of  perspective  being  the  Nagel 
points.  It  is  also  in  perspective  with  ea«h  of  lie  triangles  formed  by  the 
Nagel  points,  the  centres  of  perspective  being  the  Gergonne  points. 
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THE  CIRCLE. 


SeCIIOH  I. CAaiBBIAM  Co-ORplNATJ!S. 


78.  To  find  the  general  equation  of  a  circle. 

Let  [ab)  be  the  centre,  {xy)  any 
^oiat  P  in  the  oircranferonee  ;  then, 
if  the  radiuB  OP  be  denoted  by  r, 
■we  have  (Art.  1), 

{^-ay  +  {y-hy  =  r';        (220) 

a?  -It  y^  -2ax  -  2hy  -i-  a^  +  ¥  -r^  =  0, 
which  ifi  tie  required  equation. 

The  following  obseTvations  on  thia  equation  aro  very  impor- 
tant:— 

1°.  It  is  of  the  second  degree.  2°.  The  coefficients  of  x^  aad 
y'  are  equal.  3°.  It  does  not  contain  the  product  xy.  Hence 
we  have  the  following  general  theorem  — Every  equation  of  the 
second  degree  which  does  not  contain  the  product  of  the  variables, 
and  in  which  the  eoefficUnt»  of  their  second  powers  are  equal,  repre- 
sents a  circle. 

The  following  are  special  i  asoR  :— 

1°.  If  the  centre  be  origin,  the  equation  is  «'  +  y'  =  r',  which 
ie  the  st^idard  form.  (221) 

2°.  If  the  origin  be  on  the  circumference,  a;'  +  j/'  -  2aa; 
-  2hy  =  0.  (222) 
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8°.  II  the  axis  of  x  pass  through  the  centre,  and  the  origin 
he  on  the  circumference,  «"  +  y'  =  2ax.  (223) 

4°.  If  the  axis  of  y  pass  through  the  centre,  and  the  origin 
be  on  the  eirenmfeience,  x'  -v  y"  =  Ihy  (-^24) 

OhsetiaUofi — The  cnteiion  that  the  pioduct  xy  mii'it  not 
be  contimtd  m  the  eijuition  is  true  only  when  the  axes  are 
rectmgular ,  for  if  they  were  oblique  the  equation  would 
(§  5)  he 

(^  _  af  +  iy-h)'-t-2{x-  a)  (y  -  *)  cos  <u  =  r\     (225) 

79.  1/  the  equation  of  a  eirde  he  given,  we  can  construct  it. 
Bor  let  the  equation  be  ax'  +  ay^  +  2g^  +  2/y  +  c  ==  0.  Dividing 
by  «,  and  completing  squares,  we  get 


("SM-^r- 


Comparing  this  with  the  fundamental  equation  (220), 
that  the  co-ordinates  of  the  centre  are 


(226) 

Hence  the  circle  can  be  described,  "We  have  the  following 
cases  to  consider ;  ii  ff^  +f^  be  greater  than  ac,  the  circle  is  real, 
and  can  be  conatructed ;  if  ^  +  /•  he  equal  to  ac,  the  radius  is 
zero,  and  the  circle  is  indefinitely  small,  that  is,  it  is  a  point ;  if 
ff^  +/*  be  less  than  ac,  the  radius  is  imaginary  :  there  is  no  real 
circle  corresponding  to  the  equation;  in  other  words,  ax'' +  ay'' 
+  2gx  +  ''fy  +  c  -  0  represents  in  this  case  an  iiin''iDary  circle 

Cor  — ^ince  th     co  ord  n.ite     of  the    cent  e  of  the    cir  le 

iM*  +  fl/  +  '^Qx  +  2fj  +        0  do  not  conta  ne  t  follows  tk  f 

Ubo  c     tes     lose    I  ato  s  dff    al      n  the       h  1  te  t  r       a 
concentr  c 
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80.  GBOMETiiicaL  Sephe^entatiok   oe  the  PowbK   OP  4  Point 

WITH    KBTBCr    TO    A    ClBCLB 

The  powe}  of  a  potnt  tadh  leapect  to  a  ciich  (§  27)  is  positive, 
zero,  or  negat%ve,  aecordtnq  as  the  point  is  oufnde,  on,  or  inside  the 
eircumferenee. 

1°.  Let  («-«)' +  (y-i)'- r=  =  0 
be  the  circle  x'y  on  external 
point  ;  then  the  poiper  of  x'y' 
with  respect  to  the  circle  is 

that  is  (§5)  OJP^-r',  Qv  f,  s 
OOP  is  a  right  angle.     Sence  t. 
power  of  an  external  point  with  r 
sped  to  a  eirele  is  equal  to  the  square  of  the  tangent  drawn  from 
that  point  to  the  eirele. 

2°.  "When  the  point  is  on  the  circle  its  power  is  evidently 

3°.  Let  x'y'  he  an  internal  point ;  then 
denoting  OP  by  S,  the  power  of  OF  with 
respect  to  the  ciro!e  is 

that  is  =  -  AP.PB,  a  negative  quan- 
tity. 

Cor. — If  for  shortness  the  equation  of  a  circle  he  denoted 
by  5  =  0,  the  power  of  any  point  x'y'  with  respect  to  8  will 
be  denoted  by  S',  for  this  is  the  result  of  substituting  the 
co-ordinates  afy'  in  place  of  xy. 


^(^  +  S)(r 


1 .  If  the  equation,  of  a  line  be  added  to  the  equation  of  a  circle,  the  aum  la 
the  equation  of  a  circle. 

2.  The  sumoftheequationsofauynumberofciccles  is  tlie  equation  of  ttcicole. 

3.  Construct  fie  oirdlea — 


1°.  X 


1-  3;/'  +  ^x  +  9y■\■ 
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i,  rind  the  eqtialion  of  a  cirole,  passing  tirougli  the  point  (2,  4)  through 
the  origin,  and  iaving  ita  centre  on  the  asie  of  x. 

5.  Find  the  looue  of  the  Terfes  of  a  triangle,  being  given  thehaee  and 
the  sum  of  the  squares  of  the  sides. 

6.  Find  tho  locus  of  the  vertex  of  a  triangle,  being  givitn  tlio  base  and 
m  squares  of  one  side  +  n  squares  of  the  other. 

7.  If  Si  =  »,  Si  =  0,  iSs  =  0,  fee,  be  tho  equations  of  any  number 
of  circles,  prore  that  the  centre  of  IS\  +  laS^  +  nS^  +  &c,  =  0  ia  the 
mean  centi'e  of  the  centres  of  S\,  iSs,  Sa,  &c.,  for  tJie  ajstcm  of  multiples 
I,  m,  n,  &c. 

8.  Find  the  equation  of  the  circle  whose  diameter  is  the  ]oin  nf  the 
points  x^ff',  sc'y. 

An^.  {^~^-)i<»-^')  +  <j/-y-){!,-y")  =  0.        {^27) 

fl.  Given  the  base  of  a  triangle  and  the  vertical  angle,  prove  that  the 
locus  of  its  vertex  ia  the  circle  S  -i-  L  aot  C  =  0  where  S  =  0,  denotes  the 
circle  described  on  the  hase  as  diameter,  and  1  =  0  the  equation  of  the  base. 

(228) 

10.  Given  flio  base  of  a  triangle  and  the  vertical  angle,  prave  that  the 
locus  of  flie  orthocentre  is  the  circle 

S-  ZaotO^O.  (229) 

11.  Find  the  locus  of  a  point  at  which  two  given  circles  subtend  equal 


13.  Given,  the  hase  of  a  triangle  and  ■the  ratio  of  the  tangent  of  the  ver- 
tical angled  the  tangent  of  oiie  of  the  base  angles,  prove  that  the  looiis  of 
the  vertex  ia  a  cirele. 

14.  If  the  eum  of  tie  squares  of  the  distances  of  a  point  from  the  sides 
of  an  equilateral  triangle  or  of  a  square  be  given,  the  locus  of  the  point  is 

16,  If  the  sum  of  the  squares  of  the  distances  from  a  variable  point  to 
any  number  of  fixed  points,  each  multiplied  by  a  given  ooostant,  be  given, 
the  locus  of  the  point  ia  a  circle. 

16.  If  the  base  c  of  a  triangle  be  given  both  in  magnitude  and  position, 
aud  fl*5in.((7- b),  where  u  is  a  given  angle,  be  given  in  magnitude,  the 
loous  of  the  vertei  Cis  a  cirdo.  (M'Cat). 
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81,  The  equations  of  a  line  and  a  cwcle  being  gimm,  it  is 
required  to  find  the  equation  of  the  cwcle  whose  diameter  w  the 
intercept  which  the  latter  makes  on  the  former. 

Let  the  equatioas  be — 

(1)       i-tf'-r-.a.     (2) 


xc< 

5sa  + 

y  sina 

Eliminating  y 

and* 

^ 

-2px 

f 

-2w 

Equation  (3), 
lines  parallel 

being 
totke 

sa+^t*-^  ain'a  =  0;  (3) 
1  Q  ^■  p°  -  r'  cos'a  =  0.  (4) 
I  quadratic  in  s:,  denotes  (g  37)  two 
is  of  y  through  the  points  of  intersection 
of  (1)  and  (2).  Similarly,  equation  (4)  denotes  two  lines 
through  the  same  points  parallol  to  the  axis  of  x.  Hence,  by 
addition,  we  get 

ai'  +  j,s  -  2jj  (a;  cos  a  +  )/  ain  a  ^  ^j)  -  r'  =  0,      (230) 
which  is  evidently  a  circle  passing  through  the  four  points  in 
which  the  pair  of  lines  (3)  intersect  the  pair  (4).     Hence  it 
has  for  diameter  the  intercept  made  by  (2)  on  (I),     Sec  §  SO, 
Cor.  2, 

EXEBCISES. 

1.  Find  the  equation  of  tie  circle  whose  diameter  is  the  intercept  which 
the  cirelp  ai*  +  y^-65  =  0  makes  on  Zx-^  y-l.b  ^G. 

2.  Find  the  oondildon  that  the  intercept  whieli  3?  +  y'^  —  »■'  =  0  malies  On 
*  eostt  +  y  sino  —  J)  =  0  suhtenda  a  right  angle  at  x'lj. 

Ans.  The  cirele  (230)  muat  pass  through  x'y  .     Hence  the  required 
condition  ia  x'^  +  y'^  -  ip  (i'  eoa  a  +  y:  sin  a  -  ;;)  -  i-^  =  0.     (231) 

S.  Find  the  condition  that  the  int«rtept  whith  x  aosa-^y  aa.a~  p  =  Q 
makes  on  i''  4-  y'  -f-  Eys;  +  ify  +  c  =  0  auhtends  a  right  angle  at  the  origiii. 
Eliminfttiag  x  and  y  in  auceeseion  between  theae  equations,  and  adding, 
we  get  a  circle  whose  diEuneter  ia  the  intercept ;  and  hy  the  giren  condi- 
tion this  must  pass  through  the  origin ;  therefore  the  absolute  term  muat 
vanish.    Hence 

ip-  +  %p{gws^  +/  sin  a)  +  c  =  0,  (232) 
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4.  If  a  variable  chord  of  a  circle  Bubtead  a  right  angle  at  a  fised  point 
^y",  find  the  looua  of  the  middle  point  of  the  cKotd. 

The  middle  point  of  the  chord  is  evidently  the  centre  of  the  circle  (230) 
which  has  the  chord  for  diameter.  If,  therefoiB,  XY  bo  tho  co-ordinates  of 
the  middle  point,  we  bave 

X  =  pcoaa,     Y=pd-aa;  thorefore^^+ 1''=^'; 
and  substituting  in  the  equation  (231),  wo  got 

{X-x'Y  +  {Y-y-f  +  X'^^T'-~i^  =  a.  (233) 

82.  To  find  the  equation  of  the  tangent  to  a  given  circle 
{x  -  a.f  +  (y  -  iy  =  r^  at  a  given  \Q^J 

point  (y^'),  ^ 

Mrst  method. — Lot  0  be  the 
centre,  Q  any  point  xy  in  the 
tangent.  Join  OQ;  tlien,  since 
the  points  {xy),  (ah)  subtend  a 
right  angle  at  {x'y'),  we  have 
equation  (14),  (x'  -  x){w'  -  a) 
+  (y'  -  y)(j''  -  *}  =  0 ;  also,  since 
the  point  x'i/'  is  on  the  circle,  we  have 

(y -«)■+(/- J)',  f". 

Hence,  by  subtraction, 

{x~a){:,-^u)  +  iy-h){i,- -!>)  =  >-,  (234) 

which  is  the  required  equation. 

Oor. — If  the  equation  of  the  circle  bo  given  in  the  standard 
form  x^-i  y'=  r^,  the  equation  of  the  tangent  is 

xx' +';yy' =  r''.  (335) 

Seeond  method. — Taking  the  standard  form  of  the  equation  of 
the  circle,  if  x'y',  af'y"  be  two  points  on  its  circumference,  then 
the  equations  of  the  circle  described  on  the  join  of  at'y',  x"y"  as 
diameter  is  [p  -  s!)[!e  -  of")  +  {y  -y'){y  ~y")-0,  equation  (14); 
and,  subtracting  this  fi-om  the  equation  of  the  cii'cle,  wc  get 

x'  +  r-r'-{i^-^')(ic-^')  +  iy-i,')iy-y")i  =  0, 
or  i^'  +  ^")x+iy'  +  y")y-r'-x-x"  -yY=0,         (23r.) 
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which  (§  30,  Cor.  2)  is  the  eijuation  of  the  secant  througi  the 
two  points  x^y',  si'y".  Now  suppose  the  points  sfy' ,  x"y"  to 
hecomo  consecutive,  the  secant  becomes  a  tangent,  and  this 
equation  (236)  reduces  to 

xx'^yy'-r'  =  <i. 
Third  method. — Tlio   polar    co-ordinates   of  a:'y',    x"y"    are 
{r  cos  B',  r  sin  6')  ;  {r  cos  6",  r  sin  &")  ;  and  the  equation  of  the 
join  of  these  points  is  (§  31,  Ex.  3), 

^  cos  i  (fl'  +  $")  +  y  Bin  J  {$'  +  0")  =  rcosl  {&'  -  6") ; 
and  if  the  points  be  consecutive,  this  reduces  to 

xaosff+y^me'^r,  (237) 

which  is  another  form  of  the  equation  of  the  tangent. 

88.  From  any  point  (W)  can  he  draum  to  a  aircle  two  tangents, 
tvhioh  aire  either  real  and  distinct,  coincident,  or  imayina/ry. 

Tor  if  nfy'  he  the  point  of  contact  of  a  tangent  from  {hh)  we 
get,  substituting  hh  for  xy  in  (235),  hx'  +  hy'  =  r'.  Also,  since 
x'y'  is  on  the  circle,  x!^  +  y'^  =  r^.     Eliminating  y' ,  Tve  get 

(A=+  le) «" -  ■i.r'hx'  +  r* -  iV  =  0,     (i.) 
the  discriminant  of  which  is  r"^!^  {h^  +  B  -  r^) ;  and  according 
as  this  is  positive,  zero,    or  negative,  the  equation  (r.)  will 
be  the  product  of  two  real  and  unequal,  two   equal,   or  two 
imaginary  factors.     Hence  the  proposition  is  proved. 
84.  If  we  omit  the  accents  in  equation  (i.),  we  get 
(A'  +k')^-  2r'h:  +  /*  -  ^r"  =  0,     (ii.) 
which  represents  two  lines  parallel  to  the  axis  of  y,  passing 
through  the  points  of  contact  of  tangents  from  hh  to  the  circle. 
In  lite  manner, 

(S'  +  A=) ;/'  -  2rny  +  r*-I^r^=i     (m.) 
represents  two  parallels  to  the  axis  of  x  passing  through  the 
same  points.     Hence,  by  addition,  we  get 

{A^  +  %■"){!<?■  +  y^-  r')  -  2r^  {M+hy-  r=)  =  0,        (338) 


yGoosle 


Cartesian  Co-ordinates.  103 

mhieh  is  the  equation  of  the  circle  whose  diameter  is  the  chord  of 
contact  of  tangents  from  hh  to  ^  +  y'  -i"  =  fi- 

Cor.—ll  we  multiply  the  eijuation  ar*  +  y'  -  r'  =  0  by  A'  +  /;', 
arid  subtract  (238)  from  it,  we  get  hx +  hj  -  r''  =  0,  which  is  the 
common  chord  of  the  two  ciroles  (§  30,  Cor.  2).     Honce 

kx  +  k^-r^^O  (239) 

Ib  the  equation  ol  the  chord  of  contact  of  tangents  from  (AS). 
This  can  he  shown  otherwise.  From  the  demonBtration,  g  83, 
we  have  h/  +  hy'  -  r"  =  Q.  In  like  manner,  if  x"y"  bo  the 
second  point  of  contact,  we  have  haf'  +  ley"  -  f"  =  f).  Hence  the 
line  hx-vliy-r'  =  <i'K  satisfied  hy  the  co-ordinates  of  each  point 
of  contact. 

85.  To  find  the  equation  of  the  pair  of  tamgcnts  from  {Jile)  to  the 
circle.  On  either  of  the  tangents  from  (M)  to  the  circle  take  a 
point  {xy) ;  then  twice  tbe  area  of  the  triangle  formed  by  the . 
origin  and  the  two  points  xy,  M,  ii  hx  -  ky,  and  twice  the  same 
area  is  eqaal  to  the  distance  hetween  the  points  multiplied  by 
the  radius  of  the  circle.     Hence 

(;«!:-W.((«-J)'  +  (,-*)'|.''i 
or,  reducing, 

(a-s  +  j/t  _  ^sj  (^a  _^  ^^  ^  ^j-,  ^  (^^  +  ^j,  ^  ^■ji,     (340) 

86.  Ifi^-  ay  +  (y  -  hf  =  r\  {x  -  a'f  +  (j/  -  hj  =  r"  be  the 
equations  of  two  ciroles,  it  is  required  to  fitd  the  equations  of  the 
chords  ofcontad  of  common  tangents. 

Let  x'y'  be  the  point  of  contact  on  the  first  circle,  then 
(a;  -  a)  {x'  -a)  +  (^  -  S)  (y'  -  S)  -  »■'  =  0  is  the  tangent ;  and 
since  this  touches  the  second  circle,  the  perpendicular  on  it  from 
the  centre  of  the  second  cii'cle  must  ho  =  ±  r'.     Hence,  remem- 


bering that  V{:e'  -  af  +  (y'  -  S)'  =  r,  we  get 

(^'  _  «)  („'  _  a)  +  (y'  -  J)  (h'  -i)-r'-,rr'  =  0, 
the  choice  of  sign  depending  on  whether  the  common  tangent  it 
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direct  or  transverse.     Hence  the  chords  of  contact  are  on — 
Ist  circle, 

{X  -  a){a'  -  a)  +  {y  -  h)(h'  -  b)  r  r"  ^  rr'  =  d;      (241) 
2iicl  circle, 

{„  -  .')  (»  -  «')  +  (!,  -  S')  (4  -  J')  -  /• ,  >T'  .  0.      (242) 


1.  Find  tlie  equation,  and  the  length  of  the  common  ohori3,  of  the 
two  oirclea— 

(.-.)■+ (»-i)--^,     (.-»)<  +  (,-«)•- A 

2.  Find  the  condilioas  thai  the  lines  ax  ±  by  =  0  may  tOHch  the  circle 
(X  ^  af  +  (y  -  bf  =  r\ 

3.  If  tangents  be  drawn  to  3;=  +  )*=  - 1-'  =  0  from  hk,  the  area  of  the 
triangle  formed  by  the  tangents  and  chord  of  contact  is 

4.  Two  circles  whoso  radii  are  r,  *■'  intersect  at  an  angle  fl;  find  the  length 
ot  tiieir  common  chord. 

5.  Find  the  equation  of  tJie  diameter  efai^  +  jr'  —  6*  —  3)/  +  8  =  0  passing 
through  tho  origin. 

6.  Prove  tliat  the  tangent  to  it"  +  */-  +  2#a:  +  ify  =  0  at  tbe  origin  is 
gx  +fy  =  I). 

7.  Prove  that  if  tangents  be  dmwn  from  the  origin  to  s'  +  ji^  +  2jk 
+  2Jif  +  e  =  0,  the  chord  of  contact  is  gx  +f>/  +  c  -:  0. 

8.  If  the  chord  of  contact  of  tangents  fiom  a  variable  point  hk  subtend  a 
right  angle  af  a  fixed  point  x'g',  the  locus  of  kk  ia  the  circle 

(a»  +  j/=)  (if^  +  J/"  -  r=)  -  2.-»  (a:a'  +  yy'  -  r')  =  0.  (244) 

9.  If  E  denote  the  radius  of  the  circle  in  Ex.  8,  S  the  distance  of  its 
centre  iiom  the  origin,  piove 

10.  PJ,  PB  are  two  tangants  to  a  mrcle  whose  centre  is  0  ;  Q  any 
point  jn  AF;  QR  a  perpendicular  on  the  chord  of  contact  A£  ;  prove 
AP.  AQ^QE.OP,  and  thcnot,  mfer  tEe  equation  ot  the  pair  of  tangents 
from  E. 

87.  Def.  I.— if  0  he  the  lerdie  of  the  eiicU  x  +  ji^  -  r=  =  0, 
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P,  Q  two  j}i)ints  eoUmear  with  0,  stioh  thai  the  rectangle  OP .  OQ 
=  t^;P  and  Q  are  oalled  inverse  points  with  respect  to  the  eirele. 

Def.  II. — Two  lines  are  inverse  to  each  other  with  respeet  to  a 
circU  if  the  imerae  of  eaeh  point  of  one  lie  vpon  the  other. 

Due.  III. — A  perpmdieular  at  either  of  two  inverse  points  to  the 
Une  joining,  it  to  the  centre  is  called  the  polar  of  the  other. 

88.  The  co-ordinates  a/y'  of  a  poiut  P  being  given,  it  is 
required  to  find  the  co-ordinates  of  the  point  inverse  to  it 
with  respect  to  the  circle  «'  +  y'  -  r°  =  0. 

TTsiag  polar  co-ordinates,  we]  have^e'  =  p'  cos  0',  j/  =  p'  sin  0', 
se"  =  p"  cos  6',  y"  =  p'  sin 6' ;  and  by  the  condition  of  inversion, 

p'p"  =  r'.     Hence    —-=  —  =  —!j-  =  — -. 

x'       p'        p  =       a/^  +  t/' 

Hence  x"  =  ~-^„.  (346) 

x'  ^y' 

In  like  maaner  v"  =    ,.  "■  (247) 

89.  The  polar  of  the  point  x'y'  is  «ai'  +  ?/*/'  -  r'  =  0. 

Por  the  equation  of  the  perpeTidioulai'  through  of'  y"  to  the 
join  of  x'y'  to  the  centre  is,  §  34,  Cor.  1, 

*'(«^-«^")+/(!/-y")  =  0; 
and  substituting  the  values  (246),  (247)  for  »f'y",  we  get 

xaf  +  yy'  -  r*  =  0.  (248) 

Cor.  1. — The  polar  of  any  point  on  the  circumference  of  the 
circle  is  the  tangent  at  that  point. 

Cor.  2. — The  polar  of  any  external  point  is  the  chord  of  con- 
tact of  tangents  drawn  from  that  point. 


1.  Find  tie  equation  of  tlie  inTerae  of  the  line  A%  ^  By  ^  (7=0  witli 
I'flspect  fo  it=  +  *;=  -  r*  =  0.  Substituting  for  a:,  y  the  co-ordinates  (3iG) 
(247),  and  omitting  accents  we  get 

Oi.^  +  y")  +  A'fix  +  Brhj  =  0.  (249) 

2.  Find  the  invi^rscoftliocircleiE-  +  »(=  +  2j3:42/j/  +  i;=0,  witt  respect 
to  the  circle  i:'  4-  j^  —  i'  =  0. 

Ans.  Thecircloe(3:=  +  ^'}+ V'r  +  ¥'''S'  +  '-'"=0-      (250) 
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8.  Find  the  eq^ufttion  to  the  pair  of  tnngents  from  the  origin  to 
ar"  +  !/=  +  2j»jT  +  2/y  +  s  =  0. 
If  the  line  y  =  bis  he  a  tangent  to  a:^  +  y'  +  Bffar  +  2fy  +  i^  =  0,  substituting 
inx  for  y,  the  resulting  equalioo,  viz.  a'  [1  + 1«*}  +  3  (j  +  laf)  a;  +  c  =  0,  must 
have  equal  roots.    Hence  (1 +!«*) e  =(s  +  in/)' !  hutm  =  -;  therefore 

c{:^  +  y^)  =  iS^^fyf,  ''  (251) 

which  is  the  pair  of  tatig:eats  required. 

We  get  the  saine  pair  of  tangents  for  the  inverse  cii-clo  e  (a:^  +  ^)  +  2,gr''x 
+  B/r'j/  +  r*  '^  0.  Hence  the  pair  of  direct  common  tangents  drawn  to  a 
circle  and  to  its  inverse  paaaea  through  the  centre  of  iavemon. 

i.  Find  tOie  length  of  the  direct  common  tangent  drawn  to  the  circles 

a'  +  y'  +  2j?r  +  2/y  +  e  =  0,     af*  +  y'  +  Ig'x  +  ify  +  c'  =  0. 
Am.  If  R,  Jt'  denote  the  radii  of  the  circles,  the  length  of  ihair  direct 
commjm  tangent 

=  Vc  +  i;'  _  2gg-  -  2ff  +  SB'.  (253) 

5.  The  ratio  of  tho  square  of  the  common  tangent  of  two  circles  to  the 
rectangle  contained  by  their  radii  remains  unaltered  I17  inversion. 

6.  If  A,  B  be  any  two  points,  A',  -B',  their  inverses  with  respect  to 
3^'  +  !''  —  »''  =  0 ;  prove  that  if  p,  p'  he  the  perpendicular  distances  of  the 
origin  from  AB,  A'S'  respectively,  p  :  j>'  ::  AB,  A'B'. 

7.  If  two  points  .^,  .B  be  so  related  fhnt  the  polai  of  ^  p  tase''  through  B, 
the  polar  of  B  passes  through  A.  For  if  the  co  oidmates  of  A  be  (na"), 
and  of  B  (Si'),  the  pohir  of  ^  is  aa:  +  a'y  ~  r',  and  the  condition  that  this 
ehould  paas  through  B  is  aa'  +  bb'  =  r\  whioh,  being  syramelncal  with 
respect  to  the  co-ordinates  oi  A  and  B,  is  also  the  condition  that  the  polar 
of  B  should  pass  through  A. 

Dbf. — Two  points  so  related  that  the  polar  of  eithei  passes  thiough  tlit 
ether  are  called  conjugate  points,  and  their  polars  conjugate  lines. 

a.  If  a  variable  point  moves  along  a  fixed  line,  its  polar  turns  round  a 
fixed  point. 

9.  The  join  of  any  two  points  is  the  polar  of  the  point  of  intoisection  of 
their  polars. 

10.  Two  triangles  which  are  such  that  the  angular  points  of  one  arc  the 
poles  of  the  sides  of  the  other  are  in  pecspectiva. 

11.  The  anharmonic  ratio  of  four  coUinear  points  is  equal  to  the  anhar- 
monio  ratio  of  the  pencil  formed  by  their  four  polars.  For,  let  n'l/',  r"!/"  be 
two  points,  and  P",  P"  (hair  polars  r  then  if  the  join  of  sfy',  3:"y"  be  divided 
in  two  points  in  the  ratios  k:  \,  !i'  -.1,  the  anharmonic  ratio  of  the  four 
points  isk^k' ;  and  since  the  polars  of  the  point  of  divisionareiP"  +  i''=  0, 
k'l"  +  i"  =  0,  the  anharmonic  ratio  of  their  four  polars  is  i  .^  k'. 
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90.   To  find  the  angle  of  tntwseetiim  of  two  gwen  cweles. 

Def. — Ths  angk  between  the  tangents  to  mvij  two  curves  at  a 
point  of  intersection  is  called  the  angle  of  intersection  of  the  curves 
at  that  ^oint. 

Let  r,  r'  be  the  raclii  of  the  givea  ciTclee,  S  the  distance  be- 
tween their  centres,  i^  their  angle  ol  intersection ;  then,  sir.ce 
radii  drawn  to  the  point  of  intersection  are  perpendicular  to  the 
tangents  at  that  point,  the  angle  between  the  radii  is  <j>. 

Hence  S'  =  r^  +  j-"  -  2rr'  cos  ^. 

ITow,  if  tlie  circles  be 

^  +  f  +  2gx  +  2f^+e  =  0, 
aod  «M/  +  2/a;+3/V+o'=0, 

^'  =  {9 -97 +{/-/'?,  r'  =  f+r-c,r^'  =  g'-+f"-c'. 
Hence,  by  substitution,  we  get 

e  +  c/  -b  2rr'  cos  rf,  -  2gg'  -  2/"  =  0,  (253) 

which  determines  the  angle  if>. 

Cor.  I.— If  the  circles  cut  orthogonally, 

2gg-+2f-c-</  =  0.  (254) 

Cor.  2. — If  the  circles  touch, 

&  ±2rr'-2gg'-2f  +  e  =  0;  (255) 

the  choice  of  sign  being  determined  by  the  species  of  contact. 

Cor.  3. — If  a  circle  S  cut  three  circles  S',  S",  S'"  orthogonalhj, 
it  cuts  orthogonally  any  circle  \8'  +  /tS"  +  vS'"  expressed  Unearlg 
in  terms  of  S',  8",  S'". 

This  is  proved  by  writing  the  equations  8',  &c.,  in  full,  and 
applying  the  condition  (254). 

91.  Dbf. — The  mutual  power  of  two  circles  is  the  square  of  the 
distance  between  their  centres  minus  the  sum  of  the  squares  of  their 
radii. 

If  the  circles  be 

S.  ^  ^=  +  /  +  'i.g.x  +  2/,y  4c,  =  0, 
Sj  -  j;=  +  y'  +  2g^  +  2/j2/  +  c,  =  0, 
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and  tlie  mutual  power  of  iS,,  5^  be  denotecl  byTTu,  wc  easily 
find  T,s  =  (;,  +  tfj  -  2g,g^  -  2fji.  (266) 

Cor.  1 . — If  the  radii  of  the  circles  bo  r^,  r^,  and  (^  their  angle 
of  intersection,  n-ja  =  -  2rirj  cos  ^.  (257) 

Ot».  2.— The  mutual  power  of  iSi  =  0  and  a^  +  ^z'  =  0,  which 
may  be  denoted  by  Wd,  is  ti- 

92.  If  ^Sj  become  infinity  large,  that  is,  open  out  into  a  line, 
and  denoting  the  infinite  radius  by  M,  and  the  perpendicular 
on  it  from  the  centre  of  B^  by  ^,  we  have  the  mutual  power 
=  —  'ipM.  Similarly,  if  Si,  Sj  become  Hnea,  intersecting  at  an 
angle  ^,  the  mutual  power  =  -  IB?  cos  ^.  In  all  the  applications 
of  mutual  power  that  will  occur  in  this  treatise,  the  results 
will  be  inferred  from  a  aymmetrioal  determinant  (see  §  98), 
from  which  the  factors  -3ii,  -  22^  may  be  omitted.  Hence 
we  may  define  the  mutual  power  of  a  line  and  a  cii-cle  as  the 
perpendicular  on  the  line  from  the  centre  of  the  circle,  and 
the  mutual  power  of  two  lines  as  the  cosine  of  their  included 
angle. 

Cw.  1. — The  mutual  power  of  any  circle  and  the  line  at 
infinity  is  unity,  and  of  any  line  and  the  lino  at  infinity  is  zero. 
Cot.  2. — If  two  circles  cut  orthogonally,  their  mutual  power 
is  zero. 

Cot.  3. — If  two  circles  touch,  their  mutual  power  is  t  Irifi,, 
the  choice  of  sign  depending  on  the  nature  of  the  contact. 

93.  To  Jmi  the  efuation  of  a  eirele,  nutting  three  given  eirelea 
Si  a  a:'  +  S('  +  ig,x  +  2/,y  +  Ci  =  0,  Sfe.,  at  given  angles  <pi,  ^s,  ^3. 
Let  S-ic'  +  i/^  +  2gx  +  2j^  +  o  bo  the  required  eii-cle.  How,  if 
jTo  1  be  the  mutual  power  of  8,  S„  the  equation  (253)  may  be 
written  Ci  -  t^  1 -^  2ggi,  ~2ffi,  +(i  =  0.  Hence,  eliminating 
g,  /.  e  between  the  three  equations  of  this  form,  and  *'  +  ji'  +  2gie 
+  2/y  +  .  =  0, 

"'""""         ^"       ^"         ^'    Lo.        (258) 
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If  this  detonninant  expanded  be  written  in  the  fiirra 
A  i^x'  -V  f)  +  ZGa;  +  2^j  +  C  =  0, 
aad  r  denote  the  radius  of  the  circle,  which  it  represents,  we 
liave  AV  =  G"  +  J"  -  ^(7;  but  the  quantities  G,  F,  C  each 
contain  r  in  the  first  degree.  Hence  we  have  a  quadratic  for 
determining  r,  either  root  of  which,  substituted  in  (258),  will 
give  a  circle,  cutting  S;,  Sj,  S3  at  the  given  angles. 

Cor.'  I, — The  equation  of  a  circle,  cutting  S,.  Sj,  S3  ortho- 
gonally, is 


(259) 


Cnr.  2. — The  equations  ol  tlie  eight  circles  touching  5,,  Sj,  Sj 


/» 


94.  If  four  circles  he  cut  at  given  angles  ^i,  ^,  ^3,  ^j  by  a 
if th,  we  have  four  equations  of  the  form :  c,  -  to,  - igg,  -  2/i 
h  e  =  0,     Hence,  eliminating  g,  /,  c,  wo  get  the  equation 


Cy, 

?I> 

U     1 

o-„ 

9->, 

A,     1 

Cs. 

ffi, 

U    1 

Oty 

Ui, 

/.,  I 

n„    ».,    /.,    I, 

I.,    J.,    /.,    1, 

r.„   y.,   /.,    1, 

T.«     J.,     /.,     I 

&0. 

be  right,  the  aeconc 

(261)  vanishes,  and  the  first  equated  to  zero  is  the  condition 
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that  one  circlo  may  be  out  orthogonally  hy  ionr  given  circles, 

«„     >„    /„     1, 

^^,  ?!,         A  1, 

;         ,        -0.  (262) 

'„  S„         /.,  1 

Sow,  since  c^  denotes  the  square  of  the  tangent  from  the 
origin  to  S^  (§  80),  and  its  minor  in  this  determinant  denotes 
twice  the  area  of  the  triangle  formed  hy  the  centres  of  the 
circles  Sj,  S3,  Si,  we  have  the  following  theorem ; — If  A,  B, 
C,  J)  he  the  centres  of  four  co-orthogonal  circles,  ii,  (3,  (3,  (i 
tangents  drsmi  to  these  dreles  from  any  arhiirary  point,  {ABU) 
the  area  of  the  triangle,  whose  summits  are  A,  B,    O,  IfC.;  then 

tt^iBCB)  -ti'iCDA)  +  i^'{BAB)  -  t^{ABC)  =  0.     (263) 

96.  If  xy,  mil/,,  ai^j,  ^^3^3  he  four  concyclic  points,  they  may 
he  regarded  as  inflnitely  small  circles,  eutting  a  given  circle 
orthogonally.  Hence,  substituting  in  ( 
g:,  y  for  -^1  -/i,  &c.,  we  get 


+  y'  for  c,,  and 


and  the  point  xy,  being  supposed'  variable,  we  have  the  equation  of 
a  circle  passing  through  three  given  points.  The  same  result 
could  he  ohtained  from  (260)  by  supposing  Si,  Sj,  S3  to  he  the 
point  circles  («  -  Xi)'  +  (y-  yif  =  0,  &c.  It  may  also  he  shown 
as  follows : — 

The  determinant  (264)  evidently  represents  a  circle,  for  the 
coefScicntB  of  a:'  and  y^  are  equal,  and  the  circle  passes  through 
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the  giTea  pointe ;  for  if  in  tlie  determinant  we  substitute  Xt,  y, 
for  x^,  it  ■will  have  two  rows  alike. 

97.  If  S  =  0  be  the  eqiudion  of  any  arlitrary  eirele;  8i,  S,,  8^ 
the  poieers  of  the  points  x^yi,  Xipi,  X03  with  respect  to  it,  then  the 
detemtinant 

1, 


k  a  circle  through  x^yi,  a^j^j, 


rKOBENIDs's  ThuOEEM. 

98.  If  Si,  5j,  Sj,  Si,  Ss;   S^,  S-,,  S^,  S„  S,„  be  two  systems 
of  five  circles,  tien  the  determinant 


or  as  it  may  for  shortness  be  denoted 

Dam. — Multiply  the  matrices,  each  eonsisting  of  four  eolumns 
nnd  five  rows— 


2y„      2/„      Cr 
2g„     2f„     c. 


-/., 

-/7, 


and  we  get  the  required  result. 

This  remarkable  theorem  is  due  to  Fkobbnius  {see  Crbllb's 
Jowna!,  Band  79,  pages  J85-245.     Compare  Darboux,  Annales 
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de  VEcole  JVbrmale,  2iid  series,  tome  i.,  p.  823  ;  Lucas  ITouvelle, 
Correspondence,  tome  iv.,  pp.  169-175,  and  200-204.  It  was  re- 
discovered by  11.  Lachlaa,  B.i.  (se%  Philosophical  T^ansactims, 
vol.  177). 

99.  If  tho  angle  of  intersection  of  two  circles  So.,  8  be  de- 
noted by  ^,  we  get,  by  means  of  g  91,  Cor.  1,  from  (266)  by 
supposing  tlie  second  system  of  eircles  to  coincide  with  the  first 


for  any  system  of  five  circles  i 
cos  I3j 


plai 


COS  24, 
cos  34, 


sl5 


Cor.  1.— The  condition  that  four  circles  should  cut  a  fifth 
ai'ttogonally  is 


cos  24 
COS  34 


Cor.  2.^The  condition  that  four  circles  should  b 
to  a  fifth  is 


<x'i  21, 

a'iai. 


1^3 


hSi 


ein'i  41,    sin'|-  42,      sin^^  43,  0 

For,  if  the  circle  S^  touch  each  of  the  circles  S„  S-^,  Sj,  Sj, 

cos  15,  cos  25,  &c.,  become  each  equal  to  unity,  and  subtr.ioting 
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each  of  the  four  first  columns  from  the  last  in  (269)  wc  get 
(270). 

100.  If  t,i  denote  the  common  tangent  to  the  circles  S„  Sj, 
we  easily  get  sin'J  12  =  tt^lriTi.  Hence  in  the  determinant 
(270)  the  sines  of  half  the  angles  of  iatcrseetion  of  the  circles 
iSi,  Si,  Si,  St  may  bo  replaced  by  their  common  tangents,  and 
denoting  for  shortnOBB  by  12  the  common  tangent  of  "S,,  S^,  the 
condition  is 


Oi 


12, 


0, 


13, 


14 


=  0. 


(271) 


23 ,      24 
Si\     S2^        0,       m" 
4i^     42",      43',       0 
Which  expanded  is  equal  to  the  product  of  the  four  factors 
12.  84  t  23  .  14  ±  sT  .  24.  (272) 


I.  If  Si,  &,  Si  he  any  three  circles,  flnil  the  oondifion  that  tio  railiiLs  of 
AiSi  +  AjSj  +  X3S3  may  be  zero. 

Its  he  iho  radius  of  \iSi  +  \sS;  +  A3S3,  we  haTe 


Hence,  if 


S  =  0,  (2Aji]=  +  (2\^)=  -  2\  SAs  =  0 


If  this  he  expanded,  the  eoefficient  of  Ki'  is  gi^  +/i'  -  cj,  that  is  1*!^,  and 
the  coefficient  of  AiXs  is  2?ij2  +  2/i/j  -  c,  -  Cs,  that  is,  -  ir,2.  Hence 
the  required  condition  is 

A=ifi'  +  A^si-a'  +  A'a^a'  -  wiaAiAs  -  irss^a'^a  -  tsjAjXi  =  0.  (373) 

2.  If  two  oitcles,  81,  S3  be  inyeited  into  two  others,  S'l,  ^'2,  then  remains 
unaltered  by  inTersioa ; — 

1°.  The  angle  of  intersection. 

2°.  The  ratio  of  the  squai'e  of  thoir  common  tangent  to  the  rectangle  con- 
tained by  their  radii. 
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3°.  The  ratio  of  tlie  square  of  tieir  mutual  powot  to  the  product  of  the 
powers  of  the  origin  with  respect  to  the  circlea. 

3.  Being  given  four  points  in  a  plane,  the  area  of  the  triangle  formed  hy 
nny  three  of  fhem  multiplied  by  the  power  of  the  fouith  with  respect  to  tie 
oircumoinjle  of  that  triangle  gives  a.  constant  product.  (Staubt.) 

4.  If  Si,  S%,  8i,  Si-,    Si,  8e,  Bi,  Ss  bo  two  systems  of  four  circles,  prove 


a.  In  these 


%.1,}    -'(.2, ,)"••(,,  7,]-  <■''" 

{Hid.) 

The  Esercisca  4,  6  give  a  very  large  number  of  results  by  mating  apecial 
hypotheses  for  the  circles ;  for  example,  supposing  either  system  to  he  cut 
orthogonally  by  the  same  circle,  or  to  reduce  to  points  or  lines,  &o. 

6.  If  a  circle  radius  p  cut  the  citdea  Si,  Sj,  Sj  at  anglas  ipi,  -pi,  f  s,  prave 
1111 


101.  Bbf. — If  S  =  0,  S'  =  0  denote  two  circles,  the  pencil* 
S  -liS'  =  0,  where  k  receives  all  values  from  +  =o  fo  -  co  ,  «s  called 
a  coaxal  system. 

*  A  system  of  curves  of  any  order,  passing  through  a  number  of  points 
whicli  is  one  less  than  the  number  requii-ed  to  determine  a  proper  curve  of 
that  order,  is  called  a  pencil  of  cuvves. 
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102.  One  of  the  eireha  of  a  coaxal  system  is  infinitely  Imge,  wtid 
two  infinitely  small.     For,  let 

S-hS'^{\-h){x'+f)^2{g-hg')x^1{f-lf)y-^e~h6'^(i{'i.-n) 
is  the  general  circle  of  the  system.  Now,  in.  the  special  case 
whore  ^  =  1,  this  circle  reduces  to 

5-S'^2(?^/)^+2(/-/02/  +  «-c'  =  0,  (278) 

which  represeata  a  line  that  is  an  infinitely  large  circle.     This 
Une  is  called  the  itaDiCAi  axis  of  the  coaxal  system. 
Againj  if  E  denote  the  radius  of  S  —  hS',  we  have 

„  _  (?~¥)'+(/-y)'-(i-*)(''-*»') 
(i-i). 

Now,if'S-SS'  =  0  reduce  to  a  point  circle,  i2  =  0 ; 
lonoe  (}-%')■  +  (/-*/)■- (I -i)(«-iO-0, 
or  (j=+/--.)  +  i(.+  ,'-2»'-2«")+P(!,'+/''-.').0,  (279) 
which  is  a  quadratic  in  k.  If  the  roots  be  A,,  h^,  the  circles 
S  -  i^i  5'  =  0,  S  -  AjS'  =  0  reduce  to  points.  Thme  are  eaUed 
the  Umiting  points  of  the  system.  Hence  the  proposition  is 
proved. 

Cor.— The  parameter  k  ia  equal  to  the  ratio  in  which  the  centre 
of  S  -  }cS'  =  0  diTides  the  distance  between  the  centres  of  the 
circles  S'=0,  S=0. 

103.  The  Umiting  points  of  the  coaxal  system  S  -  k8'  =  Q  are 
r»al  when  the  circles  S,  S'  do  not  intersect,  and  imaginary  whm 
they  do. 

The  roots  of  the  equation  (279)  will  be  real  if 
4  (/  +/"  - '")  (^  +/'  -  c-)  be  less  than  (c  +  <^  -  'Igg'  -  2fff, 

or  if  4^'  r"  he  less  than  {e+o'-  2gg'  ~  2ffJ ; 

but  r''  +  f''=g'+r-e  +  g''+f'~e'. 

Hence  the  roots  will  be  real  if 

{r  +  r'Y  be  greater  than  8', 

or  {r  -  r'y  he  less  than  S^, 
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where  S  is  ttie  distance  between  the  centres  of  S,  8',  that  is, 
the  roots  are  real  when  the  circles  do  not  intersect.  Again,  if 
4i  be  the  angle  of  intersection  of  S,  S',  the  equation  (279)  may 
be  written 

r'^  -  2krr'  cos  <j,  +  i^r"  =  0  ; 

therefore  J/'=j-(cos0  ±  sm<l>-/^).  (280) 

Hence  the  values  of  k  are  imaginaty  when  ^  is  real,  and 
the  proposition  is  proved. 

104,  A  coaxal  eystem  may  he  expressed  linearly  in  ternia  of  any 
two  cvrehs  of  the  system  S  —  i/S  =  0. 

For,  let  S-  IS' ^  (1  -  0  <^.  ^  -  »»«'  ^  (1  -  m)  o-' ;  then  :S,  S' 
can  he  expressed  in  terms  of  o-  and  a-' ;  and  if  ^,  m  he  given, 
tr,  i/  are  given.  Hence  8  -  k8'  can  he  expressed  in  terms  of 
two  given  circles  a;  a^ :  k  will  he  the  only  variable  parameter, 
and  it  will  he  in  tho  Srst  degree. 

Cor.  1. — If  tr,  a-'  be  tho  limiting  points,  and  k  a  variable 
parameter,  then  tbe  coaxal  system  is  represented  by  the  equation 
^-h/^0.  (281) 

Cor.  2.— Similarly,  if  Z  =  0  denote  the  radical  axis,  any 
circle  of  the  system  may  be  expressed  in  the  form  8-  kX  =  0. 
Thus  x^  +  y^  ±  (^  -  2ke  -  0  denotes  a  coaxal  system,  having 
X  =  0  for  the  radical  axis,  and  real  or  imaginary  limiting  points, 
according  as  the  sign  of  d'  isphts  or  minm. 

EXERCISES. 

1.  The  radical  axes  of  any  tliree  eirdes  are  concurrent. 

For  if  S,  S', -S"  be  the  cirelea,  then  R  103)  the  radical  aies  are  jS-«'=0, 
iS'  —  S"  =  {t,  S"  —  S  =  0,  which,  added,  vanish  identically. 

2.  Tangents  from  any  point  on  a  fixed  circle  of  a,  coaxal  system  to  two 
Other  fixed  drdes  of  the  system  are  in  a  given  ratio. 

For  let  tangents  he  drawn  from  any  point  P  of  the  circle  S  -  h''S'  =  0 
to  the  circles  S,  S' ;  then  denoting  these  tangents  hy  (,  (',  we  have,  since 
the  power  of  F  with  respect  to  S  -  Ic^S'  is  zero, 

Sonc*  (:;'::  i  ;  1,  that  is,  in  a  given  ratio. 
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The  following  are  special  casea  : — ■ 

1°.  Tangenti  from  any  point  in  lie  radical  aids  to  all  the  eirdet  of 
the  lyaiem  are  equal  to  one  another.     For  in  tJiis  case  A  =  1. 
Smct  t  =  g. 
3°    The  distances  from  any  point  of  a  fixed  circU  cf  the  system  to  the 

3    Th.    Imu     g  p   nls         h    m  fe  \       treniities  col- 

Uwlilim  m  irfh        stem ;   teoauBe 

li  d  fhmigp  m  eitremity  is 

q  h  an  ea        m    h  emity  of  the 

a  m 

Th   hm         p  in'sepiiwh  h  circle. 

SThia  fyp  nag  s     system  from 

h  p    p  h  h  n.    rom  the  aame 

point  to  any  other  given  circle  ot  the  system. 
This  follows  from  the  equation  S  -  fti  =  0. 

6.  Any  two  oireles  and  tleir  cirele  of  inversion  are  coasal. 

Tor  the  inverse  of  arM  */=  +  2yK  +  2/V  +  "  =  0,  with  respeet  to  a'  +  y« 
-  r'  =  0,  is  e{i?  •\-y'^  +  igt^x  +  'ifr'y-i-  r*  =  0  ;  and  the  first,  multiplied 
by  i-^  and  subtractad  from  the  last,  gives  [c  —  r^)[a^  + !/'  — ''')  =  0. 

7.  The  polars  of  any  point  with  respect  Vi  the  circles  of  a  ooaial  eyatem 


For  if  P,  i^  be  lie  polars  of  the  point  with  respect  to  S,  S",  its  polar 
with  respect  ta  S  -  kS"  iaF-kF"  =  0,  a  line  passing  through  the  inter- 
section of  P,  F\ 

Dar. — The  radical  centrb  of  three  given  eheles  is  tlie point  of  concur- 
rence of  their  radical  axes. 

8.  The  radical  centre  of  three  given  circles  is  the  centre  of  a  circle,  cut- 
ting them  orthogonally. 

9.  The  inverse  of  a  coaxal  system  is  a  coaxal  system. 
For  the  inrorse  of  S  -  iS'  is  of  the  same  foim. 

10.  The  inveiBB  of  a  system  of  concurrent  lines  is  a  coaxal  ayBfem  of 
circles. 

1 1 .  The  ioTcrse  of  a  system  of  concentric  oirdes  ia  a  coaial  system,  of 
which  the  centre  of  inversion  is  one  of  the  limiting  points. 

For  the  inverse  of  (a;  -  a)=  +  (y  -  *)'  -  iP  =  0  with  respect  to  iH  ?'  -  f"  =  0 
is  S-IPS'^O,  where  Ss(a'+i=](3;H!/^-2Br'*-3*i-V  +  ''S^^?Hi''' 
Hence  ^  =  0,  S'  =  0  are  point  circles. 
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12.  A  cDBXEil  syatem  having  real  limiting  points  is  the  inTetse  of  a  <^on- 
ccntrio  system,  and  a  system  haying  imaginary  limiting  points  the  iarei-ae 
of  a  pencil  of  lines. 

13.  If  a  vamhlo  circle  cut  two  giyen  eirclea  of  a  coaxal  system  at  given 
angles,  it  cuts  every  dicle  o£  the  syatam  at  a  constant  angle.  This  may 
be  seen  at  onoe  by  inversion :  or  without  inverBJon,  as  follows  :— If  S  3  jr^ 
+  y"  +  ^gx  +  a/y  4-  c  =  0  cuts  «■  =  3;=  +  ^=  +  2i-'K  +  2/^-  f  .:'  =  0  and 
S"  =  *s  +  j'  +  If  a:  +  Ify  +  c"  -  0  at  angles  $',  <))",  it  cuts  the  circle 
S"  -  ftS"  =  0  at  the  angle 

|r-cosj>-^r-coBf  j 

t        R{\-k)  ]'  ^      ' 

where  S  denotes  the  radius  of  S'  -  iS"  =  0. 

14.  The  radical  axes  of  the  circles  of  a  coaxal  system  and  a  circle  which 
is  not  one  of  the  system  ate  concurrent. 

16.  The  circles  x'  +  1^  -  2/ix  +  b' =  0,  x^  +  y^  ~  2hj  ~  l^  =  0  cut 
orthogonally. 

Dej. — The  tmo  pomis  tcAich  dimde  the  distances  between  tJie  ennires  of  two 
eireles  iniemally  and  extemallt)  in  the  ratio  of  tAeir  radii  are  called  the 
eentrea  of  timilitade  of  the  rifcfos. 


r  +  r-     y 


1 8.  If  S,  S'  he  two  circles  whose  radii  are  r,  r*,  prove  that  their  internal 
intre  of  aimilituda  is  the  centie  of  —  +  --7  =  0>  and  the  external  one,  the 


17.  If  5,  5"  be  two  circles,  -  4  —  =  0  will  ii 
n„-ytas  respect  do  these  inversions  differ  F 
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18.  If  8,  S"  be  two  circles,  the  circle  deaoribed  on  the  distance  tetween 

their  centres  of  EimUitude  as  diameter  ia  — ^  =  "•  |284) 

This  L3  called  their  eimle  ofaimilitude. 

19.  Given  any  three  circles,  taldng  them  two  by  two  they  have  three 
circles  of  similitude ;  prove  that  these  circles  are  coaxal. 

30.  Given  any  three  circles  5",  iS",  S'",  their  sis  eenti'as  of  similitude  lie 
three  by  three  on  four  right  Hnea. 

For  if  r  ,  r"'  be  fie  radii  of  the  circlea,  the  three  estemd  centi'es  of 
B  milif  de  are  the  centres  of  the  three  circles, 


S'     S" 


S-" 


S' 


that  they  ate  the  centres  of  three  coaxal  circles.  Hence  they  are  col- 
lin  ar  In  like  manner,  it  may  be  proved  that  any  two  internal  centres  of 
a  mbtude  a  e   ollinear  with  one  of  the  external  centres  of  similitude. 

21    If  the  three  given  circles  he  x' +  j/ -i-  2/:c  +  2f^  +  c'  =  0,  &c.,  tie 
equations  of  tbe  four  asea  of  similitude  are — 


t'-.    r.  /■".   1 

Where  the  choice  of  signs  in  fie  first  column  is  thus  determined  for  the 
estemal  axis  of  eimilitude  tie  signs  are  ail  positive,  and  for  each  of  the 
others,  two  are  positive  and  one  negative. 

22.  If  a  variable  circle  touch  two  flsed  circles,  the  chord  of  confact 
passes  tliraugli  one  of  the  centres  of  similitude  of  the  two  filed  circles. 

23.  In  the  same  case  the  variable  circle  ia  out  orthogonally  by  one  of 
the  two  circles  of  inversion  of  tic  fixed  circles. 

24.  A  ayatem  of  oirolea  cutting  three  given  circles  isogonally  are  coaial, 
tiefr  radical  axis  being  one  of  the  azea  of  dmilitade  of  tlie  three  given 
circles. 


y  Google 


*  Section  II.— A  S 


105.  To  find  the  equations  of  the  circles 
given  cireles  S,,  S^,  S,. 

In  ec[uatioii  (271)  if  5(  reduce 
to  a  point,  it  must  be  some  poiat 
on  the  circle  touching  S,,  S^,  S3, 
then  14',  24',  ~3i\  will  he  the 
powers  of  that  point  witi.  lespect 
to  Si,  <Sj,  S3,  and  may  bo  denoted 
by  Si,  81,  8s,  and  putting  I,  m,  n 
for  the  squares  of  the 
tangonts,  viz.,  23'<  sI'j 
equation  (371)  gives 


TiuoENTiiL  Circles. 

pairs,  touching  three 


PS^ 


-  2&(S,S,  -  2mn8sS 


S,S,  =  0.    (387) 


How  if  we  substitute  for  Si,  S„  S„  their  fuU  oxpressions  in 
Cartesian  co-ordinates  the  eq^uatioa  (287)  will  be  of  the  fourth 
degree ;  it  must  therefore  be  the  equation  of  a  pair  of  circles 
O,  n'  tangential  to  S„  Sj,  S3,  The  equation  (387)  is  the  pro- 
duct of  four  factors 

yiSl  i  ^^  ±  ■/i^=  0, 
either  of  which  cleared  of  radicals  gives  (387).     Hence,  for 
shortness,  we  may  call  any  of  them  such  as 

-^18,  +  y^  +  y^,  =  0,  (288) 

tbe'Cijuation  of  the  pair  of  tangential  circles. 
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This  result  was  first  published  m  a  Memoir  ou  the  Equatious 
of  Circles  in  1866,  by  the  author,  in  the  Proeeedings  of  the 
Royal  Irish  Academy. 

Def.— 7X«  equation  (288)  is  called  the  nobm  o/(287). 

106.  Since  the  points  A,  A'  are  common  to  OD'  and  5i,  and 
since  if  in  the  equation  (287)  of  QQ'  we  make  S,  =  0,  we  get 
{mS^  -  nS-^y  =  0,  the  circle  mSj  ~nS,  =  0  passes  through  the 
points  A,  A';  therefore  the  line  AA'  is  the  radical  axis  of  Si 
and  mS,  -  nS^:    Hence  its  equation  ia 

{m  -  «)  S,  -  (mS,  -  nS,)  =  0. 
For  this  denotes  a  line,  namely, 

TO(5, -fi'O- «(>?,- 53)  =  0. 
Ifow  S,-  83  =  0  is  the  radical  axis  of  S^,  S, ;  and  S,  -  Ss  =  0 
is  the  radical  axis  of  Si,  S^ ;  denoting  these  by  A^,  A-,,  we 
have  mAa  -  nA^  =  0  as  the  equation  of  AA'.     Therefore  the 
equations  of  the  three  chords  AA',  SB',  CC  may  be  written 

This  theorem  gives  a  new  method  of  deacrihing  a  circle  touchtag 
three  given  circles.  For  drawing  the  three  lines  (289),  the  two 
triads  of  points  A,  B,  C;  A'j  B',  C  arc  determined. 

107.  If  the  lengths  of  the  transverse  common  tangents  to 
S],  Si,  Ss  be  denoted  by  ■/?,  \/m',  \/n',  respectively,  the 
norms  of  the  other  three  paii«  of  tangential  circles  will  be — 

./IS^+  y^  +  y^S^  =  0.  (290) 

y¥s[-t  v/^  +  v/^  =  0.  (291) 

y^Si+y^^  +  y^j  =o.        (292) 

108.  If  we  denote  the  angles  of  intersection  of  the  circles  thus: 
{£s,)  by  A,     {S\S,)  by  B,     and     {S,JS^)  by  C. 

we  have        2  cos  iA  =    /^ —  ;  2  sin  ^A  =    j^,  &c. 
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Hence  the  norma  (288)-(292)  may  be  written 

cos  hA  \/S^+  cos  i£-/S^i  +  cos  JC\/^/^  =  0  ;  (293) 
coBMv'8;/^+sini5yrSV^+smiC\/r^,=  0;  (294) 
smiA'/:^Sj7,  +  c.osiB-y'S^,+  ^iC-/:^SjF,=  0;  (295) 
^iniA-/'^^S^,  +  ^iBv'-S^ln+<i(,siO-/'S^,  =  0;  (296) 

EXEHOISES. 

1.  The  poles  of  tho  chorda  AA',  BB',  CO',  with,  respect  to  the  circles 
*i,  Si,  S3,  are  coUineaTj  their  liixe  of  coUinearity  being  Iho  radical  axis  of 
n,  n'. 

2.  The  radical  axis  of  Q,  n'  is  the  external  axis  of  similitude  oiSi,  Sj,  Sa^ 

3.  The  circle  wMeh  outs  Si,  8s,  Ss  ortfeogonallr  inyerts  il  into  fl'. 

i.  It  the  join  of  the  points  A,  B  (ig.  §  105)  intersect  tha  circles  St,  St 
in  the  poiats  D,  E,  respeotiTely,  proTe  that  tte  rectangle  AM  .  BB  is  equal 
to  the  square  of  the  coromon  tangent  of  ^1,  8%,  and  thence  prove  the  theorem 
of  j  lOS. 

5.  If  2  be  the  orthogonal  circle  of  Si,  Sa,  S3,  the  radical  axis  of  2  and  Si 
meets  the  radical  asia  of  II  and  Jl'  in  the  pole  of  AA'  with  respect  to  St. 

0.  The  circles  fl,  Q'  are  tangential  to  the  three  circles 
l8i-2,mS2-'i,nS3  =  0,  fliiSj  -  2fiS3  -  2;Si  =  0,  mSj- 2;Si- 2wiSa  =  0, 

7.  The  tbree  syatems  of  points  A,  A',  B,  B' ;  B,  B',  C,  C;  0,  C,  A,  A^ 
ere  concjolie,  the  circles  through  them  being  respectively 

ISi  +  mSj  ^  mSj  =  0,    mSi  +  nSi  -  iSi  =  0,    nSj  +  ISi  -  mSa  =  0. 

109.  Jh  investigate  the  general  condition  that  an^  numher  of 
eirelea  may  have  one  common  tangential  circle. 

JiBMMAS. — If  f(^)  =  0  be  an  algebraic  equation  of  tbe  »* 
degree,  ■whose  roots,  taken  in  order  of  magnitude,  are  a,b,  e, . . .  I, 
then 
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=  0. 

123 

(29?) 

(298) 

(«-«){«' 

-S)  '  (.. 

Lemma  1°  may  be  proved  by  dividing  eacli  fractioa  into  the 
difCercnce  of  two  partial  fractions.  Lemma  2°  is  well  known  to 
tttose  acquainted  with  the  theory  of  equations.  "When  «  =  4, 
which  is  the  only  ease  in  which  we  shail  use  this  lemma  here, 
it  may  be  stated  thus : — If  a,  i,  e,  d  be  any  four  quantities,  then 


(«  -  J)(«  -  c)(«  -  d)  +  (S  -  «)(J  -  ,)(S  -  «)  +  («  ~  »)(«  -  S)(«  -  i) 


"(i-.)(i-J)(i-.)    • 

110.  If  0  be  the  origin,  and  A,  B,  C,  .  .  .  L  any  number  of 
fixed  points  on  a  right  line  passing  through  0 ;  X  any  variable 
point  on  the  same  line ;  then,  if  OA,  OB,  OC,  . .  .  OL,  OX.  be 
d  by  a,  5,  (!,  . . .  ?,  x,  we  have,  from  lemma  1°, 

AB  BC  LA 


AX.BX     BX.  OX         '  LX.AX 


Wow,  if -cireles  whose  diameters  are  Sa,  Sj,  S,,  .  .  .  S,,  S^  touch 
the  line  OX  at  the  points  A,  B,  C,  ...  L,  X,  then  from  (300) 


_LA_  _.        LX.AX      _ 
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Then,  inverting  from  any  arbitrary  point,  since  the  square  of 
the  common  tangent  of  any  two  circles  divided  hy  the  rectangle 
contained  by  their  diameters  remains  unaltered  hy  inversion,  wo 
have,  after  omitting  common  factors,  the  following  general 
theorem  ; — I/aeireleCi  iouokany  numher  ofcirehs  Si,8i,...8,,S„ 
and  if  common  tangents  he  denoted  iy  12,  ^c,  then 


12  23 


(300) 


111.  If  8,  reduce  to  a  point,  this  will  be  a  point  on  the 
circle  fi,  and  Ix,  2a;,  Sx  ,&a.,  may  be  replaced  hy  ^/S,,  ■\/S2, 
v' Sj,  &c.  Hence  we  have  the  following  theorem  : — If  a  circle 
n  be  touched  hy  imy  number  of  circles  S,,  8^,  8,,  .  . .,  the  equation 
ofii  will  he  contained  as  a  factor  in  the  equation. 


Cor.  1. — If  there  be  only  three  tangential  circles  this  equa- 
tion reduces  to  equation  (288). 

112.  From  lemma  2°,    supposing  f{x)  to  bo  of  the  fourth 
degree,  we  get  in  the  same  manner  the  following  theorem  : — 
If  a  Circle  12  he  tangential  to  fke  circles  So.  8i,  Sj,  8s,   8i, 


12.13.14      12.23.24      13.23.34      14. 24. 34 

and  supposing  So  to  reduce  to  a  point,  and  denoting  by  -P(l) 
the  product  of  all  the  common  tangents  from  Si  to  all  the 
other  eircles,  then 


_Sj_        S^         8^      _S4__ 
^1)  +  i>(2)  ■"  P(3)  ^  i'(4)  = 
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EXESaiSES. 

1.  The  circle  through  the  middle  points  of  the  sides  of  a  triangle  touches 
both  the  inscribed  and  the  escribed  circles. 

For,  let  S\,  Ss,  S3  denote  the  middle  points  of  the  aides,  S,  one  of  tlie 
circles  touching  the  sides,  say  the  inscribed  circle;  lien  Ix,  2x,  Sx  are 
equal  to^(i-0.  ^("-"1,  ^  (a-*)  respectively,  and  12,  23.  31,  equal  to 
^c,  Jo,  3* ;  and  fJiese  suhstituted  in.  the  equation 
12  23  31 

1*  .  2i      2x-'3ic     3^  ■  Is 
it  Tanishes  ideatically. 

2.  The  circle  through  the  middle  points  of  the  sides  passes  through  Ihe 
feet  of  tbe  perpendiculovs.  For,  taldng  Si,  81,  S3,  as  in  Ex.  1,  and  Si  the 
foot  of  the  perpendicular  on  the  side  a,  then 

I^=ieosC-^a,      2^  =  -iJ>      35  =  |c, 
and  substituting  as  before. 

3.  If  Si,  S2,  Si,  Si  be  the  inaeribed  and  escribed  oiccles,  then  (Ei.  1) 
they  have  a  common  tangential  circle  n  (called  the  "Kine-pointa  Circle"). 
Its  equation  in  terms  of  these  four  circles  is 

Si  S;        ^      S3 

4.  The  e<iuation  (301)  may  be  written  thus  : 
ccsHl^V^.^o.^i(gL^^,,,cos^(n)_/.-T7i^^_ 

VSiSa  'JiS'Si  V'SiSi 

6.  If  a  circle  fi  touch  four  circles  whose  radii  are  ci  .  .  .  n,  then 

Si  S^ 

"  =  nEOs4(12)cosJ(13)oos^(U)      »-i,cosi(21)cosi(23)cosi(2i) 

s,  s* 

"^  r3  COS  J  (31)  oos>  (32)  cos  i  (34)  "^  ^^  cos  J  (41)  cos  f(^2)  cos  i  (43)'    '^"^^ 

6.  If  Sbe  a  circle,  0  a  point,  and  OFQ  a  line  through  0  and  the  centre 

of  S,  meeting  the  circumfureoce  in  P and  Q,  then  we  have  ~-  =  — -■■    ■■■ 


y  Google 


126  The  Circle. 

Hence  if  S  open  out  into  a  right  line,  Sftr  becomes  equal  to  OQ ;  tiiat  is, 
equal  to  the  perpendicular  from  0  on  the  right  line,  into  wMoh.  S  opens  out. 
By  means  ol  this  principle  we  can  express  the  equations  of  the  escrihed  and 
inecribed  circles  in  terms  of  the  sides  of  the  triangle  of  reference  and  the 
"Nine-points  Circle."  Thus,  in  Ex,  5,  let  3i,  Si,  S^  ho  the  aides  o,  S,  7 
of  the  triangle  of  reference,  Sj  the  "  Hine-poinla  Circle ;"  then,  denoting 
tha  angles  of  intetsection  of  the  sides  w-ith  8^  by  A\,  B\,  G\,  respeotiTely, 
the  equation  of  the  inscribed  circle  ie 

2  fa  COB  i^.^       jBcoB^g      Ycosjgj 


its  point  of  contact  with 


SeCIIOJI  III. — TlfltliSEAE  Co-OHPINATES. 

113,  The  equation  l^y  +  mya  +  na^  =  0  denotes  a  curve  of  the 
eeeondiegree  circtmscrihd  to  the  triangle  ofrefermae. 

Dem. — If  in  the  geaoral  equation  aa'  +  i^S'  +  cy'  +  llmfi 
+  2f/3y  +  2gya=0,  the  coeffioient  of  k^  Timishes,  the  curve  posses 
through  A;  for  if  we  make  ^  =  0,  -y  =  0  in  the  resulting  equa- 
tion, it  will  he  satisfied.  Similarly,  if  the  coefficients  of  /3',  y^ 
each  vanish,  it  will  pass  through  the  points  S,  C  Hence  the 
propoBition  is  proved. 

It  will  he  seen  in  Chapter  SII.  that  every  eurre  of  the  second 
degree  can  he  obtained  as  the  section  made  by  some  plane  with 
a  cone  standing  on  a  circular  base.  It  is  on  this  account  these 
curves  have  been  called  "  conic  sections."  Hence,  for  short- 
ness, we  refer  to  thorn  as  "  conic." 
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Cotes'  Theorem. 
114.  If  a  transversal  ^awn  through  a_fix:etipomi  Oin  the  plane 
ofthetrianc/le  ABO  meet  its  sides  mMu  Si,  jSj,  a^d  if  She  a  point 
on  it  such  that 

(J i_y.  ( J L\\  ( J I.V  -  0 

[oS,       OBJ       \0S,       OS)       \0S:      OR}    ^    ' 
the  locus  of  R  is  a  drewmeonie  of  the  triangle  ABO. 

Hem. — -Lot  AB  C  lie  the  triangle  of  reference,  and  p',  y,  p'" 
the  normal  co-ordinates  of  0,  then  we  may  prove,  as  in  §  54, 
that  the  locus  of  E  is 

l/j  "*"  \P"]  "^  \P"'I  ~     ' 
thatis,  p'la.-f-p"l^+p"'ly  =  0,orp'^y+p"ya+p"'al3  =  0.  (308) 
J)-EF.^Tke  curve  (308)  is  ealUd  thepolsr  conic  of  ike  point  O 
with  respect  to  the  triangle,  imd  0  is  called  the  pole  of  the  conic. 
Cor.  1 . — The  polar  oonic  of  the  point  a'^'-/  is 

a'/a  +  ^'//3  +  //y  =  0.  (309) 

Cor.  2. — If  A  and  £  be  two  points,  sucli  that  the  polar  oonic 

of  A  passes  thiougi  B,   then  the  trilinear  polar  of  B  passes 


For  let  the  co-oidinates  of  A  and  B  be  a'ji'y',  o."P"y",  then  the 
polar  conic  of  ^is  a'la+fi'/^  +  y'/y=0,  and  the  trilinear  polar  of 
5  is  ii/a"+  /3/j3"+7/y"=  0,  cquation(161).  And  wo  get  the  same 
result,  whether  we  substitute  in  a'/a  +  0'//3  +  y'jy  =  0  the  co-ordi- 
nates of  B,  or  in  a/a"  +  ^//3"  +  y/y"  =  0,  the  co-ordinates  of  A. 

Ciw.  3. — The  trUinear  polar  of  every  point  on  tho  circum- 
conic  passes  through  the  pole  of  the  coEie. 

115.  2X9  circumcircle  of  the  triangle  ABC  is  thepolar  eonie  of 
its  symmedian  point. 

In  order  to  show  this,  it  is  necessary  to  find  tho  values  of 
I,  m,  n,  so  that  l^y  +  mya.  +  na^  =  0  may  represent  a  circle. 
Transform  Ifiy  +  fliya  +  nafi  =  0  to  Oaitesiaa  co-ordinates,  equate 
tho  coefficients  of  ai^  and  y',  and  put  the  coefflcieat  of  a^  =  0. 
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i.  8iT6S 

!eo.(;!  +  y)  +  » 

eo.(y  +  .)  +  »oo.(.  +  «. 
m(y  +  .)  +  «,ii.(.  +  ffl- 

ad  elimi 

mating  I,  m,  n, 

f>7, 

costf  +  y), 

ein(/!  +  y), 

weget— 

y.,              .ft 

00.  (y  +  .),      0OSC.  +  /J), 
8in{y+.),     >m(a  +  ffl 

Hence  Py  sin  ^  +  yasiaiJ  +  a^  sin  C  =  0.  (310) 

Therefore  I,  m,  w  are  proportional  to  sin  A,  sin  B,  sin  C ;  that 
18,  to  the  co-ordinates  of  the  symmedian  point.  Henee  the  pro- 
position is  proved. 

116.  This  proposition  may  be  proved  in  a  manner  that  will 
lead  to  an  important  extension.     Tims  ;  let  A',  B',  C  be  three 
eollineaa- points  ;  then(§  1)  .^'£7'+  C'A'+A'B'  =  0.     Hence,  iip 
denote  the  perpendicular  from  any  point  0  on  A'C,  we  tavo 
B'C       G'A'      A'B- 


Therefore,   inverting  from   0,    and  denoting  the 
A',  B',  C  by  A,  B,  C,  and  the  perpendiculars  from  0 
lines  BC,  OA,  AS  by  a,  /3,  y,  we  have  (@  89,  Ex.  6)- 
B'C      BO      C'A'       OA       A'B'      AB 


of 


Hene«  B  Cja  +  OAjfi  +  ABjy  =  0; 

or,  denoting  the  lengthsof  the  sides  of  the  trianglo.4-6t?by^l,i,l^— 

Now,  siuce  the  points  A',  B',  C  are  coUinear,  their  inverses 
A,  B,  0  and  0  are  concyclic.  Hence,  calling  AB  C  the  triangle 
of  reference,  the  equation  of  its  circumcircle  is  o/n  +  i//3  +  c/y 
=  0,  which  is  the  same  as  (310), 

117.  It  may  he  shown  in  exactly  the  same  way  that  if  a  polygon, 
ike  lengths  of  whose  sides  are  a,  b,  o,  d,  ^c,  mid  whose  standard 
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a  =  0,  ^  =  0,  &o.,  he  inserihed  in  a  circle,  then  /or 
any  point  on  that  dreh 

aja  +  i//3  +  ejy  +  <i/S  +  &o.  =  0.  (3i  1 ) 

Thia  theorem  first  appeared  in  the  Transactions  of  the  Royal 
Irish  Academy,  vol.  sxvi.,  1878,  in  a  Memoir  hy  the  author  on  the 
Equations  of  Circles,  pp.  527-610. 

118.  To  find  the  equation  of  the  tangent  to  the  conie 

l^y  +  mya  +  na^  =  0 
at  the  point  (a/?). 

Draw  any  line  a-  l:^  =  0  through  (a^S),  and  eliminating  a 
between  it  and  the  eqiiation  of  the  eonio,  we  get 

^{{l+mk)y  +  nk^]  =  0. 

Thia  breaks  up  into  two  factors,  one  of  which  j3  passes  through 
one  of  the  points  in  which  a-h^  =  Q  meets  tlie  curve,  the  second 
{I  +  mk)y  +  nhji  =  0  passes  through  the  other  point.  This  will, 
in  general,  he  different;  hut  if  ^  +  mS  =  0  they  coincide,  and 
a-  k^  =  0  will  be  a  tangent.  Hence  eliminating  i  between 
l  +  mk  =  0  and  a  -  ,5:;8  =  0  wo  get  ajl  +  /3/m  =  0,  which  is  the 
tangent  at  the  point  (a/3).  Heaec  the  tangents  at  the  three 
aummits  of  the  triangle  of  reference  are 

a/;  +  ^/m.=  0,     y5/m  +  -y/»=0,     yln  +  all=0.       (312) 

119.  The  triangle  formed  hy  the  three  tangents  to  the  nrcuM- 
eonio  at  the  summits  of  the  triangle  of  refe>ence  ts  in  p  >spectne 
with  the  triangle  of  reference. 

Dem. — Let  the  tangents  at  £,  G  meet  m  .^  ,  \i  C,  A  in  B  ; 
at  A,  B  in  C".  Then  subtracting  y/»  +  afl  which  is  the  tan- 
gent at  B  from  a/J  +  ;§/»»  the  tangent  at  G,  we  get  ^/w  y/n  0, 
which  is  evidently  the  equation  of  AA  Snnilaily  the  equa- 
tions of  £5',  (?C'arey/n-a/?  =  0  aada/l  ~  ^jm^O,  aud  these, 
when  added  together,  vanish  identically  ;  therefore  the  lines 
AA',  BB',  CC'  are  concurrent,  and  the  triangles  are  in  per- 
spective. 
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Oar.  1. — The  centre  of  perspective  is  the  pole  of  the  eonic 
with  respect  to  the  triangle  ABC. 

For  the  tliree  lines  AA',  BB',  CO'  are  jijm  =  yjn  =  ajl,  and 
these  intersect  in  the  point  (Imn)  which  is  the  pole  of 
iPy  +  wya.  +  na^  =  0. 

Cor.  2. — The  axis  of  perspective  is  the  trilinear  polar  of  the 
centre  of  perspective. 

For  the  trilinear  polar  of  the  centre  of  perspective  is 
ajl  +  ^jm  +)'/»=0,  and  this  evidently  passes  through  the  inter- 
section of  ajl  +  Pint  with  y  ;  of  ^/m  +  yjn  witi  a  ;  of  y/re  +  a/l, 
with^. 

In  these  propraitions  if  we  put  a,  b,  o  for  I,  m,  n  we  get  tlie 
case  of  the  cireumcirele  and  tie  symmedian  point. 

120.  The  chord  joining  the  joints  a'ySy,  a"^"y"  on  the  ewcum- 
circh  is 

•a/.V  +  hpili'li"  +  .y/yy  .  0.  (313) 

For  since  the  points  are  on  the  circle  we  have 

«/a'  +  hlP'  +  «/y  =  0,      «/a"  +  S/^"  +  c/y"  =  0, 
and  in  virtue  of  these  relations  the  co-ordinates  of  each  point 
satisfy  the  equation  (313). 

Hence  it  follows  that  the  tangent  at  the  point  c'/S'y' 

is  ««K+i^/^"+fiy/y"=0.  (814) 

121.  The  equation  of  the  eireunicirele  in  laryBsntrio  co-ordi- 
nates is 

a'/a  +  i^jl3  +  c\'y  =  Q.  (313) 

Hence  the  equation  of  its  complementary,  §  (67),  that  is  the 
circle  (Kine  points)  through  the  middle  points  of  the  sides,  is 

"■'/tf  +  T-«)  +  »'/(T  +  «-«  +  <V(«+/'-y)=»;  (316) 

and  the  eq;uation  of  its  anticomplementary,  that  is  of  the  cir- 
cumcircle  of  the  triangle  formedhy  drawing  through  its  summits 
parallels  to  the  opposite  sides,  is 

•■;(/«+ y)  +  *'/(r  *«)  +  '■/(<.+ «-o.       (317) 
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122.  To  find  the  equation  of  the  cirele  inscribed  in  the  triangle 
of  reference. 

The  general  equation  of  the  second  degree,  viz.  aa'  +  hjB' 
+  tf/  +  2ha^  +  2f^y  +  Ig-fa.  =  0,  represents  a  curve  of  the  second 
degtee  cutting  eich  ■side  of  tte  tnongle  of  reference  in  two 
points  thus,  if  we  mike  j  0,  -^e  get  an  +  2Aa^  +  J^  =  0, 
wticli  lepiesenta  two  linci  f  ifa&mg  through  the  vertex  C  of  tie 
triangle  and  through  the  points  where  the  curve  meets  -y. 
Hence  if  it  touchi  s  y,  these  Imci  must  oincidc,  and  Ba'  ■\  2haP 
+  J^'  =  0  must  be  a  perfect  '<t[iiare  Jffenee  it  follows  thai  the 
general  equation  of  a  curve  of  the  second  degi  ee  which  iouehes  the 
three  sides  of  the  triangle  ofieference  must  he  suoh,  thai  if  av/y  of 
the  variables  be  made  to  vamsh,  the  iesult  will  be  a  perfect  square. 
Therefore  the  equation  f  o*  +  jw'/?  +  n^  -  2lma^  -  2mn^y 

-  2jj?yn  =  0*  represents  a  curve  of  the  second  degree  insoribed  in 
the  triangle  of  reference,  because,  making  any  of  the  variables  to 
vanish,  the  result  is  a  perfect  square.  The  norm  of  this  equa- 
tion is  -t/la  +  -^/m^  +  -i/ny  =  0  (§  105)  ;  and  the  problem  to  be 
solved  is  to  find  the  values  I,  m,  n, 

so  that  it  may  represent  a  circle, 
How,  making  7=0,  wo  got  {la 

-  nt^f  =  0 ;  hence  the  eijuation  of 
Ci^is  la-m^^O;  and  this  must 
be  satisfied  by  the  co-ordinates  of 
-P,  which,  from  the  figure,  are  evi- 
dently 2r  cos'  ^B,  2r  cos=  ^A,  0  ; 
r  being  the  radius  of  the  circle,  -q 
Hence  I :  m  :  :  cos'  ^A  :  cos'  iH. 

Similarly  m:  «::  cos' J5:C03'^C.  Therefore  the  equation  of 
the  circle  is 

cos^,4v/a  +  cos^£v^^  +  cos^(7^/y=  0.         (318) 

*The  signs  of  the  coefficients  of  tlie  products  oS,  By,  7a  aie ,  — +  +, 

H — h,  +  +  — ,  Otherwise  the  equation  represents  two  ooincident  lines.  The 
first  of  these  four  cases  con^eapouds  to  the  inscribed  coniu,  the  othera  to  the 
escribed. 
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This  oiiuatlon  is  a  special  case  of  equation  (293),  from  which 
it  may  be  inferred  by  the  method  of  Ex.  6,  §  112. 

123.  The  equation  of  the  inoirole  may  ho  inferred  from  that 
of  tie  circnmcircle  by  the  follo-wing  method,  which  is  due  to 
Sir  Andrew  Hart : — Let  a!,  ^',  /  be  the  standard  equations  of 
the  sides  of  the  triangle  formed  by  joining  the  points  of  contact 
of  the  inoirole  on  the  sides  of  the  triangle  of  reference ;  a',  h',  c', 
their  lengths ;  then,  since  the  inoirole  is  described  about  this 
triangle,  we  have 


but  a'  =  y^y,     ^'  =  -/yo.,     7=^/0^, 

since  the  perpendicular  from  any  point  on  the  circumference  of 
a  circle  on  the  chord  of  contact  of  two  tangents  is  a  mean  pro- 
portional between  the  perpcmdieulars  from  the  same  point  on  the 
tangents  {Sequel  m.,  Prop,  x.) ; 

therefore  ,     ■  +  — r=.  +  — =;  =  0. 

y^r    /r'^    v^"^ 

Again,  if  the  angles  between  the  lines  a=  0,  ;8=  0  bo  denoted 
by  (a^),  &c.,  it  is  cTident  that  a',  b',  tf  are  proporticual  to 

cosi(aA      COSi05y),     cosi(ya) 
respectively  ;  hence  the  required  equation  is 

cosj^)  ^  CosiC^y)  ^  cos^^g)  ^  ^ 
^/a/5  v'jSy  \/yo. 

Or,  as  it  may  be  written, 

oos^AV'Z+cosiB'/'^coaiOV'y^O. 
In  the  same  manner  the  equations  of  the   escribed  circles 

cos^-4  y~+BinlS  v'^+sin*C-/y  =  0,  (819) 
sin^A  ^a  +  cosi£\/"r^+  siniCv'y  =  0,  (320) 
sin-M  v^«+  sini_S-/^  +  coaiCy~  =  0.     (321) 
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1.  Find  tie  liaryocntrio  equations  of  tlis  iaeircle,  and  flie  oseirolea  of 
tlie  triangle  of  reference. 

2.  The  points  of  contact  of  the  incirde  or  any  of  the  esoirelea  of  the 
triangle  of  reference  form  a  triangle  in  perspective  with  it,  and  the  centres 
of  perapeclire  are  the  Gergonne  points  (see  Ex,  54,  p.  95). 

3.  If  the  points  of  contact  of  the  escribed,  drcle  with  the  sides  of  ABC\^ 
nifliyi,  oiSaya,  nsiSsya,  respectively,  prove  that  four  tiian^es  whose  summits 
are  Uie  pointa  niSs7!,  kiBsti,  ttajSj-yi,  m^i-ys  are  in  perepectivo  with  ABU. 
The  centres  of  perspective  arc  the  Nagel  points  of  ABC. 

4.  If  A\B\Gi  be  the  feet  of  the  perpendiculars  ai  ASV,  He  joinaof  the 
inoenfa'CB  to  tho  oiremncentres  of  the  triangles  AB\C\,  BCiAi,  CA\B\  are 

5.  Prove  the  following  property  of  the  Gergonne  point,  denoting  it  hy  Q, 
and  drawing  thraiigh  it  parallels  to  the  sides,  the  harmonic  means  between 
the  segmenta  info  which  each  parallel  is  divided  at  the  point  Q  are  equal. 

6.  If  through  the  isotomio  conjugate  of  the  incentre  of  ^BCparallela  be 
drawn  to  the  sides,  prove  that  the  length  of  tieae  parallels  intercepted  by 
the  sides  of  the  triangle  formed  by  the  middle  points  of  the  sides  of  ABC 
are  equal. 

7.  If  A,  B  he  any  two  points,  AB  is  the  trilinear  polar  of  the  fourth 
point  of  intersection  of  the  polar  conic  of  A  and  B.  Hence,  as  a  particular 
case  the  oiroumcirole  and  the  polar  conio  of  the   centiitid   interaeot  in 

124,  To  find  the  equation  of  the  chord  joining  the  points  n'/S'y', 
af'^'y"  on  the  tnoircle. 

Put  for  aiortncss  coa  ^A  =  ?',  cos  \B  =  m',  cos  f  (7  =  »*,  and  we 
have  the  two  oc[ii3tion8 

Houce  U  =  k  [v  ^'~/'  -  v  ^'y\,  where  S  denotes  some  constant, 
with  similar  Tallies  for  m'  and  re';  therefore 

I3'y"  -  /3"y  =  ^'  \-/^+  -/Wy]  ^  K  &c. 

But  the  join  of  the  given  points  is 

«(W  -  ry)  +  /J(7V'-  yV)  +  y(a'/J"-  ."ft')  -  0. 
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Hence,  by  substitutioii,  we  get 

fla{\/^'+\/i8V}+'»i;8(\/7^'+\/yVj 

+  K*y{y^+  "/^^  =  0,  (322) 

which   is  the   required   equation.     This  result   is  due  to  Sir 
Andrew  Hart. 

125.  If  the  points  a'/3'y',  a"^"y"  bocorae  conseeutiTe,  the 
equation  (822)  reduces  to 

i^,^+^X,.o,  (323) 

Va'      -/fi-      Vi 

which  is  the  equation  of  the  tangent  to  the  incirele  at  the 
point  o!^'y'. 

Cor.— The  locus  of  the  trilinear  pole  of  the  tangent  (323)  is 
the  line  h.  +  mp  +  w-y  =  0,  For  the  co-ordinates  of  the  pole 
being  denoted  ty  a,  P,  y,  we  have 

Hence  la  +  in/i  +  n-y  =  -/la'  +  ^/m/i'  +  -i/wy'  =  0. 

126.  If  the  equation  (311)  ho  traaisformed  by  Hart's  method 
(see  §  123),  we  get  the  following  general  theorem  : — If  a 
polygon  of  any  numher  of  sides  whose  equations  are  o,  =  0,  ;S  =  0, 
y  =  0,  8  =  0,  S^e.,  he  oireumsorihed  to  a  circle,  the  equation  of  the 
circle  ia  a  factor  in  the  general  equation 

127.  If  the  equation  (a,  i,  c,  f,  g,  K){a.,  ^,  yY  =  0  represent  « 
circle,  it  is  required  to  find  the  imttriant  relations  ietwem  the 
eoeffidenta. 

Let  S  denote  any  circle,  then,  since  a.  sin  A+^  sin  B  +  y  sin  0 
is  a  constant,  being  in  normal  co-ordinates  equal  to  twice  the 
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area  of  the  triangle  of  reference  divided  l)y  the  diameter  of  the 
cireiimcirole,  the  equation 

M+(/a  +  »i^  +  «y)(asin^+/3sin^  +  ysinC)  =  0 
jQUBt  represent  a  circle. 

Hence,  taking  S  to  denote  the  cireumcirele,  equating  the 
eoefftcienta  a',  ;8',  -f  in 

IS  +  {la  +  m^  +  ny)  (aain  ^  +  ^  sin  5  +  y  sin  C), 
and  in  the  given  equation,  we  get 

Honco,  substituting  these  values,  and  equating  the  remaining 
coefficients,  wc  got,  after  eliminating  k,  the  two  following 
relations : — 

*  sin'C+  0  sin'5-  2/sinB  sin  C=  e  sin'^  +  asin'C-  2ff  sin  Cain^ 
=  a  siii'5  +  h  sia?A  -2hsmA  sin  £.         (325) 

EXEHOISES. 

1.  If  tlie  area  of  the  triangle  formed  by  joining  the  feet  of  tho  peipen- 
dicular  itom  a  point  P  on  tlie  sides  of  the  triangle  of  r 
prove  that  the  loeua  of  J  ia  a  cirulo  conecatiie  wifi  the  ei 

2.  If  through  P  parallels  EFr,  FFB',  DPE'  to  BO,  OA,  AB  be 
drawn,  prove  that  the  locus  of  P  is  a,  circle,  if  the  sum  of  the  wctanglee 
EF.FF,  FF.FF;  JJP.PB' be  given. 

The  thiee  reotanglss  are,  respeotively,  equal 

ai3  ]8v  ya 

Henee  the  locus  is  afi  ^n  C  +  0y  siaA  +  ya  em  B  =  coostant. 

3.  'rhe  equations  B?iin2A  +  0'Hia  2S  +  y^!im2C'-l}  (326) 
and  a=  +  B»  +  7'  +  o,9cosC+  ,87  cos -d  +7acosP  =  0  (327) 
represent  circles. 

i.  The  genera]  equation  of  a  circle  in  barjcentric  co-ordinates  is 

(a  +  fl  +  y]{la  +  m8  +  »y)  -  kifi'Sy  +  i''yt  +  s=aS)  =  0.         (338) 
h.  If  the  eo-ordlnatea  in  Ex.  4  bo  ahsolute,  prove  that  if  i  =  1,  I,  m,  izarc 
equal  to  the  powers  of  the  points  A,  B,  0  with  respect  to  the  cii'cle. 
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e.  Find  the  equation  of  a  circle  tbcough  <^ffy',  H"fl"7",   a"ff"y"'-    If 
S  =  0,  denote  any  oirole,  aay,  for  instance,  the  ciroamcirole,  tten 


13  evidently  tbc  rec[uircd  eij^uatiou. 
7.  Find  tJie  pedal  circle  <A  dS-/ . 

Tlie  co-ordinates  of  the  feet  of  perpendiculars  arc — 0,  ^'  +  a'  ods  C, 
7'  +  a'  cos  S  ;  o'  +  &  COS  C,  0  7'  +  J3'  cos  ^  ;  a'  +  7'  COS  B,  g'  +  7'  cos  ^,  0. 
These  substituted  in  (329)  give,  by  espanaion, 

(37  sin  ^  +  7a  sin  ^  +  aS  sin  C)  (y3 Y  sin  ^  +  7  a' sill  B  +  «'S' sin  C]  (a' sin  ^ 
+  B-sii,£  +  ysinC) 

8--l-7'cos^)(7'  +  g-C0a^) 


in^sm-BBinC(Bein^  +  ^ainB+7sinC0   - 
33'(7'-t-a'eosfl)(a'  +  7'coa.g)   ^ry't^'+g 


)SP1(3-  + 


3S(7)) 


This  equation  iTimains  unaltered  if  we  substitute  for  a',  5',  7'  their  reci- 
pracals  -,     — ,,     — .     Heneo  tlie  pedal  circle  of  a  point  and  its  reciprocal 


8.  The  Simson's  Kne  o£  any  point  a'S'7'  on  the  cii'oumcircle  is 
aa'  iff  +  7'  cos  ^)  {y'  +  S  cos  ^}       ;9y3-  (7' +  a' cos  .g)  (g- +  7' 


^  ry' (a' +  ^' cos  C)(£ 


9.  ProYB  that  p-  +  7'  —  237  eos  A  =  constant  represents  a  circle. 

10.  If  S  =  0,  iS'  =  0  represent  t\ro  circles  whoso  radii  aio  r,  i',  proTe 
that  the  circles 
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find  lie  value  of  la. 

Ans.  J(ffl  +  i  + 0-2/003^- 9s  fiosS- 27,  cos  C). 
Dbt. — We  shall  call  m  the  modidus  of  the  equation. 

12.  Find  the  modulua  for  ,67  sin  ^  +  yn  sin  S  +  n,8  sin  G. 

Am.  ~  ein^  ein^  sin  C.        (333) 

13.  Find  the  modulus  for  the  inoirole 

Am.   4oos'^eos=|caa^?.      (334) 

14.  If  a,  h,  0  denote  tie  lengths  of  the  sides  of  fie  triangle  of  reference, 
prove  that  an'  +  bfi^  +  C7'  +  (a  +  i  +  e)  (aS  +  JSy  +  ya)  =  0  denotES  a  circle 
tirougli  the  centres  of  the  three  escribed  oirclea. 

15.  If  ii  =  ladius  of  oircumcirele,  prove  tliat  the  modulus  of  the  oirele 
in  Ex.  14  is  2^  ein  A  smB  sin  C. 

16.  The  equation  iS*  +  c-f  -  aa?  +  2l,3  -  a)  {fiy  -  701  -  aj3}  =0  de- 
notes the  oil-do  through  the  incentre  ond  two  esocntree,  and  its  modulus 
ia-2iisia^siii.S£inC. 

17.  Jf  3  =  distance  of  incentre  from  oircmncentre,  proTe,  by  aid  of  the 
modulua  of  tlie  equation  of  the  oircumcircle,  that 


iJ  +  BJJ-S      r 
18.  IE  on  the  sides  AB,  BC,   CA  of  tlie  tiianglc 
BF,  CD,  AS  he  cut  off  equal  to 


especlively,  where  X  denotes  a  line  of  any  given  length,  t 
5  similar  to  ABO.    For,  hy  an  easy  calculation. 


with  Bimilfic  values  for  JE=,  Si)». 

19.  Find  the  condition  that  the  general  equation  in  baiyoentric 


(335) 


5  =  {a  +  J-2A)/siii'C.     (336) 
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30.  Prove  that  in  barjoentric  co-ovdinates 

represents  a  cirule. 

21.  Prove  that  the  antJ-comiilementaxy  of  (337)  ia 

(a  +  ^  +  t)  (a^o  +  *'e  +  o'y)  ~  (s^iSv  +  S^ya  +  <^' 


(L< 


.) 

22.  Prove  by  the  method  of  mutual  powers  that  the  circle  through  the 
middle  points  oJ  the  sid^  tonohes  tie  inEOrihed  and  caeribod  circles. 

Let  JT  denote  the  circle  through  the  middle  points,  X  the  indrclo,  and 
1,  E,  3  the  middle  points  of  tie  aidea,  then,  by  Frobenius's  theorem,  f  98, 
we  get 

{NN),      (NX),  0,  0,  0 

{NX),       [XX),       {h-cf,       {c-a)\      {a-h)^ 

0,         (J-c)%  0,  ~,  - 


(«-j; 


ifi 


Hence  {NIf).  {XX)  =  {NX)\  (Lachlan.) 

Therefore  Jtf' touches  X.     Similarly  it  touches  the  eaoribed  circles. 
23.  Piad  the  radical  axis  of  Uie  incirole  and  the  circle  ttrough  the  middle 

points  of  the  sides. 

SbCTION    IV. TAMSBNTIiL    EaUATIONS. 

128.  To  find,  the  tangmiial  equation  of  the  eircwmeircle  of  the 
triangle  of  reference. 
First  method. — H  we  eliminate  y  between  tlie  equation  of  the 


cireumeirele  - 


=  0  and  the  line  Xa+  ii,fi  -\ 


=  0, 


get  (R)a'+  {eX  +  h^-  cv)a^  +  ((t/x.)^=  =  0. 

Now  thiB  denotes  two  lines  passing  through  the  point  (a^) 
and  tho  points  where  the  line  \a  +  ftff  +  vy  =  0  meets  the 
circle.  Hence,  i£  it  be  a  perfect  square,  the  line  touches  the 
circle  ;  that  is,  if 

ft'A'  +  P/i^  +  oV  -  2ah\ix  -  2hcii.v  -  2cav\  =  0, 
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Eut  tlie  noiTO  of  this  is 

V  a\  H-  V  i/i  +  -y  ey  =  0. 

Hence  v^^  +  v'^  + v^w^  0  (338) 

is  tlie  condition  that  the  lino  \o.  i-  ii,ji  +  vy  =  0  should  tnuth  the 
circle,  and  is  on  that  account  oaDed  its  tmgenti  d  equaticn 
II  the  equation,  of  the  circle  be  In  haiycEntnc  co  jrdmatcs 
1  will  be 


a^/k  +  5  \//i  +  O'/v  =  0.  (339) 

Second  Method, — The  same  equation  can  be  obtained  otter- 
wise  as  follows  : — Since  Aa  +  |U./3  +  17  =  0  is  a  tangent  to  the 
circle,  if  the  point  of  contact  be  of^'y',  comparing  it  with  equa- 
tion (814),  we  have 


Hence 
But  since  a 


to  a  polygon  of  any  numier  of  sides. 

This  problem  requiTes  the  following  lemma: — If  AB  he  a 
chord  of  a  cirde  AFB,  and  X,  fi.  denote  the  perpmdieulairs  from 
A,  B  on  the  tangent  at  P ;  a  the  perpendictilar  from  B  on  AB  : 
then  a'  =  X;*.     [Euclid,  yi.  xvii.,  Ex.  11.] 

H'ow,  if  a  polygon  ABCD,  &c.,  of  n  sides  he  inscribed  in  the 
oii'cle,  and  if  the  standard  equations  of  the  sides  be  a  =  0,  ^  =  0, 
&c.,  we  have  by  equation  (311) 

AB     BC      CB  ^DE     ^^^^ 
a  \i  -y     ■      8 


«'•' 

1"     /S'=' 

y 

s 

y 

+  V  &/I  + 

V7.. 

point 

on  the  ciroumcircle, 

TO  toTB 

t 

b       0 

=  0. 

-/^X 

+•*;;  + 

•ST.o. 

tanger 

itinl  equati 

:«..  ./.  , 

irch  eircuineeribed 
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Hence,  if  the  perpondioularB  from  A,  B,    0,  &g.,  on  any  tan- 
gent to  the  circle  be  denoted  by  \,  ^,  i',  p,  &c.,  we  bave 
A£    ,     S0_       CD 

V  IJ.V        V  vp 

which  18  the  reijuircd  equation. 

Cor. — If  the  polygon  reduce  to  a  triangle,   the  equation 
(340)  becomes 

or  (i;-/X  +  ^y^  +  (iv^v  =  0, 

which  has  been  already  found. 

130.  Tojmd  the  tangmtid  equation  of  the  inciroU  of  the  tri- 
angle of  reference. 

If  Act  +  /i^  +  vy  =  0  be  a  tangent  to  the  circlo,  comparing  it 
with  equation  (323),  yiz.— 

i^  +  ^+  ^  =  0 

■/"'      v^/3'      y/       ' 


we  have 

•?=^-*°- 

Hence  ^  !■/«'=-,  &c. 

Bnt,  since 

a'fi'y'  is  a  point  ( 

)n  the  circlo, 

li^/7iM 

iyj'  +  niv^Y  =  0; 

and  restoring  the  values  of  I,  m,  n  (see  §  124),  wo  get 

which  is  the  required  equation. 

131.  TofinA  the  tangential  equation  of  the  indrch  of  mi  n-sided 
•polygon. 
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H  AB  be  any  chord  of  a  circle,  F  any  point  in  ita  eircum- 
feronce,  Q  the  pole  of  AB ;  then,  if  a,  \  be  tlic  perpendiculars 
from  B  on  AB,  and  from  Q  on.  the  tangent  at  B  rospectively, 
it  may  be  easily  proved  that  a  -f  X  =  sin  ^  AQB  ;  but  if  i?  be 
the  radius  of  the  circle,  AB  =  IE  cos  ^  A  QB.    Hence 

AB      2Ba<ithAQB 


Mow,  ior  any  inscribed  polygon  we  have,  by  equation  (311), 

•>-         13  y 

Kenee,  for  a  CLrcnmsoribiiig  polygon  whose  angles  are  A,  B,  0 
&c.,  "WQ  havo 

where  X,  /i,  v,  &e.,  are  the  perpendiculars  from  the  angles  oi 
any  tangent  to  the  circle. 

Cor. — In  the  case  of  a  triangle  we  get 

wt-^A  ^  cotj-.5  _^  cot^g  ^  ^ 

which  is  the  tangential  equation  for  baiyceatric  co-ordinates, 

IIISOELLANEOUS  EXERCISES. 
(On  TUB  ClKClB.) 

1.  Find  the  centre  and  ladina  of  «*  +  j*  -  6a;  +  8j;  -  H  =  0. 

2.  Find  the  ™lue  of  fnif  )/  =  !Ba:l)ea  tangent  toa^  +  y'-  6a;-  2y  +  8  =  0 

3.  Find  the  points  wheie  x'  +  i/^  -  7g -Sy  +  12  =  0  cuts  the  axes. 

4.  Find  the  eiitle  through  the  origin,  and  making  interccpta  k,  h  on  thi 

5.  If  the  axes  be  obliq^ue,  find  the  equation  of  a  circle  touching  each  at ; 
distance  a  from  the  origin. 
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6.  Find  the  circle  ttrough  the  poinlB  (7,  5),    (—2,4),   (3,-3). 
7-  Find  tte  circle  whose  diameter  ie  the  intercept  made  by 

8.  Find  in  the  same  ease  the  pair  of  lines  from  the  origin,  to  the  poini 


.  Find  the  length   of  the   common  chord  of  (x  -  a)'  -f  (y  -  J)"  =  >■=, 
a  (3,  3),  and  which 

1 1 .  Find  the  condition  that  the  lino  Ki^  +  ii.!/  +  y  =  0  may  touch  the  circle 

12.  Find  the  radical  centre  of  the  circles   a^  +  ^'  +  6a:  +  4y  +  12  =  0, 
S^  +  ^2  -  6*  +  4^  +  12  =  0,  1=  +  y'  +  61  -  4y  +  12  =  0. 

13.  Through  0,  the  origin,  a  line  OJ'Q  cuts  z=  +  ;/=  +  2ffx  +  2fy  +  6  =  <i 
in  the  pomta  F,  Q  ;  find  tho  locus  of  .H  in  each  of  the  following  cases  :— 

1".  Whon    OS   is   an   arithmetic    mean    hetweeu   OF,    OQ.     2°.  A 
geometric  mean.     3°.  A  harmonic  mean. 

14.  If  two  tangents  he  drawn  to  x'+  p'>~r^  =  (l  from  tie  point  {a,  0), 


15.  If  0  he  the  centre  of  a  oirfle  whose  radius  is  r,  prove  that  the  area  of 
the  triangle  which  is  the  polar  reciprocal  of  a  giren  triangle  -dBO  is 

r^  [ASCf  -^  i  {AOB) .  [BOC] .  {COA).  (344) 

16.  ProTE  that  a  ti-inngle  and  its  polar  reciprocal  with  respect  to  anj 
^ven  circle  are  in  perapacfive. 

17.  If  a  chord  of  a  given  circle  of  a  coaxal  Bystem  pasa  tirough  either 
limiting  point,  the  rectangle  oonfained  by  the  perpendicolars  from  its  extre- 
mities on  the  radical  aiifl  is  constant. 

18.  The  three  circles  whose  diameters  are  the  three  diagonals  of  a  com- 
plete quadrilateral  are  coaial. 

19.  Being  given  two  circles  O,  0'.  If  AA',  BS'  he  estorior  commou 
tangents,  and  W,i>ff  interior  common  tangents,  prove  lha^-I\   CA,  O'A' 
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are  perpsDaicular,  and  ialereeot  on  tie  line  of  centiea ;  2°.  If  the  chords 
CA,  C'B'  mterseot  in  E,  CB  and  C'A'  in  E\  tte  line  EE'  passes  througli 
the  interseclion  of  CC,  DS .  (K"Eui.EaG,) 

20.  Find  the  pcJar  equation  of  the  cirelo  whoso  diameter  is  the  join  of 
tie  points  (p'9'),  {?"&')■ 

21.  The  equations  of  any  two  circles  can  bo  written  in  the  forms 
3!=  + !/'  +  afo;  +  S  =  0,  a:=  +  j/=  +  %}ix  +  S  =  0,  and  one  is  within  the  other 
if  hH  and  S  are  both  positire. 

22.  If  three  given  circles  be  cut  by  a  fourth  circle  II  which  is  variable, 
the  radical  axes  of  il  and  the  given  circles  form  systems  of  triangles  in 
perspective. 

23.  If  R  be  the  circumradius  of  the  triangle  ABO,  proYe  that  the  dis- 
tance between  its  orthooentre  and  oi 


E-Jl-^  oasA  co^B  cos  C.  (345) 

24.  The  locua   of  the  radical  centre  of  the  circles   {x  —  ay  +  {y  —  iy 

=  {"  +  p7,  (^  -  "T  +  (J/  -  *■)'  =  {^  +  pT.  i^  -  ""Y  +  (y  -  *'■)'  =  (>■  +  p'T. 

where  »•  is  a  variable  quantity,  is  a  right  line. 

26.  If  ary  =  4,35  represent  a  circle,  prove  that  h  =  1,  and  give  the 
geometrical  interpretation. 

26.  If  ay  =  AS'  represent  a  circle,  prove  k  =  1,  and  give  the  interprets- 

27.  ABG ...  is  a  polygon  of  n  aides  inseiihod  in  a  ciiolo  whose  centre  is 
Ji ;  O  is  the  centre  of  mean  distances  of  the  points  A,  B,  0,  .  .  .,  and  0  is 
any  point  on  the  circle  whose  diameter  is  Gil.  The  power  of  the  point  0 
with  respect  to  the  first  circle  is 

=  (0^»  +  OB'  +  002  +  ..  .)l„,  (346) 

(lAISANT,) 

28.  Provo  that  the  tangential  equation  of  the  circle  whose  radius  is  !■,  and 
centre  a'^'y',  ia 

r^{\i  +  fi'+r'-2^eoaA-2v\eosS--iKti'>oaC)^{\a'-i-^0-  +  ^y.  (347) 

29.  The  sum  of  the  powers  of  auypointP  with  respect  to  the  four  circles 
whose  diameters  are  the  tour  sides  AB,  BC,  CD,  SA  of  a  quadrilateral  is 
equal  to  four  times  tho  power  of  P  wilh  lespect  to  the  circle  whose  diamet«r 
is  the  line  joining  the  middle  points  of  AC,  JiJ).  (Laisant.) 
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30.  If  the  euro  of  the  perpendiculars  on  a  variable  line  from  any  number 
of  pren  points,  each  multiplied  by  a  constant,  he  given,  the  enyelope  of  the 
line  is  a  circle. 

31.  Find  the  condition  that  the  points  are  oonoydic  in  which  the  eirclea 
a^  +  «/'  +  ?l  +  /^  +  c  =  0,  !!=  +  )/=+  p'a:  +  /'j  +  a"  =  0  meet  respectively 
the  lines    as  +  ^s/  +  c  =  0,    A'a:  +  /I'y  +  /  =  0. 

32.  Find  the  equations  of  the  tangents  to  the  "Nine-points  Cirde"  at  its 
■points  of  contact  with  the  escribed  circles. 

33.  The  circle  -which  passes  through  the  aymmedian  point  F  and  the 
points  5,  C  of  the  triangle  of  reference  is  S  -  3o  sinS  sin  C  =  0,  (348) 

where  S^  tt^  sin  (7+^7  ain.^ +  07  sin  5. 

34.  The  oiicle  whose  diameter  is  the  side  a  of  the  triangle  of  reference  is 

a'  cos  .4  =  (37  +  o  (0  cos  B  +  7  cos  C).  (349) 

This  may  be  inferred  from  Ex.  14,  p.  77,  but  we  indicate  an  independent 
proof  here.     The  equation  will  evidently  be  of  the  form 

fa(o8in^  +  3sinB  +  7  8inC)+lo5aine+5T3;n^+7osinJ9)  =  0. 
Now,  put  ^  =  0  in  this,  and  equate  the  result  to  a  cos  ^  —  7  cos  C,  and  we 
geL  i  =  —  cos  ^  :  this  gives  the  required  equation. 

35.  To  find  the  equation  of  the  circle  which  passes  through  the  feet  of  the 
perpendiculars.  The  line  3  cos  B  +  7  cos  (7  —  o  cos  -i  =  0  will  evidently  be 
the  radical  axis  of  this  circle  and  the  last.  Hence  the  equation  will  be  of 
the  form 

{&  cosB  +  7  cos  C  -  n  cos^)  {&  sinB  +  7  sin  C  +  a  sin  A) 

=  A  )  a=  cos  ^  -  07  -  a  [B  COB  J  +  7  cos  C))  ; 
and  this  must  pass  through  the  points  whose  co-ordinates  are  0,  cos  C,  ooaB. 
Hence  k  =  —  2  siaA;  and  by  substitution  and  reduction  wc  get 
BSBin2^  +  ^sin2B  +  7MQ2C'-2O7flin^  +  7asinS  +  oSsiaC)  =  0,   (350) 

36-38.  0,  (/  ate  two  circles,  S  a  centre  of  similitude,  SA'B'AB  a  secant 
through.  S,  circles  J),  J>'  touch  O,  0'  in  the  pains  of  points  A,  B',  A',  B, 
respeetivelj,  when  the  secant  turns.  1°.  The  difference  of  the  radii 
of  the  circles  H,  D'  is  constant.  2°.  One  of  tieir  centres  of  similitude 
describes  the  radical  aiis  of  the  circles  0,  0'.  3°.  The  foot  of  tte  radical 
axis  of  D,  D'  describes  a  circle.  (Neuberq.) 

39.  Being  given  a  point  C,  and  two  lines,  OX,  OY,  through  Care  drawn 
two  lines  cutting  OX,  OY  \n  concyele  points,  prove  that  the  locus  of  the 
centre  of  the  circle  through  these  points  is  a  right  line.  (Lemoine.) 
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40.  If  a,  B,  y  denote  tte  tangents  drawn  from  any  point  to  three  coaxal 
oirclee  wtose  centres  are  ^ ,  B,  C,  prove  tiat 

BCa^  +  CAIP  +  AB~/'  =  0.  (351) 

41.  Proye  that  a  common  tangent  to  any  two  circles  of  a  ooasaL  Eystem 
Bnlit«Jida  a  right  angle  at  either  limiting  point. 

43.  If  through  the  eymmedian.  point  an  antipaiallel  be  drawn  to  one  of  the 
sides  of  the  triangle  of  reference,  flnd  the  equation  of  the  circle  described 
on  tte  intercept  made  by  the  otb.flr  aidca  on  it  as  diameter.  This  will  paas 
through  the  three  points  fan  ^,  sinC,  0;  0,  tanB,  sin^;  einB,  0,  tan  C. 

43.  PaseaVa  Theorem. — The  intersections  of  opposite  aides  of  a  hexagon 


Let  the  equations  of  BChe  a  =  Q 
then  the  equation  of  the  circle  will 


The  equation  of  AB  will  be  of  the  form  ^a  -  7  =  0  ;  of  AF,  S-lS=i}; 
of  J)E,  g-my  =  0;  of  GS,  ma  ~  S  =  0 ;  it  will  be  seen  tliat  the  line 
toia  —  ,8  =  0  passes  through  each  pair  of  opposite  sides. 

44.  If  t',  *",  i"'  be  the  tangents  drawn  to  a  circle  from  the  vertices  of 
a  self -conjugate  triangle ;  It  the  radius  of  the  circle,  and  A  the  area  of  the 
triangle;  then 

~iA^E^  =  l!H'-'t-^.  (352) 

(PaOF.  CcaTiH,  S.J.) 

For  if  (itV),'  i^V),  (x"'y'")  be  the  vertices  of  the  triangle,  multiplying 
the  determinants 


which  proves  tie  propositi 


y  Google 


i6.  Findilie  equalioa  of  (he  circle  whose  diameter  is  any  of  the  perpen- 
diculara  o£  the  triangle  of  reference. 

46.  If  B  ^  0,  ,8  =  0,  7  =  0,  B  =  0  bo  the  standard  equations  of  tho 
sidea  of  a  oyolio  quadi-ilateral,  and  their  lengths  a,  i,  c,  d,  the  equation  of 
the  third  diagonal  ia 

^  +  ^+^  +  ^  =  0'  (353) 

47.  In  the  same  case,  if  e  =  0,  iji  =  0  denote  the  othei'  sidea  of  the  quad- 
rangle, and  e,  /their  lengtha,  the  equationa  of  the  remaining  sides  of  the 
diagonal  triangle  are 


0.  (854) 

triangle  ABO,  and 


:n  C)  =  0.      |356) 


48.  The  circle  paseing  through  the  summit  A  of  > 
throngh  the  feet  of  its  infernal  and  estemal  bisectors,  i 

ein  [B  -  C)  {a&  sin  C+0ysiaA-i  ya  sin  B) 

+  {BsiaO-y  sinS)  {a  sin^  +  B  sin  5  +  ^ 

This  circle  and  ita  two  anabgues  are  called  the  cirolea  of  Apollonius ;  their 
centres  are  the  points  of  intersection  of  the  sides  of  tie  triangle  jl.B(?with 
the  tangents  drawn  to  lie  ciieumeirole  through  the  opposite  snmmita. 
Tbej  are  ooasal,  the  radical  asis  hoing  the  Brocard  diameter 

sia(^-  C)a  +  ein(C-^]  j3  +  sin[^-JS)7=0. 

49.  Find  the  equation  of  tho  pair  of  lines,  from  the  origin  to  the  inter- 
section of  tho  circles 

^'  +  !^  +  3s3^  +  2/V+e  =  0,    !e=  +  !/H2?'3+a/V  +  ='  =  0. 

60.  With  tho  same  hypothesis  as  in  Es.  44,  prove 


Equate  to  zero  tie  product  of  the  ti 
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N-  2a  cos  A  (a  sin^-+  B  ein^  +  y  am  C)  =  0.  (357) 

52.  The  radical  asia  of  tte  circumoircle  and  tbe  circle  ivliosc  diametor  ia 
ihe  median  that  bisects  a  U 

&cosB  +  -,eosC  =  Q.  (358) 

53.  Find  tlie  eqintions  of  the  circles  whoae  diameters  are  the  joina  of 
the  feet  of  the  perpendiculars  of  the  triangle  of  reference. 

54.  If  the  three  sides  of  a  plane  triaagle  be  replaocd  by  three  circles, 
then  the  circle  tangential  to  those  corresponding  to  tie  inscribed  and 
eecrihed  circles  of  a  plana  triangle  are  all  touched  by  a  fourli  circle 
(Dr.  Hart's),  which  corresponds  to  the  "  Nine-points  Circle"  of  the  plane 
triangle.    Its  equation  is 

12'.13'.I4      2r.23.24      31'.32.3i      4r.42.i3 
where  iS],  Sj,  &c.,  correspond  to  the  inacnbLd  anl  eaoribci  circles  it  the 
plane  triangle,  and  12',  &a,,  denote  transverse  corarnon  tangents 

65.  Pind  the  equations  of  the  circles  "whoae  diimottia  ire  the  joins  of 
the  middle  points  of  the  sides  of  the  triangle  of  reference 

56.  Find  the  equation  of  the  eirele  whii'h  lasoes  thiough  the  point'  of 
iaterseotion  of  bisectors  of  angles  with  oppobite  side? 

57.  If  ABCjO  be  a  eyclio  quadrilateral,  AO  the  diameter  of  it'  tircum- 
oitole,  prove  the  difflerence  of  the  triangles  5.^I>,  BCD  =  ^Acr  &m"BAD. 

(Steikbb  ) 

58.  If  a  point  in  the  plane  of  a  polygon  bti  eTi(b  that  the  atea  of  the 
figure  formed  by  joining  the  feet  of  perpendiculars  irom  it  on  the  aides  of 
the  polygon  be  given,  its  locus  is  a  circle.  (/*'  i  ) 

59.  If  any  hexagon  he  described  about  a  circle,  the  joins  of  the  three 
pairs  of  opposite  angles  are  concurrent.  (Beianchon.) 

Let  the  equation  of  the  circle  be  x'Ja  +  Vbi,9  +  -Jny  =  0 ;  ABC  the  tri- 
angle of  reference ;  and  let  the  equations  of  the  altemafe  sides  DE,  FG, 
HK  of  the  hexagon  be  respectively 
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Again,  the  eq^uations  of  the  tiiree  diagonala  are  easily  ei 
for    OB,  4-+  ^  + JL  =  0; 


And  tlie  condition  c 


is  tie  vanishing  of  the  determinant. 


fhie  differs  only  by  the  factor    -,-;;-  from,  the  determinant  got  hy  elimi- 
nating I,  m,  !!  from  the  equations  (i.).    Hence  the  piuposilJon  is  proved. 

(See  "Weight's  Trilimear  Co-aidmatei.) 

80.  The  diameter  of  tJie  circle  which  cuts  the  fliree  escribed  circles  ortho- 
gonally is 
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The  co-oTdinatea  of  tto  radical  centres  of  tlie  Uiree  escribed  circles  are 
n  cos  J  (-B  -  C)  /  2  Bin  J  A,  ka.  Substitute  tiieae  in  the  ec[ua(ion  of  the  ex- 
circle,  wHoIi  touches  a  eilernally,  viz. — 

a=  COsH -^  +  fi' 5'°' 3 -B  +  7^  fii^H  <?  -  2B7  sinH -S  eJn' J  (7 

+  37a  sin=  J  G  cos'  J  ^  +  2oS  cos'  J  A  siii=  \  B, 
and  divide  fho  result  by  the  modulus  of  the  circle  ;  that  is,  by 

The  quotient  is  the  square  of  the  radius  oJ  the  orthogonal  circle.  In 
reducing,  we  substitute  for  r  the  value  asin^^ sin^P/cos^^.  Thus 
we  get— 

^  =  r-^  (1  +  cos  4  COS  S  +  cos  B  cos  0  +  COS  (7  cos  ^)^. 

61.  If  A\  B',  C"  be  tliB  foot  of  the  altitudes  of  tie  triangle  ABC,  prove 
that  the  joins  of  the  ineentre  and  oiroumcentie  of  the  triangles  AB'C, 
BC'A',  CA'B',  respectively,  are  concurrent,  and  that  the  common  point  is 
at  tie  contact  of  the  incircle  aod  "  Nine-points  Circle. " 

62.  A  similar  theorem  ia  true  fur  the  joins  of  the  exoentres  and  circum- 

63.  The  diameters  of  the  circles  cutting  the  inscribed  circle  and  two 
escribed  circles  orthogonally  ace 


64,  PrOTC  by  the  modulus  of  the  equation  of  the  "  Nine-poinla  Circle  " 
that  it  toudies  the  inscribed  and  escribed  circles. 


=:  +  s",         y+f",         9"^+f'!/^o",       =0  (362) 

I   >^  +  /">      y+f"\      /"^  +  /'V+="'   I 

is  the  circle  orthogonal  to  the  tbrao  circles  x^  +  y^  +  Ig'ti  +  Ify  +  if'  =  0, 
&c. 

66.  There  exists  arelation of  thefocm  S'«P=  constant,  where  uii,  wj,  &c., 
are  certain  constants  whose  sum  is  zero,  between  the  powers  Pi,  Pi,  &c., 
of  any  arbitrary  point  M,  and  four  fised  circles  whose  centres  are  A\,  At, 


y  Google 


For  let  Pi  3  iE"  +  s*  -  2aix  -  a^jy  + 
Then,  eJiminoting  a^  +  y'',  x,  y ; 


Hence  2Pi  .  A^A^At  =  371 .  A^AiAi.  (363) 

Cm; — If  71  =  7!  =  73  =  74,  the  four  circles  are  orthogocal  to  a  fifth,  aad 
then  2siP=  0. 

67.  Thereesiets  Brektionof  theform  3HiP=0  between  the  powers  of 
any  arbitrary  point  with  respect  to  five  flsed.  oiixiles.  2'»  in  this  relation  is 
zero.  {I''ia.) 

68.  If  three  circles  whose  centres  are^',  B',  0'  pafis  xespeotively  through 
the  pairs  of  points -B,  C;  (7,  A;  A,B;  and  if  their  powers  with  respect  to 
A,  B,  O  ho  Po,  Ps,  Fc,  the  boiycentiic  co-ordinates  of  the  radical  centre 
are  l/P^,  l/Pj,  1/P„.  (Nedbero.) 

69.  In  the  same  case,  if  0  he  the  eiroumeentre  of  ABO,  the  areas  of  the 
triangles  OB'C',  OCA',  OA'B'  are  proportional  to  1/P„,  l/Pt,  1/P,. 

[Ibid.) 

70.  Find  the  equation  of  the  circle  whose  diameter  is  the  join  of  the 
orthocentre  and  sjniraediau  point  of  ti,e  triangle  of  I'eference. 

Am.    2n^  cos  A  {sin^S  +  sin  2G)  -  2a,8  cos  {A  ~  B)  sin  P  sin  0. 
(364) 
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CHAPTER  IV. 

THE  GENEEAL  EQUATION  OF  THE  SECOND  DEGREE. 
Cabtesiaw  Co-o: 


132.  Theequation  Ssoar'+ 2fo;/  +  %'  +  2^a!+2/^  +  c  =  0,  or 
13  it  miY  be  written  u~+Ui  +  zh  0  -wliere  u  denotes  the  tenns 
of  the  'ieoond  degiCL,  &f  ,  is  the  most  geneial  equation  of  fhc 
second  degiee  The  object  of  this  chaptei  is  to  classify  the 
cnrvei  represented  by  it,  to  leduet,  thou  equations  to  their 
noimil  foims,  ind  to  piove  some  propertiei  common  to  ill  these 
curves  Oiii  mye^itigitionB  will  indtidc  the  fullowmg  sub 
dj.¥j'5ions  — 

1°  Centies  2^  Diameteis  3°  Conjugate  Biimeteis 
4".  Axes.  5°.  Tangents.  6°.  Poles  and  Pulais.  7°.  Classifica- 
tion of  Conios.     8°.  Asymptotes.     9",  Newton's  Theorem. 

Peelhiinaby  AiaMBKAic  PBOPOsirions, 

133.  In  m;/  ^a^atic  equation  ap'  +  hp+  c  =  0,  if  the  coefficient 
of  f?  vanish,  one  of  the  roots  will  he  infmieamd  the  other  finite.  If 
the  coefficients  ofp'  and  p  vanish  both  roots  will  be  infinite. 

Dem. — Put  p  =  — ,  and  the  equation  »p°  +  ip  +  c  =  0  becomes 
P 
cp"  +  2lp'  +  »  =  0.  Tfow  if  »  =  0  one  yalue  of  p'  is  zero,  and 
the  other  is  -  2i/c.  Again,  if  not  only  «  =  0  hut  also  1  =  0  the 
second  value  of  p'  is  zero  ;  but  when  p'  is  zero  p  will  bo  infinite. 
Hence  the  proposition  is  proved. 
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134.  Dee. — The  result  obtained  from  any  es^pressim  S  in  x  by 
muUyilying  each  term  by  the  index  of  ai  in  that  term,  and  dimi- 
nishing  the  index  hj  unity,  is  called  the  derived  of  S  with  respect 
tox. 

The  equation  S  =  at?  -k-  2hxy  +  h/  +  2<jo:  +  Ifij  +  c  =  0  lias 
three  distinct  derivatives. 


1°.  "With  respect  to  x,     ^ax:  +  Ihy  +  1g. 

2°.  "With  respect  to  y,     2hx  -t  2hy  +  2/ 

8°.  If  we  mate  3  homogeneoaa  by  -writing  it 

in  the  form 

ax'  +  bf  +  «!''  +  2/ya  +  2g%x  +  2hxy 

=  0, 

in  which  s  denotes  a  linear  Tinit,  we  get  a  derivative  with 
respcDt  to  B,  viz.  2gx  +  2/y  +  2c.    "We  shall  denote  the  halves 
oE  these  derivatives  by  Si,  S„  S^,  respectively.    Thus 

S^^kx  +  b^+f 
S,^ffx+f;,  +  c. 

(365) 
(366) 
(367) 

135.  From   equations    (865)-(367)    we  get 
theorem 

at  once  Enler's 
(368) 

CHiNSB    OE    OEieiB-. 

136.  Transform  S  ^  ax^  +  2hxy  +  by^  +  Igx  +  3/y  +  c  =  0  to 
parallel  axes  through  the  point  xy  we  get 

ax^^2hMj  +  %'+  25,3^+2%  +"5=  0.  (369) 

The  following  remarks  on  the  composition  of  the  new  ec[iia- 
tion  are  very  important : — 1°.  The  tenns  of  the  second  degree 
vi.x,y  are  unaltered.  2°.  The  coefficients  of  the  terms  of  the 
fltat  degree  are  the  powers  of  the  point  xy  with  respect  to  the 
derivatives  of  B.  3°.  The  last  teim  ia  the  power  of  x'^  with 
respect  to  8. 
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Intbesectton  oi'  a  Line  and  a  Conic. 
137.  la  order  to  find  the  intersection  of  a  line  y  -mx  -i  n 
with  S,  ■we  transfer  to  parallel  axes  through  a  point  Sy  of  the 
line.     Then  S  becomes 

and  the  line  becomes  y  =  mx.  Hence,  for  the  points  of  inter- 
section with  5,  we  have 

Hence  we  infer  that  a  lino  cats  the  conic  S  generally  in  two 
points.  Wo  distinguish  the  following  paxtioular  oases,  which 
will  he  studied  more  in  detail  further  on — 

1°.  If  (Si  +  mSj)'  -  (<»  +  3Am  ■^hn^)S[=  0. 

The  line  is  a  tangent  to  the  curve  ;  and  as  this  is  a  quadratic 
in  m,  we  can  from  xy  draw  two  tangents. 

2°,  If  «  +  2hm  +  hr^  =  0,  every  line  whose  angular  coefficient 
sati8fi.es  this  equation  meets  the  curve  in  one  finite  point,  and 
in  another  at  infinity. 

&°.  IE  a  +  Ihm  4-  im"  =  0,  S,  +  mSt  -  0,  the  curve  meets  the 
line  in  two  points  at  infinity. 

4°.  If  a  +  2hm^  +  im=  =  0,  S^  +  mS^  -  0,  S  =  0,  the  line  is 
contained  as  a  factor  in  8. 

The  discriminant  of  S  anil  the  minors  aro  given  in  §  37  ;  from 
the  values  there  given  wc  find  at  once 

■     (370) 
GB:-AF=f\,     SF-BG  =  ffA,    FG-Cir=h\' 


138.  Dbr. — A  point  in  the  plane  of  a  conic  which  is  such  that 
every  secimt  passing  through  it  meets  the  curve  in  points  equidistant 
from  it  is  called  the  centre. 
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Lemma. — If  the  origin  be  the  eenlre  the  terms  ofthefrst  degree 
in  the  equation  S^au?  +  2hxy  +  by'^  +  'igx  +  2fy  +  c  =  0  vanish,  and 
conversely. 

In  fact,  two  points,  Bynimetrical  mth  respect  to  the  origin, 
haye  co-ordinatos  of  tlie  forms  x,y;  -x,  ^y.  Hence  the  equa- 
tion does  not  change  if  the  origin  he  centre,  when  x,  y  are 
replaced  hy  -  x,  -  y.  This  reijmreB  that  /=  0,  ^  =  0,  -whieh 
proves  the  proposition. 

Hbsbabch  op  Cenxhe. 

139,  If  the  point  K^  he  the  centre  of  5,  then  from  the  Lemma 
and  equation  (369)  we  must  have  8,  =  0,  Sj  =  0,  Smee  the 
point  common  to  the  lines  represented  ly  the  derivatives  of  S  with 
respect  to  x  and  y  is  the  centre.     Now,  since  these  lines,  viz. 

Si^ax  +  h^  +g  =  0,     Si^hx+  hy  -i-f=  0, 
may  intersect  X°  in  a  finite  point,  2°  at  infinity,  S°  ie  coincident, 
we  have  three  distinct  cases  to  consider. 

1°.  Let  ax  -h  hy  +  g  =  0,     h^  +  by  +f=  0  intersect  in  a  finite 

Solving  for  a;  and  y  we  get  the  co-ordinates  of  the  centre, 

x  =  {}f-lg)i{ah-h')=GlC.  (371) 

y  =  {gh-af)l{ab~h')  =  FIC.  (372) 

Since  these  values  are  finite,  C  does  not  vanish.  We  shall 
see,  in  g  152,  that  the  curve  is  an  ellipse  or  hypcrljola  according 
as  C  is  positive  or  negative.  These  curves  having  a  finite  centre 
are  called  central  curves. 

2°.  Let  ax  +  Ay  +  g  =  0,  and  hx  +  hy  +  f=Qhe  parallel. 

Hero  wo  have,  g  27,  Cor.  1,  «J  -  ^*  =  0,  that  is  C  =  0. 
Hence  the  co-ordinates  x,  y  are  infinite,  that  is  the  centre  is  at 
infinity.  The  curve  is  in  this  case  called  a  parabola.  Ifow, 
C  =  0  is  the  condition  that  Wa  =  0  may  be  a  perfect  square. 
Hence,  in  the  parabola  the  centre  u  atmfimty,  and  the  terms  of  the 
second  degree  in  Sform  a  perfect  square. 
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3°.     Let  [ftK  +  %  +  ^  =  0,  and  Sa;  +  Sy  +  /  =  0  "be  coincident. 
Here,  we  have  ajh  =  hjl  =  gjf.     Hence 

«S-^=0,  hf-bff  =  0,  jA-a/=:0,oE  0  =  0,  (?=0,  F=0, 
and  the  co-ordinates  5,  y  are  indeterrainate,  as  they  should  be  ; 
since  in  this  case  every  point  oiiax  +  liff  +  ff  =  0  is  also  a  point 
on  A«+  6y +/=  0  there  is  a  line  of  centres. 

ItEDUOTIOW  OB  THE  EftUillOS  TO  THE  CeNTHB. 

140.  If  there  exists  an  uniijue  centre,  Wy,  the  eq;uation  (369) 
becomes  ax'  +  2Aot/  +  bf/^+  8  =  0,  for  the  co-ordinates  5,  y  make 
,Si=0,  -$3  =  0.  But  from  Euler's  theorem,  «8i  +  y-Sj  +  sS,  =  «. 
Hence,  eiabstituting  the  co-ordinates  5,  ^  we  get 

S=S,=g^+ff  +  c  =  (gG  +fF+  cG)iC  =  A/C. 
Hence  the  equation  when  transferred  by  parallel  axes  to  the 

ax'  +  2hxy  +  by'  +  A/O  =  0.  (373) 

143.  If  there  ea^st  a  Une  of  centres  the  general  eg^uatimi  repre- 
sents two  parallel  lines. 

For,  transferring  the  origin  to  any  point  *,  p  of  the  line  of 
centres,  we  have  aafl  +  2hvt/  +  %"  +  S^  =  0,  as  in  §  140,  multi- 
plying by  a,  and  substituting  P  for  ah,  this  hocomcs 

(t»*  +  %)'  +  083  =  0,  (374) 

which  represents  two  parallel  lines ;  real,  if  aSi  be  negative, 
imaginary  if  positive. 

DiAMBTBES. 

Dbf. — The  locus  of  the  middle  point  of  a  system  of  chords  pm-allel 
to  a  fixed  direction  is  called  the  diameter  conjugate  to  that  direction. 
142,  Let  g  =  mx  +  )i  be  a  fixed  line. 
Transferring  the  origin  to  any  arbitrary  point  0  {xy)  wo  get 

ax^  +  2hxy  +  hy^  +  2SiK  +  25iy  +  ^  =  0, 
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and  drawing  through  0  a  parallel  to  the  line  y  =  mx  +  n,  this 
will  be  ^  =  mx.  And  the  ahsoissfe  of  its  points  of  intersection 
■with  S  ttre  given  hy  the  eq^uation 

i?  {a,  -v  21m  +  hn^)  +  2^  (S,  +  m\)  +  8=0.  (1) 


Supposing  a  +  2hm  +  Im^  not  zero,  then  the  line  y  =  mx  cuts  8 
in  two  points  D,  H.  In  order  that  0  may  be  the  middlo  point  of 
])£,  the  roots  of  the  preceding  ec[uation  must  be  eq^ual  in  mag- 
nitude, and  have  contrary  signs,  which  requires  jS,  +  mSj  =  0. 
Therefore  the  locus  of  the  middle  pointe  of  a  system  of  chords 
parallel  to  the  line  y  =  mx  +  n  is 

8i  +  mS',=  0.  (375) 

Hence  the  diameters  of  conies  are  right  lineM. 

Also,  since  jS'i+i«Sa=0,  passes  through  the  intersectionof5i,Ss, 
it  passes  through  the  centi'e.  Hence  every  diameter  passes  through 
the  emtre. 

Discussion. — The  eqjuation  8,  +  mfi'3  =  0  may  he  written 
x{a  +  mh)-\-y{h  +  mi)  +  (^  +  O  =  0.     (2) 

1°.  The  equation  (1)  ■wUl  be  of  the  first  degree  if 
(a  +  2hm  +  im')  =  0, 
and  there  ■will  be  no  diameter,  properly  so  callud.     Sec  §  153, 
Asymptotes. 

2°.  The  angular  coefficient  of  the  diameter  (2)  is 

^..,_    (»  +  »<)      ./n-»i/»Y 

h  +  mi  h\l  +  mbl7il' 

This  varies  with  m,  unless  hfa  =  i/h,  or  ab-¥=  0. 
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Hence,  in  eeniral  ewves  every  system  of  parallel  elurrds  has  a 
eorresfimdmg  diameter. 

3°.  If  hja  =  hjh,  or  C  =  0,  »»'  =  -  s/A,  and  is  independent 
of  m,  but  «i'  is  the  angular  coefficient  of  (2).  Hence,  in  the  para- 
bola all  the  diameters  are  parallel.  The  diameter  is  illusory  if 
a  +  mh  =  0,  h  +  m.h  =  0,  for  then  m'  ~  -;  hut  the  case  oi  a  +  mh 
=  0,  01-  m  =  -  ajh  is  that  of  the  diameters  of  the  parabola.  Hence 
the  diameters  of  a  parabola  form  a  parallel  system  which  do  not 
admit  a  diameter. 

4°.  If  we  have,  at  the  same  time,  a  +  mh^O,  h  +  mh  =  0, 
g  +  mf  =  fi,  OT  m  =  -  a!h=-  hjb  =  -  gjf,  the  equation  (2) 
Tanishes  identically.  This  occurs  when  the  general  equation 
represents  two  parallel  lines. 

Cor. — Si  =  0  is  the  equation  of  the  diameter  which  bisects 
chords  parallel  to  the  axis  of  « ;  Sj  =  0  of  the  diameter  which 
bisects  chords  pai'aUel  to  the  axis  of  y. 

CcNruciTB  DiiMETEas  of  CenxeU:  Cohics. 

143.  From  the  eq^uation  »»'  =  -  iy 7-,  §  '42,  2",  we  get 

«  +  A  (»i  +  m')  +  bnm'  =  0.  (876) 

Since  this  equation  is  symmetrical  in  tii,  m',  it  follows  that  the 
diameters  whose  angular  coefficients  are  m,  m'  are  such,  that 
each  bisectiB  chords  parallel  to  the  other.  Such  diameters  are 
tailed  corrugate  diameters. 

Cor.  1. — If  in,  the  general  equation,  A  =  0,  the  /ues  vf  x,  y  are 
parallel  to  a  pair  of  conjugate  diameters. 

For,  if  A=0,  Si  =  0  reduces  to  03;+^  "0,  that  is,  the  diameter 
which  bisects  chords  parallel  to  the  axis  of  x  is  parallel  to  the 
axis  of  y. 

Cor.  2. — If  two  conjugate  diameters  be  taken  for  axes,  the  equa- 
tion of  the  curve  will  be  of  the  form   Mx^  +  Ny^  +  P  =  0. 

For  to  each  value  of  x  will  correspond  two  values  of  y,  which 
are  equal  in  magnitude,  but  of  contrary  signs. 
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Axes. 

144.  DBS'. — A  diameter  of  a  conic  which  is  perpendicular  to 

the  chords  which  it  bisects  {called  its  conjugate  chords)  is  called 


Pabaeola. — The  angular  coefficient  of  the  diameters  of  a 
patahola  is  =  -  ajh.  Hence  the  angular  coefficient  of  the  chords 
perpendicular  to  the  asis  is  A/a,  and  substituting  in  8i  +  mS3  =  0, 
the  ec[uatioa  of  the  axis  of  the  pai'ahola  is 

aS,  +  hS^  =  0.  (377) 

Cbutkai  Ccetes. — The  condition  that  two  diameters  are  con- 
jugate is,  a  +  h{m  +  m')  +  hmm'  -  0  (376),  and  if  these  are  per- 
pendicular, mm'  =  -  1.     Hence  eliminating  m',  we  get 

m'-m{i-ajlh-l  =  0.  (378) 

This  being  a  quadratic  in  m,  shows  that  there  are  two  axes. 

If  A  =  0,  and  b  ~  a  not  zero,  the  roots  are  m  =  0,  and  m  =  o) , 
and  the  axes  of  symmetry  are  parallel  to  the  axes  of  co-ordinates. 
If  A  =  0,  and  6  -  »  =  0,  the  equation  (378)  is  indeterminate. 
This  is  the  case  when  -S  denotes  a  circle,  and  every  diameter 


Reductioh  01 IHE  Gbwerait  Eqttatton  to  thb  Noemal  Poem, 
145,  Cbbteal  Curves. — It  has  been  proved  (g  140)  that  when 
the  centre  is  origin,  the  equation  of  the  curve  is 

as;' +  2Aay -I- V  +  ^/ ^  =  0. 
We  shall  now  show  that  this  equation  can  be  further  simplified. 
Thus,  transforming  by  the  substitution  of  g  18  to  new  rect- 
angular axes,  inclined  at  an  angle  $  to  the  old,  that  is  patting 
x  =  xco&$  -ysia.6,  y  =  a:  sin  6  +  y  cos  ^,  we  get 

oV  +  2h'xy  +  by  +  ^.10=  0, 
where  a'  =  a  coa^O  +  b  sin'^  +  A  sin  26,  (379) 

i'  =  »  sin^O  +  I  cos'^  -  h  sin  20,  (380) 

2k'  =  2h  cos  2$ -{a-  S)  sin  2(9.  (381) 
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From  these  cc[iiatioiis  we  get,  after  an  easy  calculation, 

a'  -\-b'  =  a+h,    and  a'b' -  h"  =  ah  -  h'.         (382) 
Senoe  a  +  h,  and  ah  -  h?  are  invariants.     In  other  words,   they 
are  functions  of  the   coefficients  which  are  unaltered  hy  trans- 
formation  from  one  rectOingulwr  system  to  another. 
If  A'  =  0  -we  have,  from  (381), 

tan  20  =  2hj{a  -  i),*  (388) 

andtheeiiiiationof  iSisi-educedto  theform  UV4  b'y^+  A/C=0; 
and  since  S'  =  0  we  have,  from  (382), 

a'  +  h'  =  a  +  b,  a'i'  =  al-  W. 
Solving  for  a',  V  we  get,  putting  1^  =  4S'  +  (a  -  Vf, 

a'==i{a+b-lt),  b'  =  i{a+b  +  S).  (384) 

Hence        «=(*  +  *-  Ii)a:'  +  {a  +  b  +  E)f  +  2A/C=  0.     (38S) 
If  tMs  be  written  in  the  form 

^K  +  yV/5=  =  l,  (386) 

which  is  the  normal  form,  we  have 

a-'  =  -C(fl  +  5~£)/2A,    ^-=  =  -(7(«  +  ;  +  _5)/2A. 
Hence  a?,  (S'  are  the  roots  of  the  quadratic 

p^  +  4^^p  +  ^  =  0.  (387) 

Ciw.— The  equation  of  the  new  ases  when  referred  to  the 
old  is 

ks?  -  (a  ^  h)xy  -  A/  =  0.  (388) 

This  is  obtained  from  (378)  hy  putting  m  =  yjx. 

The  Pahabola. 
146.  In  equation  (377),  if  we  put  A  =  (*iii,  and  substitute 
for  iSi,  S^  their  values,  we  get  the  equation  oi  the  axis  of  the 
parabola  in  the  form 

A  +  jV  +  („S,  +  sS/)/(,  +  J)  .  0.  (389) 

*  For  a  diaouasion  of  this  equation,  see  ootee  at  tlie  end  of  voliima. 
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Hence,  by  an  easy  calculation, 

Now  making    o^*  +  iV  +  ("V  +  *V)/('''  +  *)  =  0, 

^d  (ff  +  h)  (2(9«  +  2^"^)  -aB-hA-^-  2hE^0, 

onr  new  asos  of  co-ordinates ;  then,  if  y',  of  be  the  peipendicu- 

lare  from  any  point  a^  of  :8  on  tliese  liaes,  -we  get 


S^'v'»  +  5  =  a*«^ 

-i*!,  +  («^» +»♦/>/(' 

.  +  »), 

2y(«  +  5)  /(G^  +  i5'=)  =  (, 

H-S)(26=^+2J^2/)- 

aB-tA^aB. 

Hence,  by  substitution, 

/■(.+«) 

2^/(e"+ii').,,, 

or,  omitting  accents,       »/' 
and  putting                       p 

2y((?Hi^') 

{a  +  by 

f=pie,  (390) 

which  is  the  standard  form  of  the  ec[uation  of  the  paiabola. 
The  quantity  p  is  cdled  the  parameter  or  latus  rectum. 
Cor.  1. — The  new  axes  are  perpendicular  to  each  other. 
For  the  condition  of  perpendicularity  is  a^G  +  b^F=  0 ;  and 
this  is  easily  sliown  to  hold  when  a^b'^  =  A. 

Cor.  2. — The  co-ordinates  of  the  new  origin  are  found  by 
solving  for  x  and  y  from  the  equation 

aix  +  h^y  +  (oV  +  *tf)/(«  +  *)  =  0  ; 
or  fla:  +  Ay  +  (oy  +  A/)/(«  +  S)  =  0, 

and  26x  +  21^  =  {aB  +  hA-  2hS)j{a  +  h). 

Thus— 
x^[h{aB-m)¥h{bA-hH)^2F{ag+h.f)]l\{%Gli~'2.aF){a-\-h)], 

(391) 
y^\a{hH-aB)+a{hH~'bAy2G{ag^hf)\j\{'2Qh-2aF){a-^l)]. 
Cor.  8. — The  parameter  of  the  parabola  (392) 

=  2  v'("^+^)/(«  +  by.  (393) 
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Tangents. 
147.  If  we  transform  the  eiiuation  to  parallel  axes  through  a 
point  M{xy)  on  the  curve,  we  get 

ax^  +  2%  +  hf  +  3^13;  +  ^S^y  =  0, 

since  5  =  0,  sstxy  is  on  the  curve.     Then,  through  the  new 
origin,  draw  a  line  y  =  mx,  and  eliminating  y  we  got 

ai=(a  +  2fe»  +  5M')  +  2a;(^,  4  otSj)  =  0, 
one  of  the  values  of  x  in  this  equation  is  zero,  because  the  line 
y  =  mx  meets  It  at  the  new  origin,  and  the  other  is 

-  2  (Si  +  mS,)/(a  +  2M  +  hnt% 
This  second  value  will  also  be  zero  iiy  =  ^tai  touch  the  curve. 
Hence  in  this  case,  Si  +  m  S,  =  0 ;  and  eliminating  m  between  this 
and  y  =  ma:,  we  got  for  the  tangent  the  eijuation  !c8i  +  ySj  =  0 
referred  to  the  new  axes,  or  {x  —  *)  S;  -h  (y  —  ^)  Sj  =  0  when 
referred  to  the  old.    But  by  Euler's  theorem, 
5Si  + j^^+  i^=S  =  0. 
Hence  the  equation  of  the  tangent  is 

xSi  +  y\  +  Ss  =  0.  (394) 

TiKOENTIAL  EftUATION. 

148.  Find  the  condition  that  the  line  Xx  +  fty  +  v  =  0  niay  he  a 
tangent  to  S  =  0. 

Eliminating  y  hetween  A«  +  jny  +  i  =0  md  S  =  0  we  get  i 
quadratic  in  x,  whose  roots  will  be  the  ibhcissi  of  the  points 
where  the  line  meets  the  curve;  now  these  will  coincide  if 
it  touches  the  curve.  Hence  the  condition  lequned  is  found 
hy  forming  the  discriminant  of  the  equation  lu  i     Thus  we  get 

A\^  +  £ix^  +  Cv'  +  ^Fp-v  4  2(SvX  4  2HXi^  =  0,      (395) 

where  A,  J),  &e.,  have  their  usual  meaninga./ livS^J 
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Poles  and  Folsbs. 

149.  TofindtJw  ratio  in  which  the  jam  of  the  points  w'/,  x"y" 
ia  out  ly  S.  Let  the  ratio  be  i  :  1  ;  thon  the  co-ordiaaies  of  the 
■point  of  interBeetion  are 

{i/^ha/')l{\-vh),     (;/'+ %")/(!  + A), 
aud  these  siihstitutcd  ia  8  give  the  quadratic 

B'  +  2kF'  +  li'S"  =  0.  (396) 

Where  S',  S"  donoto  tlie  powers  of  the  giTea  points  with 
respect  to  S,  and  F"  the  power  of  x'Y'  with  respect  to  the  line 

P  =  S^'x  +  8^'y  +  8^'  =  0.  (397) 

The  equation  (396)  is  a  fuodamental  one  in  the  theory  of 
oouica.  SeYoral  important  theorems  are  inferred  from  it  by  sup- 
posing its  roots  to  have  special  relations  to  each  other, 

1°.  Suppose  the  sum  of  the  roots  to  lie  %sro. 

Then  P"  =  0  and  tlie  point  a^'y"  must  he  on  the  line  P. 


Lot,  in  the  annoxeddiagram,  Q,  iibe  the  points  where  the  join 
of  the  points  A,  JS,  that  is  of  x'y',  !i>"y",  meets  the  curve,  then 
the  values  of  A  are  the  ratios  AQ:  QB,  AS, :  JIB,  and  these  are 
equal,  but  with  contrary  signs,  since  their  sum  ia  zero.  Hence 
AB  is  divided  harmonically  in  Q  and  S. 

Cor.  1. — Any  Kne  through  A  is  divided  harmonieally  hy  (P) 
and  S. 

Cor.  2,— (i")  is  the  ohord  nf  contact  of  tangents  front  A. 
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For  if  the  line  QR  turn  round  A  until  the  points  Q,  JR  coin- 
cide, then  since  £  is  the  harmonie  conjugate  oi  A  with  respect 
to  Q,  -S  when  Q,  U  come  together,  B  coincides  with  them,  and 
the  line  AB  will  be  a  tangent, 

Dei'.— 2&  Mm  (P)  u  called  the  polar  of  the  point  x'y'. 

Cor.  3.  If  a  point  he  external  to  a  conic  its  polar  cuts  the 
conic.  Iftho  point  be  internal  its  polar  is  external.  For  the 
harmonic  conjugate  to  an  internal  point  on  any  line  passing 
through  it  is  external  to  the  conic.  Lastly,  if  a  point  be  on 
the  conic  its  polar  is  tte  tangent  at  the  point,  for  then  equation 
(397)  is  the  same  as  (394). 

2°.  Let  the  tmharmonie  ratio  of  the  four  points  A,  B,  Qy  B  be 


In  this  case  the  roots  of  (396)  have  a  given  ratio,  let  this 
ratio  be  A,  and  changing  &  into  iX  in  (396)  we  get 

S'  +  2>JiB"  +  k^FS"  -  0. 

Eliminatiag  k  between  this  and  (396)  and  omitting  double 
accents  we  get  the  locus  of  a  point  B,  which  divides  a  secant  of 
S  passing  through  a  given  point  in  a  given  snharmonio  ratio, 

(1  +  A)=  SS' -  4AP=  =  0.  (398) 


Pain  OF  TiNSEirxs  from  a  Giten  Point. 
equal,  since  the  roc 


150.  Let  the  roots  of  (396 
ratio  AQiQB,  AS  :  MB, 
they  will  be  equal  only  when 
the  points  Q,  £  coincide, 
that  is  when  the  lino  AB  is 
a  tangent  to  the  curve.  The 
condition  for  equal  roots  in 
(396)  is  :S'-S"'--P"'  =  0,  which 
mnst  be  fulfilled  when  se'Y'  is 


n  either  of  the  tangents  from  x'p'. 
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Hence,  supposing  the  latter  fixed  and  the  former  variable,  we 
get  the  equation  ol  the  pair  of  tangents  from  le'y'  to  S,  ttz. 

SS'-P^=0.  (899) 

Cor. — The  angular  coefficients  of  tangents  from  5  j/  to  iS  are 
given  by  the  equation 

!»'(Sa'-iS)  +  2ffi(S,^-M)+"^i^-a"5=0.        (399') 
For  this  is  the  discriminant  of 

a^  (a  +  2km  +  bm^)  +  (S,  +  «i^)  «  +  S  =  0.        (g  142.) 
Oethoptic  CiROiB. 
151.  If  the  equation  SS'-  i»  =  0  he  expanded  wo  get 

+  2  {Fie-y'  -Gf-  Bx'  +  Ry")x^  2  ( Gx'y'  -  W  ■>r Mx'  -  Ay")  y 
4  Bx''^-2Rx'y'-^  Ay''^=  0.  (400) 

Now  if  these  tangents  he  at  right  angles  to  each  other  the  sum 
of  the  coefElcienta  of  x^  and  y'v,  zero.  Hence,  omitting  accents, 
WB  find  the  locus  of  points  whence  rectangnlar  tangents  can  he 
drawn  to  a  conic  to  be  the  circle, 

C{x^^f)-2&x-2Fy-hA  +  B  =  (i.  (401) 

This  is  called  the  orthopUe  circle  of  the  conic* 
Cor.  1. — If  the  cuiye  he  a  parabola  C  =  0,  and  the  locus  of 
points  whence  rectangular  tangents  can  be  drawn  to  the  curve  is 
2Gx  i-2Fy-A-B  =  0.  (402) 

Cor.  2.— If  x'  =  0,  /=  0,  equation  (400)  reduces  to 
Bx^  -  2Exy  +  Ay''  =  0. 
Hence  the  pair  of  tangents  from  the  origin  is 

Bx"  ~  'iMxy  +  Ay''  =  0.  (403) 

Cor.  3. — The  equation  (400)  may  he  written 
A{y-i/f  +  B{x-  off  +  C{xy-  ~  afyf  -  2F{x  -  x'){xy'  ~  x'y) 
+  2G{y-y'){xy'-^l/)-2H{x'^){y-y-)  =  Q.     (400') 
Compare  (395). 

*  This  circlo  haa  hitherto  been  called  the  director  circle  in  Engliah  warka ; 
but  that  term  is  now  employed  by  French  writers  to  denote  the  circle  whose 
centre  is  &  fooue  aad  whose  radius  is  equal  to 
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Class  iPiCATioN  oe  Cokics. 


152,  Brom  g  142  -we  see  that  if  the  origin  be  transfeiTed  to 
any  point  5j  on  the  liae  y  •=  mx  +  n  the  abscissffi  of  the  points 
in  which  f  =  tnx  +  »  meets  the  curve  are  the  roots  of 

«=  (»  +  Ihtn  +  hm^)  +  1x  (Si+m^)  +  5  =  0. 

Kow,  g  133,  one  of  these  points  will  be  at  infinity  if 
a  +  2hm  +  Im^  ~  0.  Let  the  roots  of  this  equation  he  m,,  «is. 
These  are  real  and  distinct  iih^-  ah  he  positiYe,  showing  that 
two  systems  of  parallel  lines,  yiz.  y  =  m^x  +  n,  and  y  =  -rrhx  +  n, 
where  n  may  Lave  any  value,  can  he  drawn,  each  meeting  tho 
curve  at  infinity.  This  form  of  the  curve  is  called  a  hyperbola. 
Hence  the   condition  that   S  =  0   represent   a  hyperbola  is 


—If  h^  -  ab=  0,  Ml  =  Wi,  only  one  system  of  parallels 
can  be  drawn  meeting  S  at  infinity.  The  curve  in  this  case  is 
called  a  parabola  (see  §  189,  2°). 

Lastly — Let  m„  m^  be  imaginary.  Then  no  system  of 
parallels  can  meet  the  curve  at  infinity.  This  species  is  dosed  in 
every  direction  and  is  called  an  ellipse  ;  m„  m^  are  imaginary 
when  A'  -  ab  is  negative.  Hence  the  curve  will  be  a  hyperbola, 
a  parabola,  or  an  ellipse,  according  aa  h'  -  ah  is  positive,  zero, 
or  negative. 

Cor.  1,— The  hyperbola  meets  tho  line  at  infinity  in  two  real 
and  distinct  points,  the  parabola  in  coincident  points,  and 
therefore  touches  it,  and  the  ellipse  in  two  imaginary  points. 

Cor.  2.— If  either  »  or  J  vanish  but  not  A,  or  if  »  and  b  have 
contrary  signs  the  curve  is  a  hyperbola,  for  in  these  cases  }^-  ab 


Cor.  S.^The  circle  is  a  species  of  ellipse,  for  in  the  circle 
I  =  0,  and  a  =  h.     Hence  A^  -  ah  is  negative. 
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EiKample.— P,  D  are  two  fixed  points  iu  the  diBmetor  AB  of  a  circle, 
and  QE  a  senuchora  paiallel  to  AB.  Tlio  locua  of  P  the  intetaectdon.  of 
BG,  CM  ia 


let  0  be  the  centre.     Join  OB,  and  let  CO  =  e,  -DO  =  rf,  and  tlie  angle 
BOB  =  e ;  then  the  eqiiations  of  OE,  BG  oie 

(i-  ein  9)  K  -  {r  cob  0  +  c)  y  +  rs  sin  fl  =  0,    (c  ein  e)(C-dij -vrd  ^0  =  0. 
Hence  aluninating  d  we  get 

(c  -  iJ)'  a«  +  rf=y2  -  r^  (i  +  ii)=  =  0, 
which  hy  the  foregoing  condition  is  an  eliipee,  a  parabola,  oi' a  hypei-Lola, 
according  aa  (e  -  df  -  r' is  positive,  zero,  or  negative. 

Asymptotes. 

153.  In  the  cciee  of  ike  hypurhola,  if  the  line  y  =  mx  +  n  meet 

S  in  two  points  at  infinity,  that  is  if  it  touch  it  at  infinity,  it  is 

called  an  asymptote.     "When  this  happens  the  two  values  of  le  in 

the  equation 

x'(a-\-  2hm+  bm^)+  23!  (Sj+  m'S2)+S  =  0 

are  infinite.  Hence,  §  133,  a  +  2hm  +  hm'  =  0,  and  5'i+  fflSs  =  0, 
and  eliminating  m  ■we  get  aS^  -  ZkSi,  5a  +  iS,^  =  0,  or  restoring 
the  values  of  S„  Si  and  reducing  we  get 

CA'  -  A  =  0,  (404) 

which  is  the  equation  of  the  two  asymptytes.  They  are  at  right 
angles  if  the  hyperbola  he  equilateral. 
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Cor.  1.— If  /=  0,  g=  0,  that  is  if  the  curve  be  referred  to 
the  centre,  the  equation  of  the  asymptotes  is  ax^  +  2hxy  +  ly^  =  0. 
Hence,  when  the  eijuation  of  a  conic  is  in  tie  form  %  +  fft,  =  "i 
Mj  =  0  18  the  ec[iidtion  of  the  asymptotes. 

Cer.  2. — If  0  denote  the  angle  between  the  asymptotes, 

taji'^  =  4C/(a-f  bf.  (405) 

Cor.  3. — The  asymptotes  intersect  in  the  centre. 

Cor.  4. — The  line  at  infinity  is  the  polar  of  the  centre. 
For  it  is  the  chord  of  contact  of  the  asymptotes, 

Cor.  5. — An  asymptote  is  a  diameter  conjugate  to  itself. 

The  Hypeebola.  kefbebbd  to  the  Asthptotes. 

154.  Let  the  co-ordinates  of  any  point  P  in  the  hyperbola, 
(CT°  +  2kej/  -{-i^  -V  LjC=  0,  with  respect  to  the  asymptotes,  he 
of,  y'.  Eow,  if  from  P  perpendiculars  he  drawn  to  the  Unoa 
ax'  +  ilixy  +  hy^  =  0,  it  is  easy  to  see  that  their  product  is  equal 
to  the  power  of  P  with  respect  to  the  lines  divided  by  B,  where 
M  has  the  same  meaning  as  in  5  145  ;  hut  these  perpendiculars 
are  equal  to  «'  sin  ^,  y'  sin  <j>,  respectively.     Hence 

a/y'  sin'  ^  =  (ax^  +  2hxy  +  %')/-H, 
and  from  equation  (405)  we  get,  sin'  <p  =  4  CjS".     Hence 

^  +  ^hcy  +  by'^  =  a/y' .  4  CjS,, 
and  therefore  the  equation  of  the  hyperbola  referred  to  the  asymp- 
totes is 

xy+£Aj4C'^  0.  (406) 

Sewtos's  Theoeem: 

155.  If  throuyh  a  point  P  two  ehoris  be  dravm,  meeting  the 
oonie  in  the  paars  of  points  A,  B ;  C,  D,  respeetively,  then  the 
ratio  PA  .  PB  :  PO .  PD  is  constant  whatever  be  the  position  of 
P,  provided  the  direction  of  the  lines  is  eomlant. 

Dem. — Let  the  lines  PAS,  PCD  be  taken  as  axes,  then,  it 
the  equation  of  the  conic  be 

ICO)'  +  ihxi/  +  by"  +  2ffi»  +  ify  +  e  =  0, 
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putting  y  =  0,  PA,  PB  are  the  roots  of  as?  +  2gx  +  c  =  0.    Hence 
PA.PB  =  eja,  similarly, 

PC.PD  =  cjh,  i.  B.PA.PB-.PC.PD::  Ija, :  1/S. 
Now,  a  tte  cuCTe  be  referred  to  parallel  axes  tlirough  aay  point, 
the  coefScients  a,  I  remain  rmaltered.     Hence  the  proposition  is 
proved. 

Cor, — If  through  any  other  point  P',  two  Unes,  P'A'B', 
P'd)'  be  drawn  parallel  to  the  former,  and  cutting  the  oonio 
in^',  ^;  C",i)',  then 

PA.PBiPC.PD::  PA' .  P'B'  -.PC".  PI)'.     (407) 

156.  Ifewton's  theorem  corresponds  to  Euc.  ni.,  xxxv,, 
xxsvi.     The  following  are  special  cases  ;— 

1°.  If  P  he  the  centre,  then  PA  =  PB,  PC  =  PD,  and  we 
have  the  following  theorem  from  (407) : — The  rectangles  con-  . 
tained  hy  the  segmmts  of  any  two  chorda  of  a  eonic  are  proportions 
to  the  squa/rei  ofpa/rallel  semidiameters. 

2°.  If  the  Hues  PAB,  POD  turn  round  the  point  P  until  they 
become  tangents,  PA  PB  l-ctomcs  PB',  and  PC.PD  hecomes 
PB^,  and  we  have  the  following  theoiem  — The  squares  of  two 
tmigents  dratenfom  ami  point  io  a  tonu  are  proportional  to  the 
rectangles  contained  by  the  segments  of  any  two  parallel  chords. 
Also,  two  tangents  from  a^y  potnt  to  the  eontc  are  proportional  to 
the  parallel  semidiameters 

3°.  Let  the  jom  of  PP'  produced  be  a  diimeter,  and  let  the 
lines  through  P  be  this  dnmetcr, 
and  its  eonjugite  CB,  then  the 
chords  through  P'  will  be  AB 
and  Ciy,  of  which  the  latter  is 
bisected  in  P".  Then,  denoting  ^^ 
AP  by  a,  PC  by  i,  PP'  by  a; 
and  P'C  by  y,  we  haye,  from 
(40T),«^-.S':;(»  +  «;)(«-*):y=, 
or,  a;7a'4-y73'=l, 

which  is  the  normal  form  of  the  equation  of  central  c 
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im 


157.  The  demonstration  in  g  155  fails  if  either  axis  of  co-ordi- 
nates meets  the  cuiye  at  infinity,  for  in  that  case  either  a  =  Q 
or  i  =  0.  Suppose  t*  =  0,  then  either  FA  or  PB  -will  heeome  in- 
flnite.  Let -P^  remain  finite,  then  P.^  =-cl1g,  and^ing  155, 
PC.PD  =  clh.  :Kence,PA:PC.I'D::-b:2ff.  Kow,  if  wo 
transform  the  equation  to  parallel  axes  through  a  new  origin, 
5,  f,  b  will  remain  unaltered,  and  the  new  g  will  he  h^  ■¥  ff ; 
houoo  the  new  i-atio  wiU  he  -  6  :  2  {hj/  +  ff).  Now,  if  the  curve  he 
a  parabola,  A'-ai  =  0,  but  m  =  0  by  hypothesis ;  hence  A  =  0,  ani 
the  ratio  will  be  unaltered. 

Senoe,  if  a  line  parallel  to  a  giem  one  meet  any  diameter  of  a 
parabola,  the  rectangle  eontained  hy  its  segments  is  proportional 
to  the  intereept  on  the  diameter. 

Thns,  if  CD,  CD'  he  parallel  chords,  APP'  the  diameter 
which  hieeets  them,  then  ^.^ 

AP  :  AP' : :  CP .  FD  :  C'P' .  P'jy, 
or,      AP:AP'::  CP':  C'P". 
Hence,    supposing  P  fixed  and  P' 
variable,   and  denoting  AP',  P'C  A 
hy  X,  p,  respectively,  we  have 
f  :  CF'' : :  «: :  AP : 


therefore,   putting  CP'  -  ia 


AP, 


^  =  4ltB, 

which  is  the  standard  form  of  the  equation  oi  the  j. 
Again,  suppose  the  curve  to  be  a  hyperbola,  and  that  o 
axes  of  co-ordinates  is  parallel  to  an  asymptote,  in  this  case  y 
will  be  constant,  and  so  will  the  ratio  -  b:2(hg  +  g).  Hence 
we  have  the  following  theorem : — 

The  intercepts  made  hy  parallel  chords  of  a  hgperlola  on  a 
Unspm-allel  to  an  aif/mptote  are  proportional  to  the  rectangles  em- 
iained  hy  the  segments  of  the  chords. 
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Exercises  on  the  General   Equation. 

1 .  Prove  ttat  five  conilitionE  are  Bufficiemt  to  clotcrmino  a  oooiu. 

2.  Transform  the  following  curyea  to  their  centres; — 

1°.     ix'  -  &x'j  +  ej<=  +  lOa  -  I2y  +  13  =  0. 

2".     xy  +  iax  -  2hti  =  0. 

Z".     3a!=  -  ixy  -  i'/  +  Gk  -  9i/  =  0. 

3.  What  ciirvcs  ate  rcpreaented  ty  the  equations 

r.     Vz+ffl- v'!/  +  4  =  v'fl+  J; 
2'.     (a;+l)->+fe  +  2r  =  2; 
3-.     »r.««-^,.|P 
i .  Find  the  equation  of  tha  as ymptotes  of  the  hyperbola 
3a;'  -  ixy  -  6)/^  +  21-4;/  -I-  6  =  0. 

5.  Prove  that  the  equation  of  tie  chord  o£  the  oonio 

fl#  +  Zhxij  +  !if  +  2s*+  2>  +  0  =  0, 
which  passee  through  tie  origin  and  is  bisected  at  that  point,  iBgx  +  fff  =  0. 

6.  The  a:tea  of  a  central  conic  are  Us  maximum  and  minimum  semi- 


For  the  conic  referred  to  the  centre,  yiz. 

ax^  +  Ihxy  +  b)f  +  A/C  =  0, 
wDl  meet  the  circle  x'  +  y'  —  >"' =  f>,  where  it  meets  tlie  lino  pair 
{a,^  +  A/C)  ^-i  T^hxy  +  (*)■"  +  A/0)  J/=  =  0  ; 

and  it  is  evident  when  these  lines  coincide  that  r  has  ite  maximum  or  mini- 
mum value,  and  forralng  tie  discriminant  we  get 

which  proves  tho  proposition.     (See  equation  (387).) 

7.  If  the  line  joining  any  fixed  point  0  to  a  variable  point  P  of  a  conic 
S  meet  a  fisod  line  in  the  point  Q,  pruve,  if  R  be  the  harmonic  eonjugaie 
of  F  with  respect  to  0  and  Q,  that  the  locus  of  Ji  is  a  conic. 
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8.  Find  iJie  locus  of  the  centre  of  a  conic  passing  tkraugi.  four  given 
points.  If  S,  S"  be  two  Ssed  conica  passing  through  the  given  points,  then 
S  +  W  ifl  the  most  general  eqnation  of  a  COnie  passing  tirough.  them,  and 
the  centre  of  tliis  is  tlie  intersection  of  the  diameters 


Si  +  kS,'  ^  0  ;  &  +  liSi  =  0,     (See  §  139.) 

whei'c  Si,  Ss,  &e,,  are  the  derivatives  with  respect  to  a  and  y.     Hence 
eliniinafing  7c,  the  required  locus  ia 


TLns,  if  one  of  the  thi'ee  pairs  of  lines  passing  through  the  four  points  he 
titken  as  axes,  another  pair  ma,j  be  written 

(^^')(^^')-■ 

These  pairs  being  taten  for  S,  S'  respectively,  the  required  locus  will  be 

This  conic  ie  called  the  nine-point  antic  of  tiio  quadrangle  of  the  four  fisad 
points.  For  it  passes  through  the  middle  points  of  its  sis  sides  and  through 
the  three  diagonal  points.     These   nine  points  are  the  centres  of  special 

9.  "With  the  aame  notation,  find  tie  value  of  i,  in  order  that  S  +  hT  may 
ba  an  equilateral  hyperbola. 

10.  The  centre  of  the  niae-point  conic  ia  the  mean  centre  of  the  four 
summilf  of  the  quadrangle. 

11.  If  the  harmonic  mean  between  the  rectangles  contained  by  the  seg- 
ments of  two  perpendicular  chords  of  a  conic  be  given,  the  locus  of  their 


i3.  Find  the  equation  of  the  chord  joining  the  points  a^V? 
conic  Ssa!i:^  +  IMy  +  hy^  +  2gx  +  2/(/  +  c  =  0. 
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eridently  passes  through  x'y',  x"y".     Hence  iS  -  iS"  =  0  is  tho 


14.  If  a  conic  passes  tHrough  four  fixed  points,  the  diameter  conjugate  to 
a  given  direction  passes  through  a  flsod  point.  (Lame.) 

15.  In  the  same  ease  the  polars  of  a  fixed  point  are  couourrent. 

16.  If  a  vari^lile  eouie  paias  tbrough  tbi'ee  fixed  pom^,  and  have  an 
aejmptote  parallel  to  a  given.  !ine,  the  locus  of  its  centre  is  aparahola.  If  it 
posses  through  two  given  points,  and  have  its  asymptotes  parallel  to  two 
given  lines,  the  locus  of  ita  centre  is  a  right  line. 

17.  If  two  points  A,  B  he  such  that  the  polar  of  A  passes  through  B, 
the  polar  of  B  passes  tlirough  A. 

18.  To  describe  aconic  section  (x.)  tlirough  five  given  points  ^,.2,1?,  i),£. 
Join  B,  D,  O,  M.     Through  A  y 

draw  A6  parallel  to  BB,  cutting 

(Le  conic  in  G,  and  AK  parallel 

to  CJS,  cutting  3D  bi  S.     Then 

BI  .  ID  :  CI.IB  :  :  BE .  HD 

■.AS ,  SK;  therefore  Xisagiven 

point.  In  like  manner,  e  is  a  given 

point.  Hence,  hisecting  AK  in  L, 

CSinlf,  AGiar,  and  BDinQ, 

0,  the  point  of  intersection  of  ZIf 

and  FQ  is  given.    Again  (§165),  BG^  :  Qlf  : :  0F^~- 01^:OV^ -OQ"; 

hence  Via  a  given  point.     In  like  manner  fis  a  given  point,  and  OV,  OQ 

are  semiconjvigate  axes.    Henoe,  &c. 
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CHAPTER  V. 

THE  PARABOLA. 


158.  Def.  i. — Umiff  given  in  positi 
iW.     The  heus  of  a  variable  point 
Pwhoae  distance  SPfrom  8  is  equal     ^ 
to   its  perpendicular   distance  FN 
from,  IfN',  is  called  a.  pamaboia. 

It  will  be  Rcon  subsequently 
tint  this  definition  agrctt  with 
that  alieaily  giien  in  p   165. 

n — The  pomf  8  a  called  the 
FOCUS,  and  the  Imp  NN'  the  bihec- 


III  —ty pom  S  ipe  dfam  SO  perpendieular  to  MN',  and  liseet 
tt  in  A,  then,  sim-e  OA  =  AS,  the  point  A  (Def.  I.)  m  on  the 
parahola,  and  n  called  the  tbetex. 

17. — If  the  line  A  8  be  produced  indejkiiteh/  in  the  direction  AX, 
the  whole  line  produced  is  called  the  axis. 

159.  To  find  the  equation  of  the  parabola. 

Let  the  vertex  .4  he  takea  aa  origin,  and  ^X  and  .4  F  per- 
pendicular to  it  as  axes.  Then  denoting  OA  =  AS  by  a,  and 
the  co-ordinates  of  any  point  P  in  the  curve  by  x,  y,  we  have 
(Def. I.)  SP=  FN;  but  Pir=  0M=  OA  +  AM=  a  +  x;  therefore 
8P  =  a  +  x. 

Again,  SJf  =  AM-  AS  =  x  -  a,  andPM=  y. 

Hence,  from  the  rigtt- angled  triangle  SMP,  wo  have 

{x-af-\-y'^  =  {a  +  xY\  therefore  y' =  4aa;,  (413) 
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wMoh  is  the  staaiclard  form  of  the  equation  of  tlie  parabola. 
!  §  157,  eq^uation  (409).  Vtoto  the  equation  of  the 
see  that  two  values  of  y  correspond  to  each  value 
of  X ;  and  that  these  are  equal  in  magnitude,  but  contrary  signs. 
Hence,  if  TMhe  produced,  it  will  meet  tlie  curve  on  the  other 
side  of  the  axis  in  a  point  I",  such  that  PJBT  =  M^'.  Smce  the 
axis  of  the  parabola  is  em  itxis  of  symmetry  ofthefigwe. 

V. — The  double  ordinate  LL'  th-ougk  the  focus  is  called  the 
LATus  EBCiDM  of  the  parabola. 


Cor. 


for( 


■The  latus  rectum  =4fl;  for  SL=LR  =  OS  =  2a;  thcro- 
ZZ'  =  4a. 


Ex.  1. — II  tliiougli  a  fised  point  O,  o.  line  OS  be  di-awn  meeting  a  fixed 
line  AS  in  B,  then,  if  SF  be  perpendicular  to  AB  and  OF  to  OB,  tha 
locus  of  P  is  a  pai-aliola.  For,  draw  OM  parallel  to  AB,  then  we  have 
OM''  =  BM  .  MF,    or  y'  =  ax. 

Ex.  1. — -The  tangent  at  a  point  .S  of  a  circle  meets  a  fised  diameter  CO 


in  F,  and  F  ia  joined  ta  the  extremities  of  the  diameter  perpendicular  to  CD, 
the  locus  of  the  interseetion  of  j^ J"  with  the  perpendicular  from  B  to  CD  is 
a  parabola.  {Bbocabd.) 

Let  x'y  he  the  point,  the  equation  of  EF  is  xx'  +  yy'  =  r^.  Hence 
OF  =  r'^ly';  therefore  the  equation  of  AF  is  yy'jr'  -  xjr  =  1,  and  the 
equation  of  .BJ"  \sy  -  y'  =0  Hence  ehniinating  j/',  we  get  j/*=  r(c+  x), 
or  making  A  the  origin,  y'-  =  r' 
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160.  The  co-ordinates  of  a  ^oint  an  the  parabola  can  he  expressed 
in  terms  of  a  single  vcmable. 

Tor,  trriting  the  equation  in  the  iorm  2a:  .iia  =  y',  it  is  a 
special  ease  ot  JiM = M^,  a  form  in  ■which  each  of  the  three  oonios 
may  tie  written ;  and  we  may  put  3«  =  y  tan  <]>,  %a  —  y  cot  ^,  or 
which  is  the  same  thing,  y  =  1a  tan  <^,  :);  =  a  tatf  i^.  Hence  the 
co-ordinates  of  a  point  on  the  parahola  may  he  denoted  by 
a  tan^^,  2fl  tan^.  We  shall  for  shortness  call  it  the  point  <^,  and 
^  the  inTEiHSic  ANGLE  of  the  point. 

Cor.  X . — Sinne  PS  =  a  +  a;  =  ffi  +  «  tan'  •(>  =  a  see'  tji,  the  dis- 
tance of  the  point  0  from  the  focus  is  a  sec'  i^. 

Cor.  2. — The  angle  ASF  is  equal  to  twice  the  intrinsic  angle 
oiF. 

For      ecsJ/SP=^=^|^"  =  -cos2^; 

therefore  A8P=2<I,. 

161,  To  Jind  the  equittdon  of  the  chord  passing  through  two 
points  «V,  x"y"  on  the  parahola. 

Let  the  intrinsic  angles  of  the  points  he  4>\  ^"  \  ^^'^  tb& 
required  eijuation  is  (g  31,  Ex,  3,  4°), 

2;t;-(tyji0'+tan^")  j/+2«  tan  (/>'  tan  (/>"  =  0  ;       (414) 
or,  putting  for  tan  ^',  tan  <^"  their  values  in  terms  y',  y", 

4ax  =  {if  +  y")  y  -  y'y".  (415) 


1 .  If  a  chord  of  a  pai-abola  out  tie  axia  in  a  fixed,  point,  the  reotangle 
ctrntamed  by  the  tangenla  of  the  intrinsic   angles  of  i 
constant. 

Beoaiise  if  we  put  j!  =  AO,  y  =  0,ia  equation  (414],  wc 

OA 
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2.  U  PM,  YM'  bo  the  ordinates  of  the  points  F,  P',  and  OQ  the  orai- 
nateofO,     PM.  I^M' =  - OQ'. 

Fcir,  from  equation  (414)  we  get 

(2b  taa  *■)  (2fl  tan  (.")  =  -  4b  .  0-4  =  -  0^=. 

3.  la  ihe  s&me  a^e,  AM.  AM' ^ACC. 

4.  The  diroction  tangent  of  Pi"  is 

a/(tao  ^'  +  tan  ^"}.     (See  equation  (414).) 

Ilcnee,  if  a  chord  of  a  parabola  be  parallel  to  a 
fixed  lice,  tbo  sum  of  the  fangenta  of  the  intrinsic 
irngles  of  its  extremitica  ie  eonetant. 

5.  If  PP'  out  the  asis  of  y  in  a  fixed  point  Q,  from  equaiion  (415)  we  get 
cot  ^'  +  cot  ^"  =  2alAQ.  Emce,  if  through  afisxdpoint  on  the  tangent  at 
the  iiertex  of  a  parabola  ani/  secimt  be  draiBti,  the  sum  of  the  cotangent!  of 
the  intrinsic  angles  of  Us  points  of  intersection  with  the  parabola  ia  constant. 

6.  If  5,  S'  and  g  he  the  distances  of  the  extremities  of  a,  focal  chord  and 
of  the  focus  from  any  line,  p,  p  tiie  toosl  vectors  of  tie  estremities  of  the 
chord,  prove 

Sjfl  +  S'lp-  =  gja. 

7.  AA',  EB'  are  parallel  chorda  of  a  parabola,  A'B  ia  joined,  and  B'C  is 
&  chord  parallel  to  A'B,  proye  that  flie  tangent  at  B  ia  parallel  to  the 
chord  AC. 

162.  To  find  the  equafiott  of  fhe  tangent  to  the  parabola  at  the 
point  x'y'. 

In  equation  (414),  suppose  tie  points  ^',  ^"  1)600106  con- 
secutive,  tlien  fciieir  joining  cliord 
becomes  a  tangent,  viz. 

a;-y  tan^'  +  mtan'^'^O,  (416) 
or,  putting  af  =  a  tan'  ^',  y'  =  2a 
tan  0',  "I 

yy'  =  2a(x  +  x').      (417) 

Cor.  1.— If  PT  be  the  tangent, 
putting  ^  =  0,  we  get  from  (417), 
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but  wlien  f/  =  0,  x  =  AT.  Hence,  Binoe  a'  =  AM,  we  have 
^r=-^Jf;  therefore  TA  =  AM.    Hence  yyia  bisected  in  ^. 

Dbf, — Tki  line  MT,  interested  on  the  oms  heiween  the  ordi- 
nate amd  the  tangent,  ii  called  the  sub-iangmt.  Hence  in  the 
parabola  the  subtaagent  is  bisected  at  the  vertex. 

Cor.  2. — The  axis  of  y  is  the  taigent  at  the  vertex  of  the 
parabola  ;  for  if  in  (417)  we  pnt  «'  =  0,  j/'  =  0,  we  get  a:  =  0. 

Cor.  3. — The  equation  (416)  may  be  written  y  =  a;  cot  ^' 
+  a  tan  ^',  from  which  it  is  seen  that  tj>'  is  the  angle  FBY, 
which  the  tajigentPy  at  P  makes  wither,  the  tajigeat  at  A. 
Hence  we  have  the  following  theorem  : — 

The  intrivme  tmffU  of  any  point  of  a  parahola  is  equal  to  the 
angle  which  the  tangent  at  that  point  makes  with  the  tangent  at  the 
vertex. 

If  s  denote  tlie  length  of  an  arc  of  any  curve  measured  from  some  fixed 
point  .^  to  ft  varialile  point  P ;  <)i  the  inclination  of  tlie  tangent  at  the  latter 
point  to  the  tangent  at  the  fised  esti'em.ity  A  ;  tlien  the  e[[uation  eipresaing 
the  relation  between  s  and  $  has  been  by  Dn.  "Whewbil  {Phil.  Trans., 
vol.  viii,  p.  659)  termed  the  intrimie  equation  of  the  curve,  a  nomenclature 
wMoli  has  been  adopted  by  matlieniatieians.  It  was  tbia  that  suggested 
the  propiiety  of  ciiUirtg  -p  the  intrimie  angle. 

Cor. 4.— Since  2'.4=«',2'S=«'+»=«sec^^- SP(§  160,  Cor.l); 
hence  TS  =  SP;  therefore  the  angle  SFT  =  8TP'=  TF^. 
Honco  Py  bisects  the  angle  SPN. 

Dee. — If  from  a  fixed  point  in  the  plane  of  a  curve  perpendi- 
mlars  be  let  fall  m  its  tangents,  the  locus  of  their  feet  is  called 
the  fwst  positive  pedal  of  the  curve  with  respect  to  the  point.  Also 
the  pedal  of  the  fk'st  positive  pedal  is  coiled  the  second  positive 
pedal,  ^e.  ConTersely,  t?i^  curve  itself  is  called,  in  relation  to  a 
positive  pedal  of  any  order,  the  negative  pedal  of  the  same  order. 

Cor.  5. — If  PPmeet  the  tangent  at  the  vertex  in  B,  since 
TA  =  AM,  TB  =  BP;  hence  the  triangles  TBS,  PBS  are 
eqinal  in  every  respect ;  thei-efore  the  angle  PBS  is  right,  and 
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SB  is  perpendicular  to  the  tangent,     Mmee   the  pedal  of  a 
parabola  with  respect  to  the  focus  is  the  tangmit  at  the  vertex. 

Cor.  6. — lip  denote  tlie  length  of  the  perpendicular  from  S 
on  FT, 

Eor  since  the  angle  AS£  is  equal  to  <j>',  we  have 

AS-i-Sll^  cos  d.'  that  is  -  =  cob  <!>'. 
P 

Hence  ^  =  a  seo  ^'  =  ^^(fl+V).  (418) 

Or  thus :  tho  triangles  ASB,  SBF  are  equiangular  ;  hence 

AS  :  SB  -.  SB  :  SP ;  that  is,  a  :  p  :  :  p  :  a  + x'. 

Cor.  7.— Tho  eijuation  of  any  tangent  to  a  parabola  may  he 
"written  in  the  form 

,j  =  >n^^al^,  (419) 

for  equation  (416)  will  reduce  to  this  foiro  if  we  put  m  =  eot  <^'. 


1.  The  first  negative  pedal  of  a  rigtt  line  is  a  parabaUi. 

2.  Tie  oirelo  described  about  the  triangle  formed  by  three  tangents  to  a 
parabola  passes  tbrougb  tie  fooua  ;  for  the  feet  of  perpendioulais  from  the 
focus  on  tbese  tangents  are  uoIlineflT. 

3.  The  polar  reciprocal  of  a  parabola  with  reapeet  to  the  fouus  is  a  cirde  ; 
for  the  reoiprooal  is  the  inTSrso  of  the  pedal  with  respect  to  tie  foous, 
which  {Gor,  6)  is  a  right  line. 

4.  The  poJar  reciprocal  of  a  circle  witli  e  i  t  to  pom  n  (s  o  um 
ference  ia  a  parabola. 

5.  Given  four  right  lines,  a  pa  abola  can.  ba  de  led  to  to  h  th  m 
The  focus  is  the  point  common  to  tho  cir  un  r  lee  of  th  t  an  lee  1  raed 
by  the  linea.  Hence,  being  given  a  q  adnlata  1  h  e  ei  ta  a  point 
whose  projections  on  the  aides  are  coll  nea 

6.  The  orttocentre  of  the  triaQ^le  f  n  1  bj  an)  tb  e  t  j,  nt  to  a 
pai-abola  is  a  point  on  tbe  directrix 
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7.  Find  tie  co-ordinates  of  the  intersection  of  tangente  at  the  pointa 

^(is.  K  =  ntim.f.'tan^",    y  =  a  (tan  .f.' +  Ian  O  ■     {*20) 

8.  II  tan  if"  bear  s.  given  ratio  to  tan  f ',  the  envelope  of  tlie  chord 
joining  tte  points  ^',  ^"  ia  a  paratola. 

9.  The  area  of  the  triangle  formed  by  three  tangents  to  a  parabola  ia 
half  ibe  area  of  tlie  triangle  formed  by  joining  the  points  of  contact. 
(Compare  {  9,  Exs.  6,  J.) 

10.  If  two  points  on  the  asia  of  a  parabola  be  equidistant  from  the 
focus,  the  difference  of  tbe  squares  of  their  distencea  from  any  tangent  is 
independent  of  its  position.  (Bbocakd.) 

11.  II  a  triangle  be  formed  by  two  tangents  to  a  parabola  and  tteir 
etord  of  contact,  prove  tiat  the  eymmedian  line  of  this  trisngle,  through 
the  vertes,  passes  through  the  focus. 

12.  In  the  same  case,  provo  that  the  chord  of  the  ciroumcirde  tii-ough 
the  vertes  and  focus  is  bisected  at  the  focus, , 

163.  To  find  the  locus  of  tM  middle  points  of  a  system  of 
parallel  chords, 

let  Pr  (see  £g.,  §  161,  Ex.  2)  be  one  of  the  chords,  m,  its 
direction  tangent;  Uien.  m  =ia!{y'  +  y").    (See  eijiiation  (415).) 

Again,  if  y  denote  the  ordinate  of  the  middle  pcrnt  of  PP', 

v  =  ^{y'  +  y");  (42i) 

y  =  2a/m  ; 


',  putting  M  =  tan  6. 


=  2(1;  cot  9.  (422) 


Hence  the  locus  of  the  middle  points  of  a  system  of  parallel 
chords  of  a  parabola  is  a  line  parallel  to  the  axis. 

Dep. — A  hisedar  of  a  system  of  parallel  chords  is  called  a 
diameter. 

Cor.  1. — The  tangent  at  tlie  end  of  a  diameter  is  parallel  to 
the  chords  which  the  diameter  bisects ;  for  the  tangent  is  a 
limiting  case  of  a  chord  of  the  system. 
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Or  thas : 

Let  x"^'  be  the  point  where  the  diameter  y  =  2fl  cot  ^  meets 
the  curve.  Hence  y'  =  2»  cot  9,  and  since  the  tangent  at 
x'/  is 

.j,/  =  2a[^^x-),  (§162) 

■we  have  j/  =  tan  6(x  +  x'), 

which  is  parallel  to  the  chorda,  since  its  direction  tangent  is 

Cor.  2. — The  timgonts  at  the  extremities  of  any  chord  meet 
on  the  diameter  which  bisects  that  chord ;  for  the  diameter 
■which  hisects  a  system  of  chords  parallel  to  the  join  of  ^',  ^", 
is  y  =  a  (tan  i^'  +  tan  0")  (equation  (421)),  which  passes 
through  the  intersection  ol  tangents  at  the  points  i^',  ^".  (See 
equation  (420).) 

Cor.  3. — The  diameter  through  the  intersection  of  two  tan- 
gents hisects  their  chord  of  contact. 

Cor.  4. — If  <ji  be  the  intrinsie  angle  of  the  point  where  the 
diameter  ■which  bisects  the  join  of  tj>\  '^"  nieets  the  curve, 
tan  ^  =  J  (tan  4>'  +  tan  •}>").  (423) 

Cor.  5. — If  $  denote  the  dii-eotioa  angle  of  the  tangent  at' 
4.,6^'I>  =  ^I2      (§162,  Vo>    3)  (424) 

EXERCISES 
1    The  di  t'lntu  of  the  fucua  fiam  th 
a  mean  proportional  between  the  focal 
llie  points  of  contact 

For  if  (].',  ^'  denote  the  pomta  of  contact,  p',  p 
thetr  focal  vectors,  we  have  {\  160,  Cor.  1), 
py'  =  fl'BecV6flc'c(i". 

Agfljn,  the  co-ordinates  of  jT  are  n  tan  <p'  tan  ^". 
a(tani(i'  +  tan,^").  Henco  the  square  of  the  dis- 
tance of  this  point  from  S,  whose  co-ordinatQS  ar( 
a,  0  is  n'sec^^'  eeo'^".     Hence 

5r=  =  p>-'.  (425) 
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3.  If  T  bo  thf 
focus,  tho  angle 


For,  substituting  the  cc 


The  Parabola. 
:ion  of  tangents  at  $',  ip",   A  tie  vi 

AST=  <t<'  +  *". 
ordinates  of  T  and  S  in  tie  cqiiation 


which  gives  the  dicEction.  tangent  of  the  line  through,  two  points,  we  get 
tanXgr=   tan^'  +  tany  ^    jje,,,^  t^^^^y^  tan  ^' +  tan  »"  _ 
ton  ifi .  tan  c/i    -  1  1  -  tan  ^  tan  ^ 

3.  Since  ASr"  =  2'l>",  ASP' =  S^j'   (§  160,   Coi:  2),  AST  =  HASP' 
+  ASP").    Hence  ST  bisects  the  angle  P'SP". 
i.  The  triaii^lea  P'ST,  TSP"  are  dii^eetly  similar,  (Ekb.  1  and  3). 

5.  The  angle  P'TP"  is  the  supplement  of  half  P'SP". 

6.  If  FT,  P"T,  be  two  tangents, 
TM  the  diameter  through  T, 
the  choiii  PP"  in  M,  TM  ia 

For,  draw  the  tangent  AQ.  Thia  is 
pai'allel  to  F'P" ;  and  since  tho  dia- 
meter through  Q  biseet8^i"(Cor.  3), 
we  have  AN  =  NP".  Hence  TQ 
=  QP",  and  therefore  TA  =  AM. 


10.  If  a  quadrilataral  circumscribe  a  parabola,  the  rectangle  contained 
by  the  distances  of  the  extremities  of  any  of  its  three  diagonals  from  the 
focus  is  equal  to  the  rectangle  contained  hy  the  distances  from  the  fooua  of 
the  extremities  of  either  of  the  remaining  diagonals, 

11.  li  ABCht  a  triangle  circumscribed  to  a  parabola,  A'B'C  the  points 
ofcontact.     Then    ABIBG' =  B'OjOA. 
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For  if  ^1,  yi,  j/s  be  the  ordinaies  of  A',  B',  C,  those  of  A,  B,  Care 

Hence  projeBting  on  the  tangent  at  the  vertex  of  the  parabola  vfe  have 
AB  ^  (ya  +  yi)/2  -  {n  +  ya)/2  ^  ^i  -  y; 

164.  To  find,  the  equation  of  the  parabola  referred  to   any 
dmmeter  and  the  timgent  at  its  vertex   as 


Let  P'P"  be  a  double  ordinate  to  tbe 
diameter  AM-,  ^y  tlio  tangent  at  A; 
then  AY  (g  163,  Cor.  1)  is  pai-allel  to 
P'F".  Lot  ^',  1^"  be  the  intrinsic  angles 
of  the  poiats  F',  F";  then  (§5) 


P'F'"'  =  ff^(tBJi'^'  -  tan^^"}' 
+  4o'(tan^'-  tan^")^: 
therefore 


/tan  <j>'  +  tan  ^"V 


=  4AS  .  AM.         {%  163,  Exs.  8,  9.) 
Therefore,  denoting  AS  by  a',  AM,  MP"  by  ar,  y,  we  have 

if=Wx,  (430) 

whioh  is  the  req^uired  eq^uation,  and  identical  in  form  with  the 
old  one,  ^  =  4a«. 

Car.  1.— If  the  angle  between  the  ases  AX,  ^  The  denoted 
by  6,  and  if  ^  bo  the  intrinsic  angle  of  the  point  A,  we  have, 

C  +  0  =  7r/2,   cosec^f  =  sec^^  ;    but  ^S  =  «  ece^^ ; 
therefore  AS  =  a  c 

Cor.  2. — The  eq^uation  of  the 


point  a/y',  referred  to  the  i 
rectangular  axes,  viz. 


(431) 
the  paiabola  at  any 
^Z,  ^P;  is  tie  same  HB for 
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1.  From  any  external  point  M  can  be  drawn  two  tangents  to  a  parabola. 
Por  the  tangent  at  a  point  aV  of  the  parabola  is  py'  =  2»  {i  +  x') :  if  tbis 
passes  througli  tbe  point  hk,  we  bave 

%'  =  2a  (ft  +  x') ; 

Hence  j/''  -  2%'  +  iah  =  0.  (432) 

This  quadratic,  giving  two  values  of  y',  proves  tlie  proposition. 
3.  Find  tbe  equation  of  tbe  chord  ol  contact  of  tangents  from  M. 
By  removing  tbe  accents  from  equation  (432),  we  get 
y'-'ilcy  -i-  iah  =  0. 
This  denotes  two  lines  parallel  to  the  axis  of  x,  and  passing  through  the 
points  of  contact ;  and  since  the  parabola  is  j^  ~  iax  ^  0,  subtracting  and 
dividing  by  2,  we  get  the  required  equation — 

2a(iK  +  ft)-%  =  0.  (433) 

3.  If  tbe  chord  of  contact  of  two  tangents  pass  through  a  given  point  hk, 
the  locus  of  their  intersection  is  a  right  line. 

For  if  aS  be  the  point  of  inteisectiou  of  the  tangents,  the  chord  oi  con- 
tact is  2o  (a  +  o)  —  iSy  =  0 ;  and  siaoe  this  passes  through  hk,  we  have 
2(1  (A  +  a)  -  y34  =  0,  or,  putting  xy  foe  ofi, 

2a(a:  +  A)-%  =  0, 
an  equation  which  is  tie  same  in  form  as  (433). 

Def.— r/j«  line  2a{s!  +  A)  -  %  =  0  is  called  the  polar  of  the  point  hk. 

4.  If  there  be  two  points  A,  B,  and  if  the  polar  of  A  passes  tirough  B, 
the  polni'  of  S  passes  through  A. 

6.  The  intercept  made  on  the  aiis  by  any  two  lines  is  equal  to  tlie  diffe- 
rence of  the  abscissa  of  tiie  poles  of  these  lines. 

6.  The  polar  of  the  focus  is  the  diieotiis. 

7.  If  any  chord  pas  through  the  focus,  the  tangents  at  the  extremities 
are  at  right  angles. 

For  in  the  equation  of  the  chord,  viz.  In:  -  (tan  ^'  +  tan  f")  y  + 
2a  tan  ^'  tan  $"  =  0,  substitute  the  co-ordinates  of  the  focus,  and  we  get 
tan  ^'  tan^"  =  -  i. 

8.  Any  pair  of  opposite  sides  of  a  quadrangle  whose  summits  are  conoyclic 
points  on  a  parabola  are  anlipatallel  witl  respect  to  the  axis. 

9.  The  difference  between  the  intrinsic  angles  of  two  points  being  given, 
to  find  the  locus  of  the  intersection  of  tangents  at  these  points. 
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(tan  rft'  +  tan  *")'  -  i  tan,  *'  tan  *"  , 

Let4)'-.fi"=B;  then  tan=5  =i^ — '^    ,.     ,     '.  . — ^./^^  ;    and 

Bulatituting  -,  -  foe  fan  $' .  tan  ^",  tan  <(>'  4-  tan  f ",  respectively,  we  get 
(j^'  -  iax)  =  (a  +  xf  tan's,  wMot  is  the  required  louus,  (434) 

Cm'. — The  isoptio  curve  (that  is  the  locus  of  the  intersection  of  tangents 
mailing  a  given  angle)  of  a  para  M     is  a  hyperbola. 

10.  Find  the  CQ-ordinatea  of  the  point  of  intersection  of  the  lines  P'  P", 
ST{^  163,  Ex.  I,  %.)- 

Am   ='_«'°V+^°-V      y_ema.p-  +  rin3^'- 
'  a     cobV+  cobV"'     «       oos'fli'  +  cos>"' 
llEV.—The  noi-mal  at  any  point  of  a  pUine  curve  is  tJie  perpendicular  to 
the  tangent  at  that  point. 

166.  To  find  the  equation  of  the  normal  at  the  point  x'y' . 
Since  the  eq^uation  of  the  tan- 
gent is 

the  eijuation  of  the  normal  Ib 

!'~S'  =  -|^(»-«')-     C«) 

Oor.  \. — If  in  the  eijuatioa  of 
the  normal  'we  put  </  =  0,  we  get 
X  -  3^  =  la;    hut  in  this  case  m  =  AF,  a/  =  AM.      Hc!ic« 
x~x'  =  MN;  therefore  MN=  2a. 

Dep. — The  line  MN  interested  on  the  axis  between  the  ordi- 
nate (tnd  the  normal  is  called  the  Sttbhoehai.  Hence  in  the 
parabola  the  subnormal  is  constant. 

Ccn:  2.— Since  SM^  x'  -  a,  and  MN=  2a,  we  haye  SN^x' 
+  a  =  SP. 

Cor.  3. — From  any  point  o.jS  can  he  drawn  three  normals 
to  a  parabola. 

For  if  the  normal  (436)  passes  through  a^,  we  get,  after  sub- 
stituting for  x'y'  their  yaluea  in  terms  of  the  intiinsio  angle, 
a  tan*^  -  (a  -  2a)  tan  <ii  -  /5  =  0,  (437) 

a  cubit  giving  three  values  for  tan  ^, 
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Cor.  4.— Since  tte  cubic  (487)  wants  its  second  term,  the 
sum  of  the  three  values  of  tan  ^  must  be  zero.  Hence,  il  from 
any  point  three  normaLs  be  drawn  to  a  parabola,  the  sum  of  the 
ordinates  of  their  feet  is  zero.  Hence  the  locus  of  the  mean 
centre  of  the  feet  of  the  normals  is  the  axis. 

.Tl-ltflTTTMfiTTTAT.'H    ClECLE. 

166.  Tkk  is  the  drole  through  tliefeet  of  the  three  normals  that 
can  he  drawn  from  a  gwen  point  a^  to  a  given  parabola. 

Its  equation  is 

a?^y'-{a  +  2a)x  -jij2.y  =  fi.  (438) 

Eor  if  we  eliminate  x  between  this  and  ^  =  i.ax,  and  put 
y  =  2a  tan  i^  in  the  result,  we  get  (437). 

Cor.  1. — Joachimsthal's  Circle,  having  no  absolute  term, 
passes  through  the  origin.  Senee,  if  from  any  point  three  nor- 
mals he  draum  to  a  parabola,  their  feet  and  the  vertex  are  eon- 

Cor.  2, — If  a,  ^  be  the  co-ordinates  of  the  point  whence  the 
normals  are  drawn,  the  co-ordinates  of  the  centre  of  Joachim- 
sthal's  Circle  arc 

(a  +  2({)/2,   ^/4.  (439) 

ClBCIE  OF   CUBVATDEE. 

167.  Dbf.— 7!Se  etrcle  through  three  eomeeutive  points  of  a 
curve  is  called  its  Circle  of  osculation  or  Cwvatwre,  and  its  centre 
amd  radius  the  cmtre,  and  the  radius,  of  curvature  at  the  point. 

If  t,  t',  t"  be  the  tangents  of  the  intrinsic  angles  oi  three 
points  of  a  parabola,  the  co-ordinates  of  the  circnmccntro  of  the 
triangle  formed  by  the  tangents  at  these  points  are 

x  =  ^{f  +  t'^  +  t"^  +  tf+  ft"  +  ft  +  4), 
y  =  -'t{t+t') {f  +  t") (i"  +  ()■     (Equation  (98).) 
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HoncD,  supposing  tie  tliree  points  to  be  consecutive,  we  get  the 
co-ordinates  of  the  centre  ol  curvature,  viz. 


=  »(3i=+2),     y  =  -2ai?. 


(440) 


Now,  let  ^-S  be  tlie  tangent  at  tie  vertex  oi  the  parabola, 
NS  the  directrix.  Then,  if  0  he  the  centre  oi  curvature  at  P, 
produce  OP  to  meet  the  directrix  in  N,  aad  draw  OB  parallel 
to  the  axis,  to  meet  ^^^Ein  E  and  the  ordihate  Pif  produced  in  F. 
Then  we  have  EO  =  a{&f  +  %),  oaA  BF  =  AM  =  afi.  Hence 
F0='2a(l  +  i=)  =  2«sec^^  =  2SP  =  2PiJ.  Henoe  0P=3PJV; 
that  is,  theradius  of  cwvatvre  at  any  point  P  of  a  parabola,  is  equal 
to  twice  the  intercept  on  the  normal  between  the  point  P  onA  the 
directrix. 


Cor.  1, — The  radius  of  curvature  =  2osec'^.  (441) 

Eor  PN  =  PS  sec  </,  =  SP  sea  <j>  =  a  sec'^,  and  OP  =  2PJV. 
Cor.  2,— If  we  form  the  equation  of  the  circle  whose  centre 

IB  0  and  radius  =  20!  sec'^,  we  have  the  circle  of  curvature, 

Hence  circle  of  curvature  is 


3^  +  ^-2(1  [3f  +  2)x  +  ^afy  =  3 


(442) 
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or  if  x't/'  lie  the  point  of  contact, 

x^  +  f-  2x  {Sx'  +  2a)  +  -^-^ .  1/  -  3*'^  =  0.      (443) 

Cor.  3. — Through  any  point  can  be  drawa  four  circles  oscu- 
lating a  given  parabola. 

For  if  the  point  be  S,  A :  substituting  for  x,  y  in  (443),  and 
omitting  accents,  their  points  of  contact  lie  on  the  conic 

Soj:'  +  Qahx  -  -zhxy  +  4a*A  -  «  (S=  +  i=)  =  0,      (444) 
but  this  intersects  the  parabola  in  four  points. 

Gor.  4. — "When  the  point  hk  is  on  the  curve,  the  circle  obcu- 
lating  at  M  counts  for  one,  and  three  others  can  be  described 
osculating  elsewhere. 

E VOLUTE    or    PAR420IA. 

168.  Dbf.— JXe  locus  of  the  centres  of  curvature  for  all  the 
points  of  amy  mrve  is  called  its  evolute. 

If  -we  eliminate  t  between  the  equations  (440),  we  get 

4  (a;  -  3a)'  =  27fl^',  (445) 

which  is  the  evolute  of  the  parabola. 

Cor. — Joachimsthal's  Circle  touches  the  parabola  when  two 
of  the  three  normals  coincide  ;  then,  if  xy  be  the  centre  of 
curvature,  and  D./3  of  Joacbimathal's  Circle,  we  have,  from 
equation  (439),  2a  =  a;  +  2a,  4^  =  -  y.  Hence,  from.  (445), 
we  get 

2  (a  -  20)"  =  27a^\  (446) 

whioh  is  the  locus  of  the  centres  of  the  Joaohimsthal's  circles 
that  touch  the  parabola. 


1.  If  Pi,  Ti,  Pa  be  three  points  whose  normals  are  ooiiciirreat,  the  line 
through  tto  vertex  parallel  to  imy  aide  of  the  triangle  PiP^Pa  will  meet 
the  parabola  again  in  the  symmetrique  of  the  opposite  vertex. 

2.  The  lines  through  Panel  A  (fig.,  J  187)  antipBrallel  with  respect  to 
the  axis  to  the  tJingent  at  1',  will  meet  the  parabola  again  in  the  points 
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wliare  the  oaoukting  and  tlie  Joachimatlial's  pirolea  at  F  raapoofiyely 

3.  The  hyperbola  xy~{s:---  2a)  y  -  -lay'  =  0  (447) 
paeaes  through  the  feet  of  the  normais  from  x'y'. 

4.  The  envelope  of  liiB  ohorda  of  oaeulation  of  a  parabola  is  the  paroholn 

J/S  +  12az  =  0.  (448) 

5.  II  a  JoacLimsOial'a  circle  toaoh  a  parabola  at  x'y',  the  chord  Joining 
tliis  to  the  icteiseetion,  different  from  the  vertex,  is  xjtc'  +  yly'  =  2,  and  its 
envelope  is 

j'  +  32Ba:  =  0.  (449) 

6.  If  x'y'  be  the  co-ordinates  ot  the  point  of  interseetion  T  of  two  tan- 
genta  to  a  parahola,  ic"y"  the  co-ordinates  of  iV",  the  intersection  of 
norraala 

x"  =  2fl  -  i'  +  y"^la,     s"  =  -  x'y'ja.  (450) 

For  if  Pi,  Ti  be  the  points  of  contact  on  the  parabola,  tbe  circle  on.  TN 
aa  diameter  paaaea  through  Pi,  Ps,  and  alao  the  Joachimsthal  oirole  of  N. 
Hance  PiPs  is  the  radical  aiia  of 

and  a'  +  j'=-(a:"+2fl)K-^-^=0, 

Hence  the  equation  of  P.Pa  is  t:  {?>'  -  2a)  +  y  (y-'ji  +  y')  -  x'x"  -  y'y"  =  0 ; 
but  PiPa  is  tbe  polar  of  T  with  respect  to  the  parabola.  Hence  its  equation 
is  yy'  —  2a{x  +  x') ;  and  comparing coefficienfa,  &c. 

7.  Two  normala  at  right  angles  intersect  on  the  parabola. 

jfl  =  «[a:-3B).  (461) 

8 .  Find  the  locus  of  the  intersection  of  normals  at  the  extremities  of  a 
chord  which  passea  through  a  given  point. 

Since  the  chord  passea  thraugh  a  given  point,  the  interaection  of  Hie 
tangents  will  bo  on  the  polar  of  the  point.  Hence  eliminating  i:'y'  between 
this  polar  and  equation  (450),  we  get  the  required  locus. 

9.  If  normals  at  xiyi,  xtyi,  x^ys  be  concurrent, 

(^1  -  a:s)/sa  +  {x,  -  i!s)ln  +  (rj  -  Xi)lyi  -  0.  (452) 

10.  If  the  normd  at  ^  meet  the  parabola  again  at  $',  then 

tan  f  (fan  ^  +  tan  ^'j  -l-  2  =  0.  (453) 

11.  If  x'y'  be  the  co-ordinates  of  tbe  point  of  osculation,  the  co-oi'dinatea 
of  the  other  extreniitj  of  the  chord  of  osculation  are 

9^,    -3/.  (454) 
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12.  If  the  osculating  circle  a 
osculatmg  circle  at  F'  meet  it 
parabola 


neet  tlie  parabola  agaia  at  P,  and  tie 
II  at  P",  tlie  eiiyelope   of  FF"  ia  the 


25(/'  =  36m;  (455) 

and  tlio  locus  of  tlie  centroid  of  the  triangle  P'fP"  is' the  parabola 

39i/=  =  28Bi.  (456) 

13.  Stow  tliat  from,  aay  point  of  a  pai^liola,  beeides  the  normal  [at  fte 
point,  two  othera  can  be  drawn;  find  the  envelope  of  the  chord  joining  their 
feet  and  the  locus  of  its  pole. 

169.  To  find  the  polar  equation  of  the  parabola,  the  focus  being 
pole. 

Let  8  be  the  focus    P  any  point  in 
the  parabola    thea  len  ting  the  angle 
OSP  (in  Astronomy  f-alled  the  true 
anomaly)  by  6    and  SI  by  p.     Since  j 
SP=PN^  0M=  la  -  HM,   we  have 

p  =  2fl  ~  p  cos  ^  ; 


2« 


1  + 


fk&.     («7) 


which  is  the  required  equation. 

Cor.  1.— If  P8  produced  meet  the  ouctc  again  in  P', 

FP' =  ia  coaec?  $.  (458) 

Cor.  3.—  PS.SP'^PP'  .a.  (459) 

Cor.  S.^The  polar  equation  of  the  tangent  at  the    point 

whose  angular  co-oiiSinate  is  a,  is 


2« 


.s(6-a). 


(460) 


For  this  will  be  satisfied  if  we  make  0  =  a;  and  for  other  values 
of  8,  the  value  of  p  derived  from  this  equation  is  greater  than 
the  corresponding  value  obtained  from  the  equation  of  the  curve 
Hence,  except  at  the  point  a,  the  line  (460)  does  not  meet  the 
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Cor.  4. — The  polar  equation  of  tlie  normal  at  the  point  a  is 

for  if  we  mate  9  =  a,  we  get  p  =  a  sec?  ^a.  Hence  the  lino 
passes  througli  the  point  a.  Again,  if  we  make  6  =  x,  wo  get 
the  same  value  ioT  p.  Ifow,  the  foeal  vector  of  the  foot  o£  the 
normal  is  equal  to  that  of  the  point  of  contact  (j  165,  Cor.  2). 
Hence  the  line  (461)  passes  thi-ongh  two  points  on  the  normal, 
and  therefore  must  coincide  with  it. 

Cor.  5.  The  intrinsic  angle  at  any  point  of  a  parahola  is  half 
the  polar  amgle. 

Cor.  6. — The  polar  co-ordinates  of  the  intersection  of  tan- 
gents at  the  points  whose  intriasio  angles  are  <j)',  <ft",  are 

p  =  (S  seci^'  sec  ^",     6  =  tj>'  +  ^".  (462) 

EXKBCISES. 


.   Find  the  polai-  co-ordinates  of  the  interseetion  of  tangonts  at  tlie  points 

ise  angular  co-ordinates  aro  («  +  0),  (a  ~  ,0), 

■-  Tlie  eqiiation  of  the  chord  joining  the  points  (a  +  ,8),   {a  -  ,3)  is 


3.  If  ifp],  ^2,  ^s  bo  the  intrinsic  angles  of  tljree  points  on  a  parahola,  the 
eircumoircle  of  the  triangle  formed  hy  tho  tangents  at  ipj,  $s,  tpi  is 

p  cos  ,fii  cos  rpa  cos  (f.3  =  B  COS  {e-fi +  ■!■■.!  +  H'  i^^^) 

maliC  use  of  (4G!).  (Ritchie.) 

i.  If  0,,  Oa,  Os,  Oi  ho  the  ciroumeenti-es  of  the  four  triangles  formed  by 
the  tangents  at  ^i,  i(is,  <pi,  fi  the  points  Oi,  Oi,  Os,  Oi  are  on  tho  circle 
passing  thimigh  the  focus 

2p  COS  ^1  cos  ^j  COS  !p3  cos  ^j  =  B  cos  (fl  -  ^i4-  ifij+?>!+  -t-i).      (*e5) 
[Ibid.) 
The  eo-orainates  of  0^  ai-e 
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5.  If  ^1,  ^2,  if>3,  pi,  ^6  1)6  the  intriiieic  angles  of  five  points,  O'l,  O's,  O's, 
O'i,  O'b  tlia  centres  of  five  circles  determiiied,  aa  in  En.  4,  by  the  tangents 
at  $],  (/i;,  &c.,  taken  four  by  four,  the  poinU  O'l,  O'j,  &c.,  are  on  the 

4p  WS  $1  cos  ^  cos  ^J  cos  ^4  C0S.Jl5=  (1  COS  (9  -  ^1  +  ^  +  $s  +  ?il  +  flJt).    (466) 

(/iW.) 

6.  Tangents  at  two  points  P,  F  meet  the  axis  in  the  points  T,  T  ;  prove 

rr'=  SF-SF'. 

7.  The  polar  equation  of  flie  circle  which  touches  the  parabola  at  the 
point  whose  intrinsic  angle  is  a  is 

,<,..■,..«).  (1-3,).  (117) 

3.  If  h,  h,  bo  the  lengths  of  two  tangents  to  a  parabola,  ^  their  con- 


tained  angle,  then  h^  +  h^  +  2hh 
9,  If  p,  p'  be  the  radii  of  curi 


(i6S) 
ctremities  of  a  focal  chord,. 
p-!4-p'-|  =  (2<i)-3.  (469) 

170.  To  Jind  the  length  of  a  line  drainn  from  a  gwen  point  in  a 
given  direction  to  meet  the  parabola. 

Let  0  be  the  givea  poiat,  OF  the  givea  direction,  and  let  the 
rectangular  co-ordinates  of  0,  P  be  x'y',  xy  respectively  ;  tton 
denoting  OP  by  p,  we  have 

a:  =  a'  +  pcos^,     y  =  2/'+psinfl. 

Substituting  these  Talues  in  the  equation 


p'  sin'  fl  +  2  {^  sin  S  -  2«  cos  e)p 

+  !/™-4(ja/=0,  (470) 

a  quadi'atic  whose  roots  are  the  values 

required.     If  the  roots  of  this  equation 

be  /),,  Pi,  and  if  OP  meet  the  curve  again  in  P\  wc  may 

put  OP  =  pi,  OP"  =  p,. 

Cor.  1. — If  PP  be  bisected  in  0,  we  have  pi  =  -  p^,  and  the 
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co-efficient  of  the  seconcl  term  ia  (470)  is  aero.  Heace,  if  &  "be 
constant  aad  y'  variable,  we  see  that  the  locus  oi  the  middle 
points  of  a  system  of  parallel  chords  ia  the  line  y  =  2(i  cot  6 
(Comp.  j  163.)  (470) 

Cor.  2. — The    product  of  the  roots   of   ec|uation    (470)    is 
()/''  -  400!')  ecsec"  0.     Hence 

OP .  OP'  =  {y'^  -  iasf)  cosco'  6. 
Similarly,  if  another  chord  Q^  be  drawn  through  0,  making 
an  anglo  6'  with  the  axis,  we  hare 

OQ .  OQ'  =  {)y  -  iax')  coseo^  $'. 
Hence 

OP.  OP':  OQ.  OQ':;co3ec=£':cosec=£l'. 


1.  If  AX,  A'X'  be  two  diamelers  of  a  parabola,  0,  O  any  two  poirtta  in 
them,  TF,  QQ'  parallel  chords  through  0,  0'  ceBpeotiyely, 

AO:  J: 0- :  :  OF .  or :  0' Q  .  0' Q' . 

2.  If  TE,  TFte  two  tangents,  S  the  foons, 

3.  If  c,  c  he  the  lengths  of  focal  uhords  parallel  respectively  to  TR,  TV, 

TS':T7^::c:<{. 

4.  If  a  chord  PF  through  the  point  ^  of  a  parabola  make  an  angle  i^ 
with  the  tangent  at  ^,  and  an  angle  9  with 


Let  FT,  FT  be  the  tangents  si,  F  F  ;  and 
dcee  the  angle  ^rPia  the  complement  of 
■f ,  we  have 

wi-^:conp::MT(o^2AM):MF\ 
tha-efore        MF  nia^  =  2  AM  eaa  ip. 
Again,  if  S  be  the  focns, 

iAS  .  AM  =  MF^  ;     (4  164.) 
therefore  2AS.si.d.^  =  MF 
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..».=■.. 

[j  164,  C«r.  I.) 

'■''"»■»■«. 

im) 

Koace 

5.  If  througii  any  jioint  $  on  a  paialoia  be  drawn  tivo  cliords  moking 
angles  if,  if'  witli  tlie  tangent  at  iji ;  then,  if  c,  c"  be  their  lengths,  6,  6'  their 
direction  angles, 

£in.f-;sinf  ::csin'fl:/9in'e'.  (472) 

171.  If  y^,  It,  V  denote  the  perpendioulars  from  the  suntmits 
of  a  circwnserihed  triangle  on  my  iangefd  to  a  parabola,  and  if 
iji',  <!>",  ^"'  he  the  points  of  contact  of  its  sides, 

taa  <b'  -  tan  6"      tan  A"  -  tn-n  A'"     tart  d>"'  -  taa  4>' 
Z_^ r_  +  — 2l__ 1—  +  -  ■■■^-    . .   -  -L  =  0  ; 

(473) 

for  the  equation  of  any  tangent  ia  a^-jitani^  +  fl  tan'  0  =  0; 

and  A,  being  tie  perpendicular  on  this  from  the  intersection  of 

tangents  at  0',  0",  we  have 

\  =  ii  cos  0  (tan  0  -  tan  0')  (tan  0  -  tan  0") ; 

thDrefore 

tan  ^'  -  tan  0"  1       (  1  11 

A  (tcos<]li  (tan  0- tan  0'      tan  0  -  tan  i^" j ' 

with  similar  values  for 

tan  0"  —  tan  0'"      tan  0'"  —  tan  0' 
^  '  i-  - 

and  those  added  vanish  identically.  Hcnoo  the  proposition  is 
proved. 

Cor.  1. — If  ifi  y",  y'"  denote  the  ordinates  of  the  points  of 
contact  of  the  parahola  with  the  sides  of  the  triangle, 

?^'  +  ?;^^'  +  ''--=''.0.  (474) 
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Cor.  2. — In  like  manner,  if  a  polygon  of  any  number  of  aidoa 
be  circumscribed  to  a  parabola, 


Cor.  3. — If  the  co-ordinates  of  the  summits  be  o.'ji\  a"^",  &c., 
it  is  easy  to  see  tliat 

v^/3"  -  4(ia'  =  a  (tan  </>'  -  tan  <^") . 
But  jS"  -  4aa'  is  the  power  of  the  point  a'/l'  with  respect  to  the 
parabola.    Hence  \/^'^  -  4ifo'  may  be  denoted  by  ^/S'.    Hence 

y^+^t-^*&c..O,  (476) 

for  any  circumscribed  polygon. 

Cor.  4. — If  a  circnmseribed  polygon  consist  of  an  odd  number 
of  sides,  j/'y",  &o.,  it  can  be  expressed  in  terms  of  the  ordinates 
of  its  summits  ;  thus,  in  the  case  of  a  triangle,  if  j3',  ^",  &a.,  be 
the  ordinates  of  the  summits,  we  get,  instead  of  (474),  the 
et^nation 

fLJ:,rzi:,ELiE.„.        (477) 

X  It.  V 

Cor.  5. — The  perpendiculars  from  the  points  iji',  if>"  on  the 
tangent  at  >t>  are 

a  cos  c/.(tani^  -  tan^')',     «  oos^(tan^  -  tan^")'; 
and  the  perpendicular  from  the  point  of  intersection  of  tangents 

a  aos  ip  (tan  (j>  -  taii^')(tan^  -  tan^")- 
Hence  we  have  the  following  theorem — Fh$  perpendicular  from 
an  external  point  M  on  any  tangent  to  the  parabola  is  a  mean 
proportional  between  the  perpendiculws  on  the  seme  tangent  from 
the  points  where  the  polar  of  R  meets  the  parabola. 

Cor.  6. — From  Cor.  5  we  hare  immediately  the  ioUowing 
theorem  '.—If  a  quadrilateral  eiroumscribe  a  parabola,  the  product 
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ofthepsrpitidicul'arsfi-om  the  sxtremttms  of  one  of  its  three  diagonals 
on  anff  tangent  is  eq-ml  to  the  produai  of  the  perpendicul<^i  on 
the  same  tangent  from  the  evtiemities  of  either  of  the  remaining 
dtaqnnnh 

Exercises  on  the  Parabola 

1.  Find  the  pol.ir  equation  of  the  parabola,  the  vertex  being  the  pole. 

2.  Whatia  the  iatrinsio  ungle  at  either  eilremity  of  the  latua  rectum? 

3.  What  ia  the  equation  of  the  tangent  at  an   extrsmitj  of  tlie  latua 

4.  AB,   CD  are  two  rectangular  diameters  of  a  circle.     Through  A 
ohotd  AF^  drawn,  meeting  CD  ia  E,  and  through  J',  JEXis  drawn  parallel 
to  AB  meeting  BF  in  K ;  prove  that  the  ioous  of  X  is  a  parabola. 

5.  Fiad  lie  equation  of  the  normal  at  (be  estjemity  of  the  latus  reatEim 

6.  In.  the  figure,  §  169,  prove  that  tiie  points  ?',  A,  .Yare  collinear. 

7.  If  the  ordinates  of  thi'ee  points  on  a  parabola  be  in  geometiioal  pro 
greBsion,  pvove  that  the  pole  of  the  line  joining  the  first  and  third  lies 
the  ordijiate  through  the  second. 

8.  If  from  a  point  0  whose  abscissa  is  a  a  perpendicular  be  let  fail  on 
the  polar  of  0,  if  this  meet  the  polar  in  R  and  the  axis  in  G, 


9.  If  two  equal  parabola  have  a  common  asia,  hut  difi'erent  Tertices,  the 
tangent  to  the  interior,  and  bounded  by  the  exterior,  is  bisected  at  the  point 
of  contact. 

10.  Prove  that  the  locus  of  the  pole  of  a  chord  which  subtends  a  right 
angle  at  the  point  hk  is 

aa"- V+  (4«H  'iik)3;  -  2B%  +  fl[S=  +  /;')  =  0.  (478) 

The  condition  that  the  eilremities  of  the  chord  joinicg  the  points  <p\  -fi  ' 
may  subtend  a  light  angle  at  the  point  hk  is 

{!i  ~  at''')  [h  -  an)  +  {k~  2Bf){k  -  2at")  =  0 ; 
and  the  co-ordinates  of  the  polo  of  the  chord  are 

Henee  eliminating  (',  ("  wo  get  the  required  equation. 
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11.  H  from  any  point  in  the  line  a;  =  a'  tangente  be  drown  to  a  parabola, 
the  product  of  their  direction  tangents  ^  u  ^  it'.  (479) 

12.  Find  the  locus  of  the  interaection  of  tangents  at  the  points  <))',  ^", 
if  tan  ^'  =  ^  fan^".  Ans.  J^  =  f^i  +  ^-hfatc.         (4S0) 

IS.  Prove  that  the  equation  of  the  chord  whose  middle  point  ia  hh  ia 

k(y-k)  =  2ri{x~h).  (481) 

14.  If  a  chord  of  a  parabola  aubtend  a  right  angle  at  the  yertes  the  locua 
of  itB  middle  point  ie  j"  =  2a  (a:  -  ia).  (182) 

15.  The  area  of  the  triangle  foimed  by  tangents  at  the  points  <p',  ip" 
and  their  chord  of  contact  is 

^  (tanip'-  tan^")3.  (4S3) 

16.  If  a  variable  circle  touei.  a  fixed  oirole  and  a  fixed  line,  the  locus  of 
its  centre  is  a  parabola. 

17.  If  the  diffei'ence  between,  the  ordinates  of  two  points  on.  a  parabola  be 
given,  the  locus  of  the  intersectioo  of  fongente  at  these  points  is  an  equal 
parabola. 

IS.  If  two  tangents  to  a  parabola  from  a  Taiiable  point  T  include  an 
angle  9,  prove,  if  She  the  focus,  TJfa  peipendicuJai  on  tte  diieetjis, 

Pff=SP  COS  9.  (484) 

IB.  The  area  of  the  triangle  formed  by  the  points  p',  <fi"  and  the  focus  is 

fl^  (tan  f'  -  tan  ^")  (I  +  tan  ^'  tan  p").  (485) 

20.  A  triangle  ^5 C  is  inaoribad  in  a  parabola  whose  focus  is  F;  show 
that  one  of  tb©  circles  touching  the  perpendicular  bisectors  of  Fji,  FB,  FG 
passes  through  the  oircumcenlre  of  the  triangle  ABC.  (E.  A.  Eobehts.) 
I*t  ft  '■(I  ''!>  ''3  be  tie  distances  of  a  point  -P  from  F,  A,  B,  C,  respec- 
tively,  and  0,87  the  co-ordinates  of  F  with  respect  to  the  triangle  formed  by 
the  perpendiculars  to  FA,  FB,  FG  at  their  middle  points.  Then  we  hare, 
evidently, 

p=  -  r^  =  2FA  .  0  =  2fl  sec^  ^1 .  a. 

a  =  cOs=*i(p^-n')/2«. 
Similarly, 

B  =  00s'  4„  (p=  -  .■,')/2a,     y  =  cos»-f,3  [f'  -  r3^)/2«. 

How,  the  equation  of  a  circle  touching  aSj  is 

cos|  (St)  -/o  +  cosi  (7a)  v^e  +  cos  J  (i^j  -/y  =  0. 
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Ilenco,  by  euhatitution,  we  ge( 

alu (^a  -  ^3)  cos  ^,  v'^^W  +  aiu  (^!  -  *i)  c03  f.!-/f^-  r.,^ 

+  sill  (^1  -  ^j)  COS  <fi3  a/p^  -  f-a^  =  0, 

but  if  i'  bo  the  circumcentre  of  the  triangle  ASG,  n^rs-  '■3,  and  we  get 

Bin  (^2  -  ^3)  coa  ^i  +  sin  (^a-'f'i)  cos^a  +  eio  ((ii --j-j)  eoafi3  =  0, 
which  ie  true. 

21.  The  co-ordinates  of  tbe  centroid  of  a  triangle  ABC  inacribed  in  the 
parabola  y'  =  iax  are  a,  B ',  show  that  tbe  co-ordinates  of  tbe  centroid  of  the 
triangle  formed  by  the  tangents  at  A,  B,  C  are 

^^s/""'  ^-  '^^'''■'    '*^^' 

22  If  a  series  of  circles  S,  St  Si,  Sa,  S:e  ,  toneh  each  other  conseouliTely 
along  tha  asii  ot  a  pirabola,  then,  if  the  firot  he  the  orcle  of  onrvatuie 
of  tbe  paiaboli  at  tbe  vertex,  and  tba  otbora  have  eiub  double  contact 
with  the  paraboli,  piove  that  then  diameters  are  proportional  to  the  odd 
ntimbeis  I    3,  6,  4li, 

23.  If  p,  p  be  two  radu  Toctores  of  a  parabola  from  the  yertei  at  right 
angles  to  each  other,  prove  pip'!  =  16a»  (pS  +  p'S).  [487) 

24 .  Tbe  perpendicular  from  tbe  focus  on  any  chord  of  a  parabola  naeets 
the  diameter  which  bisects  that  chord  on  the  directrix. 

25.  If  from  any  two  pointa  <p',  iji"  of  a  parabola  perpendiculars  be  drawtt 
to  tbe  directrix,  the  intersection  of  tangents  at  $',  ip"  is  the  centre  of  a 
circle  through  the  focus  and  feet  of  tbe  perpendiculars. 

26.  If  from  any  point  F  3  perpendicular  FQ  to  the  axis  meet  tbe  polar  of 
P  in  Ji,  find  the  locus  oiF,iiFQ.FX  be  constant. 

Alts.  A  parahcdo. 

27.  Find  the  circle  whose  diameter  is  the  intercept  which  y'  -  iax  =  0 
makes  on  the  line  g  =  ma:  +  «. 

Ans.  ns'(i=-i-s^)  +  2(m«-2ii)a:-4a«!j(-|-4om»-l-M==0.      (488) 

28.  If  SJbe  the  perpendicular  from  the  focus  of  a  parabola  on  the  normal 
at  any  point,  find  the  locus  of  L. 

29.  If  a  chord  of  a  parabola  be  bisected  by  a  fixed  double  ordinate  to  the 
alia,  the  locus  of  tbe  pole  of  the  chord  is  aiiolher  parabola. 

30.  If  in  the  equation  w  =  ^,  ui  and  a  denote  complex  variables,  prove, 
if  ji  describes  a  right  line,  that  le  describes  a  parabola. 
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31.  Two  chorda  from  tlie  Terteic  to  points  iji',  ^"  of  a  paraliola  make  an. 
intercept  on.  tte  directiix,  which  is  bieected  by  the  join  of  the  vertci  to  the 
inlerseclion  of  tangents  at  -p',  </)". 

32.  Two  fixed  tangents  to  a  parabola  arc  cut  proportionally  by  any 
Tariable  taogent. 

33.  If  pi,  pa,  p3  be  tie  focal  vectors  of  three  poliita,  ^i,  tjii,  ip'j  of  a  para- 
bola, tbea 

S3mHi'W/V^  =  0.  (Keubero.)     (489) 

3  (pipa)  =  (f'l  -  "fa)    11^3    pi  =  a  se'i' 1m. 
Hence,  by  Butstitution  we  get 

2  sin  (^1  -  *d  cos  $3  =  0, 
which  is  true. 

34.  In  the  Eame  case,  pro^e  that 

B  =  2pipjp3sinJ(|)ip!)  einJ(p3pa)E!iiJ[pipil/2pjp3  3in((iipi). 

(Ibiil.)     (490) 

35.  AB  is  a  focal  thord,  and  AM,  BM  are  respectively  parallel  and 
perpendicular  to  the  axis.  If  N  be  the  foot  of  the  nornial  at  B,  MN  is 
perpendicular  to  BN.  (Buooabd,) 

36.  Trisect  an  arc  of  a  circle  by  means  of  a  parabola. 

37-  The  raflieal  asis  of  two  circles  whose  diameters  are  any  two  chords 
int«iaecliijg  on  the  axis  of  a  parabola  passea  through  the  vertex. 

38.  A  coasal  Ejstcm.  of  circles,  having  two  real  points  of  intecsectioii, 
are  intersected  by  two  chords  passing  through  one  of  these  points.  In  two 
aystema  of  points  F,  F,  P",  &c.  ;  Q,  Q',  G",  &c.,  prove  that  the  chords 
FQ,  FQ',  F"Q",  &o.,  are  all  tangents  to  a  parabola. 

39.  £0,  the  peipendieular  at  the  middle  point  i  of  a  focal  chord,  meeta 
the  axis  iu  0.  Prove  that  SO,  LO  arc  the  arithmetic  and  the  geometric 
means  of  the  focal  segrnents  of  the  chord. 

40.  If  V  be  the  intercept  which  a  tangent  fo  a  parabola  makes  on  tha  axJa 
of  y,  and  i/j  the  angle  it  maies  with  it,  prove  that  »■  =  o  tan  ^  is  a  tangentiid 
equation  of  tha  parabola. 

41.  If  two  circles  touch  a  parabola  at  the  ends  of  a  focal  chord,  and  pass 
through  the  focus,  they  cut  orthogonally ;  also  the  locus  of  their  second 

a  circle, 
le  the  direction  angle  of  the  focal  chord,  the  polar  eq^uations  of  the 

psin=«  =  flsin(3a-e),  (491) 

pcosSa  =  -«co3(3tt-e).  (493) 
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The  locus  of  their  second  point  of  mtereeotion  is 

p'  -  ap  eoB  e  -  2a=  =  0.  (493) 

42.  GiTB  a  geometrieal  conatmction  for  drawing  a  tangent  to  a  parnbola 
from  aa  ei;t«niai  point. 

43.  li  S  te  the  cireumradiuB  of  a  triangle  A£G  inscribed  in  a  parabola, 
whose  side  AS  makes  am  angle  9  n-ith  the  axis,  prove 

a  =  Saae.sin(e-A)  sin  {9  +  £).  (494) 

44.  If  pi,  pi,  p3  be  the  distancee  from  the  fodUS  to  the  Bummita  of  a 
circumBcribed  triangle,  then,  if  J2  be  the  cironmradins  of  tile  triangle,  prove 
that 

4b  =  pipipijS^-  (495) 

45.  If  ASC  he  a  triangle  inscribed  in  a  parabola,  A',  B",  C  the  poles  of 
BG,  CA,  AB,  respectively,  prove  tlat  the  ciieumccotreB  of  the  triangles 
A'BG,  AJI'C,  ABC,  and  the  focus  are  conojdic. 

46.  The  area  of  the  parabolic  Eegment  cut  o£F  by  any  chord  is  two-thirds 
of  the  triangle  formed  by  the  chord  and  the  tangents  at  its  oitremities. 

47.  Prove  that  the  angle  of  inlsrscction  oif-im^Q,  £■  -  ihy  =  0,  is 

"'  |2(«i  +  i!)i' 

48.  If  the  normal  at  a  point  ^  on  a  parabola  meet  the  aiis  in  K,  tlie 
envulope  of  the  parallel  through  K  to  the  tangent  at  $  is  a  parabola. 

49.  If  the  sum  of  the  absoiasfc  of  two  points  on  a  parabola  be  given,  Ihe 
locus  of  the  intersection  of  the  tangents  at  the  points  is  a  parabola. 

60.  If  from  the  verf«x  ^  of  a  parabola  a  perpendicular  AP  be  drawn  to 
any  tangent,  the  locus  of  the  point  inverse  to  F,  with  respect  to  a  circle 
whose  centre  is  A,  is  a  parabola. 

51.  Pind  the  locus  of  a  point  P,  if  tte  normals  corresponding  \o  the 
tangent3fromPmeetontheliae.^a:  +  %+  C=0.  (497) 

Am.  Ay'  -  Bxy  -  Aax  t  ia^A  +  aC=  0. 

52.  If  normals  be  drawn  from  the  point  n'y'  to  the  parabola,  pi-ove  that 
the  circumdrcle  of  tha  triangle  formed  by  the  corresponding  tangents  is 

(^  -  «)  (a  +  a'  -  2fl)  +  J,  (j  +  v')  =  0-  (*98) 

63.  Two  parabolie,  S,  S",  have  a  common  focus,  parameter,  and  aies, 
their  vertices  being  on  opposite  sides  of  the  focus  ;  show  that  if  from  any 
point  on  S  two  tangents  be  drawn  to  ff,  the  circimieirole  of  the  tiiangle 
formed  by  these  tangents  and  their  chord  of  contact  touches  S'. 

[F.  PURSEE.) 


(196) 
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64.  Two  equal  parabolfo,  S,  S',  have  coincident  asee,  wJiich  have  tho 
same  direction,  while  the  focus  J'  of  S  is  the  Tertei  of  S",  Show  tl:«t  if  P 
be  a  point  on  S",  lie  chord  of  S  through  P,  which  passes  tlirougli  F,  is  the 
minimum  chord  through  F. 

(Ibid.) 

o5.  If  ti,  k,  fi,  ii  denote  the  tangents  of  half  the  inclinations  to  the  asis 
of  four  concyclic  tangents  to  a  parahola,  (1(1(3(4  =  !.     {NBfHEEQ.)     (499) 

Def.^ — Fvur  lines  are  said  to  be  consi/olie  wAm  thif/  touch  the  same  circle. 

The  tangent  at  the  point  ^  to  a  parabola  ia  ic  —  y  Ian  ^  +  n  tan'^  =  0  ;  if 
this  touch  the  circle  {a  —  a]'  +  (j/  -  fij'  =5'  the  perpendicular  on  it  from,  the 
point  aS  is  equal  to  S.     Hence  we  get 

a  cos^  ^  -  e  sin  ifp  cos  ^  +  fl  sin'  ^  =  iJ  cos  ip. 
Now,  putting 


a(*  -  2  (.B  -  ,8]  (3  +  2  (2a  -  0)  f=  ~  2  (j;  +  ,0)  (  +  0  =  0. 
In  this  equation  the  roots  are  (1,  ti,  (a,  (1.    Hence  the  proposition  is  proved. 

66.  If  a  circle  osculates  a  parabola,  and  if  29  he  the  inclination  of  the 
tangent  at  the  point  of  osculation,  and  2^1,  of  the  other  common  tangent, 

tanfliEcot'fl.  {Ibid.)    (500) 

67.  The  diameter  of  the  circle  inscribed  in  the  quadrilateral  formed  by 
ooncydic  tangents  of  a  pai'obula  is  equal  to  the  sum  of  the  perpendiculars 
from  the  focus  on  the  tangents.  {Ibid.) 

For  the  equation  in  (  gives 

2  tan  fl  =  2  (.fl  -  B)!",     2  cot  9  =  2  (.ff  +  5)/«. 
Hence,  by  addition, 

iEja  =  2  (cot  6  +  tan  9)  =  22  ceaec  29  =  22  seo  ^ ; 

.■.  2id  =  Sa  see^  =  sum  of  perpendiculars. 

58.  The  ordinate  of  the  centre  of  the  circle  is  the  arithmetic  mean  of  the 
sum  of  the  ordinates  of  the  points  of  contact  on  the  parabola.  (/iirf.) 

59.  If  Hi,  JJs,  Ml,  Si  be  the  radii  of  curvature  at  the  points  of  contact 
with  the  parabola  of  cone  jolic  tangents, 

2*  Ji  =  fl»(Si^  +  .gja  +  iia5  + J!4^).         {Ibid.)     (601) 
For  Si  =  2b  eeo'^i,  equation  (441). 

Hence,  o  sec  ^1  =  {a'S,l2)i,  &c. 

CO.  If  four  circles  osculate  at  the  points  of  contact  of  coney clic  tangents, 
the  other  common  tangents  of  these  circles  and  the  parabola  arc  coney  die. 
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CHAPTER    VI. 

THE  ELLIPSE. 

172.  Dep.  I. — Being  given  in  position  a  point  S, 
NN'.    The  loeus  of  a  variable 
point  P,  whose  dutanee  front  j^  _ 
B  has  to  its  perpendioular  dts 
tancefromlfN  a  gwen  raho 
e,  less  thtm  limty  ts  calUi  an  ( 

ELLIPSE. 

Bbf.  u. — The  point  &   n 
called    the    focc      the     li%e  -^ 
NN'     the     HREciHix      atid      ' 
the  ratio  e  the  EccETCHioirr  of  the  ellipse. 

173.  To  find  the  equation  of  the  ellipse. 

1°.  Take  tte  tocui  it,  origin  and  tlio  line  throngli  8  per- 
pendicular to  the  diiectrix  as  the  axis  of  x,  and  a  parallel  to 
the  directrix  thiough  8  as  the  axis  of  y ;  also  denote  the 
perpendicular  SO  from  S  on  the  directrix  by  /;  then,  if 
the  eo-grdinatea  8M,  MP  ho  xy,  we  have  8P-  ^  x' +  ■y'^, 
PN=-x:^f;  but(I)BF.i.)SPvPiV=e;  therefore 


equation. 


(502) 


leen  that  equation  (503)  includes  the  thre. 
a  ieaa  than  unity,  it  lepresents  an  ellipse 
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when  equal  fo  unity,  a  parabola;  and  wi.eo  greater,  a  hyperbola.  Also 
tie  general  equation  tra'  +  Ihxy  +  by''  +  217a:  +  Ify  +  0  =  0  may  oTtviously 
te  written  in  the  form  (x  -  af  +  {'J  -  J3)'  -  {Ix  +  my  +  ti)';  for,  ty 
expanding  and  oompaiing  coefficients,  wa  should  obtain  a  sufficient  number 
of  equations  to  determine  a,  $,  &o.,  in  terms  o£  tbe  coefScients  of  the  general 
equation.  And  it  is  efident  that  (j:  ~  a)'  +  {y  —  B)^  =  [te  +  mi/  +  n)^  can 
by  transformation  be  veduccd  to  the  form  (503). 


2°.  If  in  (502)  we  pi.t  IK  =  ^  +  --—,, 

^'*&.^A>- 

(I.) 

Hence,  i£  C  be  the  new  origin, 

-=1=^- 

(n.) 

Now,  putting  2/  =  0  in  (i.),  we  get 

ff 

giving  for  x  two  values,  equal  in  magnitude, 

but  of  opposite 

signs.     Hence,  denoting  tlio  points  where  tiic 

,   ellipse 

meets 

the  axis  of  x  by  A,  A',  we  have 

fj'.^jL     nj._^, 

therefore   AC  =  CA',  and    tbe    line  AA'    is   bisected   in  C. 
Hence,  denoting  AA'  by  ia,  we  have 

Again,    putting  k  =  0,    and    denoting   the    points   where   the 
ellipse  cuts  the  axis  of  y  by  S,  B',  we  get  in  the  same  manner 

Hence   BB'  is  bisected  in   O ;  and,  denoting  BB'  by  2J,  we 


(w,v  ("■) 
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Wow,  since  oijuatioa  (i.)  may  be  written 
(1  -  ej-^-  ,   (1  -  e^)f 

from  (ni,)  and  (iv.)  we  get 

J+^  =  l.  (503) 

This  is  the  standard  form,  of  the  equation  u£  the  ellipse 

Dbp.  HI. — The   lines  AjU,  BB'  are   lallid,    iespeohvely,    the 

TEAHSYEESE  axis  m.d  the  conjh&atb  axis  of  the  ellipse,  and  the 

pemt  C  the  centkb. 

Def.  rv.^ — The   double  ordinate  LL'  though  S  is  tailed  the 

lATUa    RECTUM    or    PAUiMBIEa. 

The  name  parameter  is  also  employed  by  mathcmafmanB  in  anothei  and 
a  widely-different  signification.  Hence,  to  avoid  confusion,  it  would  be 
liettec  to  distontinue  its  use  as  a  name  for  the  laim  lectiua 

174.  Tho  following  deductions  from  the  preoedina  equations 
are  very  important  r — 

1°.  ly'  =  a^{l-  e=),  from  (rn.)  and  (iv.) 

2°.  If  C8  be  denoted  hj  c,  v  =  ae,  from  (ii.)  and  (in.) 

1  -  ^  ^■'      I  -  e= 

4°.  b''  +  e'  =  a",  from  1°  and  2°. 

5°.   CS.CO  =  a\  from  2-=  and  3°. 

6°.  Xatua  Keetum  =  2ffl(l  -  ^).  Eor  in  equation  (502)  put 
iB  =  0,  and  we  get  SB  =  ef;  therefore  BB'  =  2ef  =  2»(1  -  e'), 
from  (ni.) 

1°.  From  1°  and  6°,  we  infer  that  the  traasverEe  axis  AA', 
the  conjugate  asis  BB',  and  the  latus  rectum  BB',  are  con- 
tinual proportionals. 

8°.  From  the  equation  (503)  it  is  evident  tliat  the  ellipse 
is  symmeirieal  with  reepeot  to  each  axis.  Hence,  if  we  make 
08'  H  SC,    the    point    8'  will   he    another   iocua.     Also,   if 


S".   C0=-,  for  (70=  C&■+/  =  -^+/  =  ■- 
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we  make  CO'  =  OC,  and  through  0'  draw  MM'  perpendiciilar 
to  the  transYerse  ajfis,  the  line  MM'  will  be  a  second  directrix, 
corresponding  to  the  second  focus. 

EXEBCISES. 

I.  Given  tbe  tase  of  a  triangle  and  Iho  sum  of  the  sides,  find  the  locus  of 
(he  Tei-tex. 

Let  SS'F  be  tie  triangle,  let  tlie  euih 
of  tli9  sides  equal  2o,  haJf  tie  base  =  c, 
and  xy  the  eo-ordinatea  of  P ;  then  SP 


("■) 


Thia  cleared  of  Tadioals  gives 


Hence  the  locus  is  an  ellipse,  having  the  esti-emities 

Cor.  1.—  S'P=a-ex. 

Tor  in  clearing  (i.)  of  radicals,  we  get 

tbat  is,  a  S'F  =  a^  -  lira; :  therefore  S'P  =  a 

Cor.  2.—  Si'=B  +  ac, 


(505) 


2.  Given  the  hase  of  a  tiiangle  and  tie  product  of  tie  tengentB  of  the 
hase  angles,  the  loons  of  the  vertex  is  an  ellipse. 

3.  Given  the  baee  and  the  sum  of  the  sides,  the  loona  of  the  centre  of  the 
insoribed.  circle  ia  on  ellipse. 

For  if  xy  denote  the  co-ordinat«  of  the  ineentre  of  SFS',  we  bave  the 
perimeter  =  2o  +  2o. 
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In  a  similar  way  it  may  lie  provod  that  the  locus  of  the  ceni 
escribed  circle,  which  touches  the  base  externally,  is  the  ellipao 


(S07) 


and  tie  loci  of  the  centres  of  the  oaorihed  circles  wMcl  touch  the  base 
produced  ai'S  tie  directrices  of  the  ellipBB  wtich  is  the  loeus  of  file  vertex. 

4.  MN  ia  a  parallel  to  the  diagonal  AC  of  a  fixed  rectangle  ABCB. 
AS  is  made  equal  to  AS ;  and  MM,  DN    ^  ^ 

joined ;  prove  that  the  locus  of  their  inter- 
section i>ia  an  ellipse.  (Pohlke.) 

6.  If  a  line  AB  of  given  length  elide 
between  two  rectDngulai  linos  OA,  OB, 
tie  locus  of  a  point  P  fixed  in  the  sliding 
line  is  an  ellipse.  Tor  let  ^P=*,  BP  =  a; 
then,  denoting  the  co-ordinates  of  i'hy  xp, 
and  the  angle  OAF  by  6,  we  have 

Hence,  eliminating  9  we  get 


6.  If  a  fixed  point  S,  Dnd  a  fixed  circle,  whose  .„ 
centre  is  0,  be  both  at  the  eame  side  of  a  fixed  line 
NN',  and  through  S  any  line  be  drawn  meeting  the 
circle  in  P,  and  IfN'  in  S.;  then  if  SO  be  joined, 
meeting  a  parallel  to  OP,  drawn  through  S  in  p,  the 
loeuB  of  ^  is  an  ellipse.  {Horcoyioh.) 

7.  Prove  that  the  radius  of  the  Boscomck  Circle, 
divided  by  the  distance  of  its  centre  from  the  fised  line, 
is  equal  to  the  ecconti-icity. 

8.  CiJ  is  a  fixed  diameter  of  a  given  circle,  An     K 
iked  pojjit  in  CB  produced.    Through  A  draw  any 
line  meeting  the  circle  in  B  and  E.    Join  CD  and  prodi 
CF  =  AE;  the  lootia  of  J  is  the  ellipse 


=  1. 


(SirW.  IIamiltoh.) 
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175.  To  express  the  oo-or4inates  of  a  point  P  o 
ABA'B'  in  terms  of  a  single  variable. 

Let  AA',  BB'  he  the  transverse  and  conjugate 
ellipse  upon  AA'  as  diameter  ; 
describe  tlie  circle  AP'A'.  Let 
P  be  any  point  of  the  ellipse, 
MP  its  ordinate;  produce  MP 
to  meet  the  circle  AP'A'  in  i". 
Join  OP",  and  denote  the  angle 
MOP'^j  <j>;  then,  since  0M=  w, 
OP"  =  a,  we  have  x  =  a  cos  <{>. 
This  value,  suhstituted  in  the 
equation  (503)  of  the  ellipse, 
gives  jr  =  b  siaip:  therefore  the 


■ordinates  of  P  are  a  cos  0, 


Dee. — The  circle  described  on  AA'  as  diameter  is  called  the 
AT7xmjiET  eirele  of  the  ellipse,   and  the  angle   ij>   l^^  eccentric 


"been  taken  from  Aafionomy ;  thfi  angle  tji  in.  that 
aoience  being  called  the  eccentric  anomaly. 

Cor.  1.— Since  Pi/ =  S  sin  ^,  and.  P'M  =  a  m«  <p, 

F'M  iPM-.-.a-.b.  (SOS) 

Hence  we  have  the  following  theorem  :^Th6  locus  of  a  point  J* 
■which  divides  an  ordinate  of  a  semicircle  in  a  given  ratio  is  an 
ellipse ;  or  again,  If  from  all  the  points  in  the  circumference  of  a 
eirele  in  one  plane  perpendiculars  be  let  fall  on  another  plane,  in- 
clined to  the  former  at  any  angle,  the  hem  of  their  feet  is  an  ellipse 
{called  THE  osTHocfOKiL  PEOJEcriOJT  or  ins  ciecle).  For  the 
diameter  of  the  circle  which  is  parallel  to  the  intersection  of  the 
planes  is  unaltered  by  projection ;  and  the  ordinates  of  the  circle 
perpendicular  to  this  line  are  projected  into  lines  having  a 
given  ratio  to  them. 
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Cor.  2. — If  through -P  the  line  FN  ha  drawn,  making  with 
the  transverse  axis  an  angle  equal  to  the  eccentric  aEglo,  PN'vs, 
equal  to  the  semi-conjugate  axis  h. 

C'or.  3.— iViV'=«-S.  (609) 

Cor.  4. — If  p  be  the  radius  vector  from  the  centre  to  any 
point  P  of  the  ellipse,  then 

p  =  (fa(^),  where  A{4>)  =  ■^/V-e'  siii=^.       (510) 
Observation. — If  the  equation  of  llio  ellipse  be  written  in  the  form 


EXEHCISES. 

1.  The  auxiliary  eirole  touches  tJie  eilipseat  the  two  points  A,  A' ;  hence 
it  haa  double  contact  with  it. 

2.  If  on  the  conjugate  axis  as  diameter  a  oirdo  be  described,  and  ordi- 
iLblrwnilUttlit  axthiii  fhllpe 

th        fth         1   as      i 

3  If        jl    d       t,    lin  ir    1      b       b        t  by      J-  pi  t 
p      11  1  t    th    b          b         t                   Ihi 

4  If        ir  I       11  in   d  th       f  d    bl     ts  d  am  t  y  point  m- 
arbly             fedwthth       Ihgirlbt      t         la        omf         e, 

des     h  11  pse 

F       f  J  b    tb    p  mt   C  tb  t       f    h    roll  I   Z     J       CF, 

dpd       tmtXini     d¥     h      L    V.         fidpint       th 

cumterence  of  X.     Heneo  when  Z  roUs  the  locus  of  each  is  a.  right  line ; 

thua  the  points  L,  M  describe  two  rectangular  diameters  of  the  circle  on 

wMoh  Z  rolls.    Hence,  Ex.  5,  page  20S,  the  locus  of  F  is  an  ellipse. 
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176,  The  loeus  of  the  •middU  points  of  a  system   of  parallel 
chords  of  an  ellipse  is  a  right  line. 

Let  PP'  be  a  chord  of  the  eUipse,  and  let  the  ecccEtric  angles 
oi   P,   P'  he   (a   +   P),   (a   -    ^) 
TOBpoctivcIy;  then  {§  31,  Ex.  3) 
the  equation  of  PP'  is 


(I.) 

Tfow,  it  is  evident  that  if  a  he  con- 
stant and  y5  variable,  PP'  wUl  be       ^ 
one  of  a  system  of  parallel  chords. 

Let  at,,  yt  be  the  co-ordinates  of  the  middle  point  of  PP\  then 
Tve  have 


.(.(-«+.. 

«(•-«] 

—  COS.  CO,  ft 

(.  +  «  +  .!■ 

i(—ffll 

.i.m-c«.ft 

Henee  S  sin  a .  a^i  -  a  cos  a .  yi  =  0 ; 

and  the  locus  of  the  middle  point  ia 

5Bina.*-acosa.j/  =  0.  (512) 

This  is  the  Une  Q.Q'. 

Cor.  1.— Let  PP'  he  the  diameter  parallel  to  fi" ;  then 
since  PP'  passes  through  the  origin,  its  equation  must  contaiu 
no  absolute  term.  Therefore  fi-om  (i.),  cos  ;8  =  0,  or  ^  =  90° ; 
Lenee  the  equation  of  PP'  is 

i  cos  a.  a;  +  is  sin  a.  5^  =  0.  (513) 

Cor.  2. — If  PP'  move  parallel  to  itself  until  tho  points  P, 
P'  become  consecutive,  then  PP'  will  become  the  tangent  at  Q, 
and  evidently  we  must  have  j8  =  0  ;  therefore  the  tangent  at  Q  is 

baoaa.x.i-asma.^  =  ai.  (514) 

Wow,  if  a/,  y'  be  the  co-ordinates  of  Q,  -we  have  a:' -  a  cos  a, 
y'  =  i  sia  a  ;  hence,  from  (514)  we  get  the  tangent  at  x'p', 
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Cor.  3. — If  the  angleB  -whicli  QQ',  RR'  mate  mtli  the  axis 
of  X  be  deuotei  by   $,  6',  respectively,  we  have  from  (512), 

tan  6  =  -  tan  a,     tan  $'  =  -  -  cot  a ; 

tan^.taa^'  =  -  -,■  (516) 

Since  tHs  remains  unaltered  by  tbe  intercbange  of  6  and  Q', 
it  follows  that,  if  two  diameters  QQ',  RR'  of  an  ollipse  ho  such 
that  the  first  bisects  chorda  parallel  to  the  second,  the  second 
also  bisects  chords  parallel  to  the  first. 

Dip, — Two  diameters  which  are  such  thai  each  liseeU  chords 
parallel  to  the  other  are  called  coirjtreATE  diameters. 

Cor.  4.— -Since  the  eccentric  angle  of  Q  is  a,  and  of  R 
a  +  -  {Cor.  1),  we  see  that  the  diSereace  between  the  eccen- 
tric angles  of  the  extremities  of  two  conjugate  s 
is  a  right  angle. 

Cor.  5. — If  x",  y"  denote  the  co-ordinates  of  R,  we  have 


but  «'  =  BcoBci,     (/'  =  5sina; 

therefore  x"  ^-r;^,    y"  =  -a;'.  (517) 

These  formuloa  are  due  to  Chasles. 

Cor.  6.— If  the  conjugate  semi-diameters    GQ,    CR  be  de- 
noted by  a',  V,  respectiTcly,  we  have 

a'^  =  x'^^  y'^  =a=cos=a  +  i'sin'a  =  J=  +  ^V  ;      (518) 
i'^  =  x"^-^y"^  =  (s'sinV  +  i^cosV  =  «=  -  e'j;'»;        (519) 
therefore  a"  +  S'=  =  a'  +  V;  (520) 

hence  the  sum  of  the  sc[uares  of  two  conjugate  semi-diamotera 
ia  constant. 
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Cor.  7. — The  tangent  at  Q  is  parallel  to  the  diameter  S,S!. 
Cor.  8.— The  area  of  the  triangle  QCR  =  i  {a/y"  -  a/'y'), 


=  i\ 


(521) 


3  the  area  of  the  parallelogram  QCS,T  is  cc[ual  to  ab. 
Hence  it  follows  that  the  area  of  the  parallelogram  formed  iy  the 
tangents  at  the  extremities  of  any  two  corrugate  diameters  of  an 
ellipse  is  constant. 

The  results  proved  in  Core.  6,  8  are  called,  respectiTcly,  the 
^st  and  second  theorem  of  Apollonihs. 


find  the  magnitude  and  direction  of  ita  axes. 

From  F  let  fall  the  perpendicular  FN  di 
FD^OQ;  join  OB,  md  on   OS  as  diaraete 


I   OP,  OQ  of  an  ellipse,  i 


its  centre  ;  join  FG,  cutting  the  circle  ii 
md  make  OS  =  EF,  and  OA  =  IF. 
•equii'eii. 
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=  Oi«  +  Pi)=  =  OF'  +  OQ^ ; 

that  is,  equal  to  tlio  aum  of  the  squares  of  tlte  eemi- conjugate  axes. 

OA.OB^FP.EP^I>P.NF=OQ.NP=^3xa\MoSi&oi  OFQE. 
nonce  [Core.  6,  8)  OA,  OB  are  the  Bemiasies  required. 

The  foregoing  beaulifiii  construction  is  due  to  Mannheim.  SBeiToiWJ.  An. 
de  Sfath.,  1857,  p.  188;  also  GeomHrie  Analytique,  tome  I,  p.  457,  par 

M.  Ci.  LONSOUAHPS. 

2.  Buing  given  the  transverse  and  conjugate  diameters  of  an  ellipse  to 
construct  a  pair  of  equicoajugata  diameters. 

3.  Prove  that  the  acute  angle  between,  a  pair  of  eqaioonjtigate  diometera 
ia  leea  than  the  angle  between  any  other  pair  of  conjugate  diameters. 


of  m,  ellipse  referred  to  a  pair  of 
of  lengths 


177.  To  find  the 
eor^ugate  diameters. 

Let  OP,  OD  le  two  soBii-eonjugate  diameti 
a',  V;  let  RS!  be  a  chord 
parallel  to  CD ;  thoa  RS  is  bi- 
sected tiy  CP  in  N.  Hence, 
denoting  CN,  NE  by  x,  y,  and 
the  eccentric  angles  of  R,  R'  by 
(a  +  ^),  (a  -  (3),  rcspectiToIy,  we 
hayo 


'J^=  < 

|,co,(.+ 

^-t^ 

!CC 

.-/)),.    (idn(«  + 

«  +  ( 

ism( 

:.-«)' 

1 

2 

1      i 

2 

i 

=  ( 

a?  cos'a  + 

i'sin' 

"a) 

OOi 

ffi.t'mn'll.    (S 

176, 

Cw. 

«■) 

In  like 

manner 

»■ 

.  J'ntf/S ; 

bence 

^ 

j  + 

V' 

=  1 .    (Compare  S 

i  156, 

3=.) 

(522) 

Cw.  1. — The  co-ordinates  of  any  point  on  an  ellipse  referred 
to  a  pair  of  conjugatG  diameters  can  be  represented  by 

«'cos/3,    l'sm/3.  (523) 
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Cor.  2. — The  equation  of  tho  tangont  to  an  ellipse  referred 
to  a  pair  of  conjugate  diameters  is 

;::  +  »:.,,  or^  +  yjEL?.,.     (534, 

Cor.  3, — If  the  tangent  at  JH  meet  CP  produced  in  T, 

CN.OT=CP^;  (525) 

for  the  tangent  at  5  13  — -  +  -jj-  =  1  ;  and  putting  y  -  0,  we 
get  XX'  =  A  or    CM.  OT  =  CP\ 

Cor.  4.— The  tangents  at  the  cxtremitiea  of  any  double  ordi- 
nate BR'  meet  its  diameter  produced  in  the  samo  point. 

Cor.  5. — The  line  joining  the  centre  to  the  intersection  o£ 
two  tangents  bisects  their  chord  of  contact. 

EXERCISES. 

1.  If  AS  be  any  diameter  of  aa  ellipse,  AE,  BS  tangenU  at  its  estremi- 
tics,  meetijig  anj  tMrd  tangent  BD  in    „ 
E  and  -D,  prove  that  JE.B. 
of  eemi-diamiitcr  conjugate  to  AB. 

Tor  denoting  AC  and  its  conjugate 


ion  of  ED  is 


(Equation  (634).) 
Henoe,   denoting  AE,  BD  by  y\,  yi, 
respeotively,  we  have,  aubstituting  -  a',  +  «',  respectively,  for  x, 

Sis;a3  =  S'(14eosB], 

yj£iii^  =  i'(l-cOsB}; 
Iienoa  J/i  J*:!  =  ^'^- 

2.  If  CD,  CE  te  drawn  interaectiag  tho  ellipao  in  B',  S',  prove 
OS',  CE'  are  oonjugate  aemi- diameters. 

3.  The  equation  of  tke  ellipse  referred  to  equieonjugnte  diameters  ia 

^=  +  ;/»=(fl=  +  i=)/3. 


(626) 
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The  Ellipse. 

i.  If  AB  be  tie  triinaveTaa  asia,  the  circle  d 
passes  through  the  foci. 

5.  If  CT,  CD  he  any 
and  -O,  meeting  CS,  CP 
OFT  =  ODE. 

6.  In  lie  eame  oaae,  if  FN,  DM  he ; 
prove  that  the  triangle  GF1T=  OHM. 

Dbt.— IW  chords,  such  as  AF,  BF,  joining  aivy  pomt  F  on  the  ellipse  to 
the  extremities  of  any  diameter  AB,  are  called  HnppLBHBBTAt  CHonps. 

7-  Diameters  pai'allel  to  a  pair  of  supplemental  chords  ate  oonjugatea. 

8.  If  a  parallel  to  a  flxed  line  meet  a  given  eemicirole  in  C  and  its  dia- 
meter in  S,  prove  that  th.o  loeuB  of  the  point  B,  ■which  divides  CD  in  a 
given  ratio,  is  an  ellipse. 

9.  If  a  line  AB  of  given  length  slide  between  two  fised  lines,  prove 
that  the  locus  of  iie  point  F,  which  divlcles  AB  in  a  given  ratio,  is  au 
ellipse. 

10.  If  a   given  triangle  ABG  slides   with   t 
fixed  lines  OX,  OY,   prove   that  the 
third   vertex    0  describes  an   eUipae 
{ScHOOTBN,        Orgamca        Conicorum 
Desciiptio,  1646,  c.  3,  Ix.  Maih.  iv.) 

About  the  triangle  OBA  describe  a 
circle  cutting  ACmD;  Join  BD,  OD ; 
then,  hecauae  the  augle  AGS  is  given, 
the  angle  ADB  is  given ;  hence  the  , 
three  aisles  of  the  triangle  BCD  a 
given :  and  since  BC  is  given,  CD  is  ' 
given;  also  the  angle  BOD,  being  OX~ 
equal  \x>BAO,  is  given.  Hence  the 
line  OD  is  given  in  position  ;  and  the 
proposition  is  reduced  to  the  following  :-  AD,  a  line  of  given  length, 
slides  hetween  two  fiied  lines  OX,  OD,  and  f  is  a  fixed  point  in  it : 
therefore  (Ex.  B)  the  locus  is  an  ellipse. 

11.  If  a  circle  pass  through  the  foci  of  an  ellipse,  and  intersect  it  on  one 
side  of  the  transverse  axis  in  tho  points  G,  S,  and  on  the  other  side  in  the 
points  J,  JT,  the  rectangle  contained  by  the  perpendiculars  from  the  foci  on 
any  of  the  four  chords  IG,  IE,  KQ,  KS  is  equal  to  lAji?. 


A,B  0 
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178.  To  fold  the  equation  of  the  normal  to  the  elUpse  at  the 

Let  a.  be  the   cooontrio  angle  of  the  point  afy' ;  then  tlie 
equation  to  the   tangent   at 
a  (§  176,    Cor.  2)  is 

5  COB  a .  a:  +  o  Bin  a  .  y  =  flS ; 
hence 

«Bina(*-:«')-Jcoaa(y-J/')=0 
is  the  equation  of  the  normal ; 
and,  putting  for  *',  y'  their 
values  in  terms  of  a,  we  get 

a5ina.a;^6cosa.y  =  C=BJEaCOsci,  (527) 

or  ^_^  =  c=;  (528) 


B 

^ 

P 

// 

V 

^TGfil"  /A 

Cor.  1.— In  equation  (527)  put  y  =  0,  and  we  get  ia  -  a^ 
or  CQ  =  e^x; ;  (5' 

hence  Ma  =  {\  -«=)scosa. 

Con  2— P6^  =  Pm  +  Jfff-^  =  ^=sin=a+  (I  -^^o^o 
but  1-^"=  ^;  therefore  i"!?^  =  *=  {5in^a+  (1  -  ^)  c 
=  S'  (1  —  ^  eo8^  a) ;  therefore 


P(?  =  jyi  -e^cos=a. 


therefore  PG.FG'  =  a\\  - 


(530) 


(531) 


Cor.  3. — If  p,  p'  bo  the  iooal  yoctors  to  P,  we  have 
p  =  .  +  rf. »(!  +  ««,..), 
p'.«-rf.«(l-,o.s«); 

PG.FG'^pp'.  (532) 
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Cor.  4, — If  GE  bo  the  semi-diametec  eoDJugate  to  OP,  we 

CE^  =  a^  Bin=  a  +  S=  eos=  a  =  »^  (1  -  e^ cos=  a), 
therefore  pp'  =  CE^  =  l'\  (533) 

Hence  PG.PQ'  =  h'\  (534) 

Co?-.  5. — If  CL  he  perpendicular  to  the  tangent  at  P, 

Therefore  CZ.P&  =  b\  and  CZ .  PG'  =  a^  (535) 

Cor.  6, — If  througli  G,    6'  paridlels  "be  drawn  to  the  axes, 
meeting  in  JTthe  locus  of  JTis  an  ellipse. 


,  The  oo-ordmato3  o£  tlie  intersection  uf  normals  at  the  points  (i 
-  5),  ax9 
^GOB«.cos(a+g)coa(»-g)  ^ sin  a ■  sin («  +  g)  sin (^ - g) 


2.  IE  Hie  normals  at  a,  B,  y  be  concurrent. 


This  relation  may  be  reduced  to  the  product 
{sin(B4-7)  +  6iix(y  +  a)  +  sin{a  +  ^)Urfn(fl-y)  +  Bin(-,-a)+6in(a-e)}  =  0 

(538) 
The  latter  factor  of  whioli,  viz. 

sin(fi-T)  +  sin(-y-o)  +  sin(a-6) 
yanjahes  wlien  any  two  of  the  pointa  a,,  P,  y  are  consecutive.     Hence  the 
condition  that  normals  at  three  distinct  points,  a,  fl,  7  may  be  concurrent  is 
sin(S  +  7}+ein(7+o)  +  sia(a  +  e)=0.  (539) 

3.  Tlie  two  foei  and  the  points  F,  6'  axe  oonoyoKo. 

4.  Find  the  co-ordinates  of  tlie  intersection  of  two  consecutiTe  normals. 
Maiing  3  =  0,  in  Bs.  1,  we  get 
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Or  ttua  : — the  co-Oi'dinaWE  of  a  point  eq^ually  distant  from  a,  jS,  y  (^  32, 
Ek.  3)  are 

^coei(«+0]oos^(fl+T)coai(7+a), -Jeini{«  +  ^)  8111^(^  +  7)  sinKT  +  a); 

and,  supposing  the  points  to  become  oouflecutive,  we  get,  for  the  centre  of 
a.  circle  passing  through  three  consecutive  points,  the  same  co-ordinates 

5.  Find  the  locus  of  Hia  centre  rf  curvature  of  all  tie  points  of  an  ellipse. 
Eliminating  o  from  the  equations  (540),  we  get 

[iw)l  +  (ij)S  =  eJ,  (541) 

which  is  the  evohite  of  the  ellipse. 

6.  The  radius  of  curvature  at  b  is  =  — ,  where  p  is  the  perpendicular 

P 
from  tie  origin  on  the  tangent. 

The  radius  of  curvature  is  the  distance  between  tie  points 


"'), 


which  by  an  easy  reduolion  can  be  shown  =  — .  (542) 

7.  In  the  figure,  {  175,  if  we  complete  the  rectangle  NON'Q,  prove  that 
the  normal  at  F  passes  through  Q. 

8.  In  lie  same  case  if  OF  he  produced  to  Tuntil  2"r=  *  and  Pr  joined, 
prove  that  PI"  is  the  normal  at  P. 

0,  The  join  of  tiie  points  ifJF(Eg.,  f  178)  is  noimal  to  aiiotier  ellipse. 

179.  The  feet  of  {he  morrmla  that  can  he  ^ awn  from  tmy  point 
to  an  ellipse  lie  on  rm  equilateral  h^perhola. 

Bern. — The  normal  at  a  pouit  ^y'  is  a^^jx'  ~  Vyjy'  =  c",  and 
.   if  this  pass  tiiroiigh  a  fixed  point  hk,  we  have  ^hfx'  -  b'kjy'  -  e^. 
Hence,  omitting  accents,  we  get 

i?xy  +  V^he  -  a'kp  =  0,  (543) 

wMch  denotes   an  equilateral  hyperbola  passing  through  the 
centre,  aad  through  the  feet  of  the  normals  from  M. 

Cor.  I, — Since  the  hyperbola  (543)  intersecte  the  ellipse  in 
four  points,  four  normals  can.  be  di-awn  from  any  point  to  an 
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Cor.  2. — The  equation  of  the  normaJa  from  hk  to  tiie  ellipse  is 
(ffl'a;"  +  ly)  (hK  -  hyf  =  (^x'f.  (544) 

Por,  tranaformiflg  the  ellipse  and  hyperbola  to  the  point  hk  as 
origin,  we  got 

a"  {y  +  hf  +  6=  (a;  +  If  =  «'*=,     o^xy  +  a'hx  -  ^ky  =  0. 

la  these  equations  chaoge  :c  into  Xx,  and  y  into  \y,  and  elimi- 
nate \. 

It  -was  by  tie  hyperbola  (543)  that  Apollonius  solved  the 
problem  of  drawing  norraals  to  an  ellipse.  It  is  called  the 
Apollonian  hyperbola.  From  eq^uation  (543)  it  is  evidently  tiie 
same  for  all  homotlietie  ellipses. 

exe:ecises. 

1 .  The  produot  of  the  abseiasse  of  each  pair  of  opposite  yerticea  of  the 
complete  quadrilateral  formed  liy  tangents  to  an  eilipee  at  tte  feet  of  normals 
from  any  point  Ai,  ia  equal  to  —  a\  and  the  product  of  oi'dinatea  =  —  i'. 
For,  if  xiyi,  xsys  be  a  pair  of  opposite  vertices,  theirpolai'Si  viz. 

XXija'  +  fft/ijb'  -1  =  0,     and     iCij/n'  +  f/f/ijh''  -1  =  0, 
will  1)6  alino  pair  passing  through  the  feet  of  normals,  and  therefore  through 
the  interEention  of  ellipse  and   the  Apollonian  hyperhola  of  the  point  hi. 
Hence,  for  some  value  of  \  wc  must  have 

A  (s'a'j/  +  f  ksc  —  a^hy)  —  {xxijifi  +  yyijli'  —  1} 

{.«,/.-  +  SB/"  -  1  ).<"/.'  +  tlb'  -  1.  (I.) 

And  by  comparing  coeflioients  we  have 


3;iK2  =  -  H^,     y,yi  =  -  h'.                                 (&-1S) 

3.  If  the  foot  of  . 
formed  by  the  tange 
the  hyperbola 

one  of  the  four  normals  be  the  point  x'y',  the  triangb 
nts  at  fhc  feet  of  the  three  other  normals  is  inscribed  in 

^■lx+yly+l  =  0.                                  (546) 

For  three  of  the  opposite  summits  lie  on  the  tangent  at  x'y',  that  is,  on 

it«'/«=  +  V'/l''''  -1=0, 

and  changing  x  into  -  a^jx  and  y  into  -  li'jy. 
3.  By  comparing  eoeffloients  in  (i.)  we  get  M  in  terms  of  2iji  : 
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thus,   A^  =  («ij'!+KaS'])/«=i',     --\m=(xi-^3!%)ja\     Ao'A  =  (yi  +  y2)P ; 

hence  (a^iya  +  iaj/i)/-?'    =-(a;i  +  aTs)/i    =(yi  +  y:)/Si; 

and  eliminating  ^jj'a  between  ttese  and  eqiiation  (545)  we  get 

ft  =  -  ,7=3:1  (y,»  -  i')/(oVi^  +  *"*!')-    1 

}  (547) 

S=(Vi[^i'-''=)/(«V  +  *'^i').        ) 
Def. — TA^^niMi  hk  is  called  the  normal  pole, 

i.  If  from  a  giTen  point  iiyi  tangents  be  drawn  to  a  systam  of  oonfoerf 
conioB,  the  eiroumcirdes  of  tlie  triangles  formed  by  the  tangents  and  cbocdB 
of  contact  are  coasal.  (Townsenb,  Siahop  Laia'a  Prise  Sxaminatiim,  1876. 
Allebsha,  Mathesis,  tome  v.,  page  39,  1885.J 

For  if  h&  bo  the  nonoal  pole,  the  oireumoirele  ■will  hare  the  join  of  the 
points  zii/i,  hk  aa  diameter.     Hence  its  equation,  is 

x'i  +  ]/i  ~  (xi  +  k)fc  -  [pi  +  k)fj  -{  M  +  iyj  =  0; 
and  mihstituting  for  h&  from  (647)  wa  get 

(548) 
which  may  be  wiitten  i'5  +  c'S  =  0,  where 
Ss{xi'^^{'){x\+^)-{xi'-i-yi''-^-<flxz,-(3:i'>-i-yi^-c'')!/ffi-^e'{Xi''-in'), 

JoAcniMSTHiL'a  Circle. 
180.  If  from  am/  point  kh  in  the  normal  at  (he  point  x'y'  of  an 
ellipse,    three  other  normals  he  drawn,  their  feet  and  the  point 
-  a'  ^  y'  are  eoneyelic. 

Dem. — Since  the  hyperbola  e^xy  +  ¥he  -  a'hf/  passes  through 
x'y',  we  have  cV)/'  +  Phx"  -  a^hy'  =  0.  Hence  by  subtraction 
we  get  a  result  which  may  be  written  either 

{^  -  z')  iy  +  m/c')  +{y-  y')  (^  -  a^hjc^)  =  0,  (i.) 

[(*  -  *')  (y'  +  i'M"')  +  iy-  y')  (^  -  «'^/^^)  = « ;      i^-) 

and  from  the  ellipse  we  havo 

{x;  -  x')  (a:  +  ^)  _^  {y  -  y')  {y  4-  y')  ^  ^^  . 
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Hence,    eliminating  m  -  x',  y  -  y'  quantities,    which  vanish 
■when  a:  =  x'  and  y  =  y',  first  hetweon  (r.)  and  (m.),  and  then 
between  (n.)  and  (iii.),  and  adding,  we  get  the  circle 
x'  ^^  f  +  xa^  +  ytj'  -h  {t^  +  x')  ~  h  {i/  +  y') 

-liV'  {yry')-  ~^^'  {x  +  x')  =  0. 

S"ow,  putting  M  =  «^  +  h^hjy'  =P  +  a^hjx',    and  rememhering 
that  x'^ja^  +  y'V*^  =  1,  this  ec[nation  may  be  written 

^^y^^x^^yy'-ii  {xx'ja'  +  yy'jh-'  -h  1)  =  0.      (549) 

This  is  called  Joachimstkai's  Cibole.     It  passes  through  the 
feet  of  the  three  normals ;  and  since,  mauifeatly,  the  eo-ordinates 

-  «'  -  y  satisfy  it,  it  passes  through  the  point  diametrically 
opposite  to  x'y'. 

Cor. — If  0  be  the  centre  of  the  ellipse,   and  P  tho  point 

-  a/  -  y",  a^  +  y^  H-  sox'  +  yy'  =  0  is  the  circle  on  OP  as  diameter, 
and  araZ/ffl'  +  yy'jh^  +  1  =  0  is  the  tangent  at  i",  and  these  inter- 
sect, not  only  at  P,  but  at  the  foot  of  tho  perpendicular  from  0 
on  the  tangent  at  P.  Hence  we  have  L4gije£rb's  theorem. 
JoaehiimiJiaV s  circle  passes  through  ike  foot  of  ilis  perpendicular 
from  the  centre  on  the  tangent  at  P. 


1.  If  from  afised  point  a  perpendioulflr  be  drawn  to  a  diameter  of  a  conic, 
the  locus  of  its  inteisection  with  the  conjugate  diameter  h  the  Apollonian 
hyperbola,  (Chs-Slbs.) 

3.  The  locus  of  the  middle  points  of  the  chords  of  interaeotioD.  of  cirelea 
deaeribed  from  a  given  point  with,  the  ellipse  is  the  Apollonian  hyperbola. 

[IHA.) 

3.  If  the  equation  of  any  pair  of  opposite  sides  of  the  quadrangle  whose 
euoiinits  are  tte  feet  of  the  four  normals  that  can  be  drawn  from  any  point 
be  Ixja  +  myjb  -1  =  0,     and    I'xja  +  m'yjb  -1  =  0,    lien 

ir  -\-l  =  0,      mm-  +  1  =  0.  (550) 

For,  if  ^lyi,  ^2513  be  the  poles  of  these  sides,  we  have  Si  =  al,   y\.  =  bm. 
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-~  i'',  eqimtion  (545).    Hence 


xi  =  at',    f/i  =  im',    but  xiXi  = 
the  proposition  is  proved. 

4.  Zi  x'y'  be  tie  foot  of  one  of  tha  normfila  to  an  ellipse,  the  sides  of  the 
triangle  whose  aummits  axs  the  feet  of  the  other  Tiotmala  are  tangents  to  a 
parabola.  (F.  PfftSEa.) 

Tliia  ia  tie  reciprocal  of  the  hyperbola  k'/s  +  y]y  +1  =  0,  with  respect 
to  the  ellipse.    Its  equation,  is 

(«■/«!'  -  j/^/i^)'  +  a!w7o=  +  2yy7*s  +  1  =  0.  (551) 

I  shall  call  it  Parser's  Parabola.  See  Qiiarto-Jj/ Jburjia!,  tomSTiii.,  p.  fl8, 
1867. 

5.  The  foeus  of  Purser's  parabola  is  the  point  where  Joachimsthal'a  circle 
meets  the  tangent  at  P,  5  180,  Car. 

6.  If  a,  ^,  7,  B  be  the  eccentric  angles  of  the  feet  of  normals, 

tanHB  +  3)tauH7+B)-l  =  0,  (552) 

or  <,  +  B  +  y  +  8  =  (2«  +  l)^.  (003) 

TMs  may  be  deduced  from  equation  (639). 

7.  If  from  au  extremity  of  the  major  asis  of  an  ellipse  ptri  endvtulaia  be 
drawn  to  the  four  normals  from  aoy  point,  they  meet  the  tllipse  again  m 
coney clic  points.  (Jo40him«ihvl  ) 

8.  If  CP  (fig.,  §  178)bejoined,andftperpcnilioular  toGTatemeetCPin 
J,  the  perpendicular  7X  from  7  on  the  ti-ansvcrse  axis  passes  through  the 
centre  of  ourrature.  (Mamnhkim.) 

From  the  oonatruction  we  have  GT:  CG:  :  OF:  CJ-.-.CM:  CK.     Hence 
oV  :  «V  : :  a;' ;  CTT,    .-.  CK  =  ehf'la^  •=  i^  ws^  aja, 
.■.  Cffis  equal  to  the  ahaoisisa  of  the  centre  of  curvature. 

181.  To  find  ihs  lengths  of  the  perpendiculars  from  thefod  on 
the  tamgent  at  any  point  <f>. 

The  tangent  is 
h  nosifi.x  +  amai^.^-  ah  =  0, 
and    the    co-oi'dinates   of   the 
focus  S  are  iw,  0.     Heneo  the 
perpendicular 

ah{l  -e  coss6) 


8L=- 


a{l- 


yGoosle 


Similarly, 

Cor.  l.—SZ.S 


The  Ellipse. 
SZ=iJl 


Cor.2.—SL^p  =  '^,= 


8'L' 


(354) 

(555) 

(556) 

=  ^SPL  =  S'FL'.    (557) 

Cor.  3. — The  taagent  LL'  bisects  the  external  anglo  at  P  of 
the  triangle  SPS',  and  the  normal  PG  the  internal  angle. 

Cor.  i — The  first  positive  pedal  (§  162)  of  an  ellipse  "with 
respect  to  either  foeus  is  the  auxiliary  circle.  I'or,  since  the 
angle  SPS"  is  biseotecl  hy  PZ,  vre  have  SL  =  LII;  therefore 
8M  is  bisected  in  L,  and  SS'  is  bisected  in  C;  therefore,  if  CL 
be  joined,  CL  =  ^  8'S=i  (S'P  +  PS)  =  a.  Hence  the  locus  of 
Z  is  tho  auxiliary  circle.  And  conversely,  the  first  negative 
pedal  of  a  circle  -with  respect  to  any  internal  point  is  an  ellipse, 
having  the  point  for  one  of  its  foci. 

Cor.  5. — If  any  point  in  ZZ'  be  joined  to  5,  the  circle 
described  on  tho  join  will 
intersect  the  ausaliary 
circle  in  Z.  Hence  may 
be  inferred  a  method  of 
drawing  tangents  to  an 
ellipse  from  an  external 
point.  Thus  if  Q  bo  the 
point,  join  QS;  and  on  QS 
as  diameter  describe  a 
circle  intersecting  the 
auxiliary  circle  in  Z  and 
M;  QZ,  QM  are  the  tan- 
gents to  the  ellipse. 

C&r.  6. — ^The  two  tangents  fv 
the  focal  vectors  QS,  QS'.—{2i 


Q  are  equally  inclined  to 
)     Por,  join  the  centres 
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C,  O  of  tlio  circles ;  then  GO  is  parallel  to  S'Q ;  thereforo  it 
bisects  the  arc  .SS,  hut  the  line  joining  the  centres  also  hisccts 
the  arc  XL.  Hence  the  arc  RM  =  BL,  and  the  angle  B'QM 
^SQL. 

EXERCISES. 
1.  Find  the  relation  betweeu  the  eccentric  angles  of  two  pomta  wliose 
joining  chord  passes  through  a  focus. 

H  the  eccentric  angles  be  {a  +  0),  (a  -  B),  the  chord  wiU  be 
6  cos  a.x  +  a  lia  a.i/  =  all  cos  0i 
and  if  this  passes  through  the  focus  (ne,  0) ,  we  get 

^co9a  =  coa^.  {558) 

Hence  the  equation  of  any  focal  chord  is 


the  sign  depending  on  the  focus  through  which  the  chord  passes. 

2.  The  tongenfs  at  tho  cstremities  of  a  chord  passing  through  either 
focus  meet  on  the  corresponding  directrix.  For  the  tsngent^  at  the  points 
(«+j3),    (a-fi),    are    J  cos(a  +  6)  a;  +  a  sin  (a  +  fl) ;,  -  aJ; 

and  the  co-ordinates  of  tio  point  where  these  iiLtei^eet  are— 


3  from  (558),  we  get 


which  are  the  co-ordinates  of  a  point  on  the  directris. 

3.  In  the  same  ca,se  the  join  of  the  intersection  of  tangents  to  the  focus 
is  perpendicular  to  tbo  chord.     For  the  line  joining  ne,  0  to  the  point 

(561)  is  a  eina  .a^-^  coen.y- ■■■■  ■■   --  =0,  which  is  perpendicular  to  the 
chord  (559). 

4.  If  the  co-ordinates  in  (560]  be  denoted  hy  s'jr',  wo  get 
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SuTistituting  ihsse  in.  the  equation  of  tlie  chord,  we  get 

^  +  ^  =  1.  (562) 

Hence  the  chord  of  contact  of  tangents  from  x'y'  is 


6 .  If  the  ehor J  b  cosa.  s;  +  aeiua.  y  =  ah  cos  3  pa.ss  through  a  fixed 
point  x'lf,  the  locus  of  the  intersection  of  tangents  at  its  extremifiea  ia 

For,  denoting  the  co-ordinates  (560)  by  xy,  and  subsiitufJng  in  b  cos  a, .  e" 


T>m.—TItc  Une-^  -^—  =  1  is  aalUd  tlie  pyxAa  of  the  point  x'y'  with 
respect  to  the  elUpu.     (Compare  JJ  89,  149.) 
Car. — The  directcis:  is  the  polar  of  the  focns. 

6.  If  a  be  Tariable  and  ^  conetiiut,  the  chord  joining  the  points  (a  +  ff), 
(a  -  fi)  is  a  tangent  to  tie  ellipse 

7.  In  the  same  eaae  the  locus  of  the  intersection  of  tangents  ia 

(0'+ (f) -"='«■  (s«S) 

8.  The  equation  of  fie  perpendicular  from  the  point  (560)  on  tie  chord 
joimng  the  points  (a  +  &),  (a  —  0]  is 


that  is,  ia  the  points 
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%.  Find  tlie  contlitioii  tlia,t  the  join  o!  (a  +  g),  (a  -  $)  sliall  touch  tho 

ellipse 

If  <ji  1)G  Oie  point  of  contact,  the  equations 

hi  COS ij> .  X  -i-  ai  sin ip  .t/  —  ttibi  =  Gy 

must  represent  tlie  same  line  ;  tenoe,  eliminating  p  fiimi  tlie  equations 


which  is  &e  required  condition. 

10,  If  $  denote  the  angle  between  the  tangents  at  (a  +  ff),  [a  -  3),  proT« 

XI.  If  the  angle  <p  he  right,  wc  get  (o=  -  i')  cos  2a  =  (a'  +  J^  eoa  2B, 
or  («!  +  5=)  eo5=  ^  =  «=  coss  «  +  *=  sia^  a. 

Ilenee,  denoting — ,     ~  by  a:,  y,  ive  get  the  circle 

x^  +  ^^  =  a^  +  P  [570} 

as  the  locns  of  tho  intersection  of  recfangTilar  tangents. 

12.  If  in  Ex.  9  we  put  di'  =  a'  -  A',  i,»  =  S^  -  \',  the  eUipsea  wfll  be 
confocal,  and  equation  (568)  reduces,  if  i"  denote  the  semi- diameter  con- 
jugate to  tlial  di-awn  to  the  point  a,  to 


which  is  the  condition  that  the  Join  of  the  points  (a  +  ff),  {a  - 
ellipse 
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15.  I(  two  tangents  to  an  ellipse  be  at  right  angles,  tlieii  chord  of  eontaet 
tooches  a  oourocal  ellipse  (Ex.  11,  12). 

14.  ThB  four  fceal  vettors  draien  to  eny  tiiio  points  of  cm  sUipss  hate  one 
common  tangential  circle,  ivAcse  centre  is  the  pole  of  the  chord  joining  the  ttco 
poinla. 

For,  let  a +  3,  a  —  3  in.  the  points,  fieii.  the  pole  of  tieit  chord  is  the  point 
ooosa/cos3,  Jflin.o/ooa,8,  and  the  perpendicular  from  this  on  thefooal  ehorda 
have  one  common  value,  i  tan.^.     Hence  tJie  proposition  is  evident. 

(0«A,L...) 

The  equation  of  tlie  circle  is 

(rco3,8-flO0Sa)'+(;/cosS-6ema)^  =  i'siii»S.         (572) 

18.  The  angle  ^  between  the  tangents  to  an  ellipse  from  a  point  0  can  be 
eipressed  in  terms  of  the  focal  yeetore  to  their  point  o£  intersection. 

Let  F,  r  be  &a  foci,  T  one  of  the  points  of  oontaot.  Join  FT,  T  T 
produce  FT  to  S,  making  TS=  TF'.  Join  OS,  OF,  OF,  then,  denoting 
OF,  OF'  bj  p,  p',  the  sides  of  the  triangle  OFS  are  respectively  eqnal  to 
p,  2ii,p',  and  the  angle  FOS  =  4>. 

Hence  cos  <p  =  ''  "*"  ^    ~  *"  ;  (573) 

2pp 

and  putting  p  +  p'  =  2a',  we  get 

16.  H  ft,  n',  p."  be  the  semi-axes  major  of  three  confocal  ellipses,  snd  if 
from  any  point  in  the  outer,  tangente  be  drawn  ta  the  three ;  then,  if 
{jxii!)  denote  the  angle  between  tangents  to  tie  confoeals  ii,  f.', 

sin'  (;^-) :  ein^  [^p.") : :  ^^  - /i'^  :  p.^  ~  p.-^  (575) 

17.  If  tangents  to  two  confoeals  he  at  right  angles,  the  locus  of  their 
intersection  is  a  circle. 

18.  If  e  denota  the  length  of  the  chord  joining  the  points  (o  +  S),  (a  -  ii), 
■wehave(Dem.  \  177)  e=  =4i'=sin'^,  and  from  Es.  12, 


19.  If  a  tangent  to  one  confocal  be  perpendicular  to  a  tangent  to  another, 
the  chord  of  contact  is  bisected  by  the  line  joining  tl 
oeatre. 
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Let  the  confoonJs  te 

!'/«=  +  j/=/J=  -1  =  0,    ^ja-'i  +  !/'/^''  -1  =  0,    sy,  a'V" 
tho  points  of  contact,  then  tie  co-ordinates  of  the  middle  point  of  the  Dhord 
of  contact  are  \  (a:'  +  ar"),  s  (y'  +  j/")-    Also  the  line  joining  the  centre  to 
the  tnterseclion  of  the  taugente 

W/a=  +  yy-jl?  -1  =  0,    ;^"/«'=  +  y|/"/*"  -1=0 
^  (^7fl=  -  i>:"/fl''l  +  y  Wlb-'  -^  y"!b-^)  =  0  ; 
and  fluhatjtuting  tie  co-ordinates  \  {x'  + 1"]  ^  (;/'  +  y"),  we  find  that  it  is 
satisfied  if  itV /«'«''  +  t/'tt'l^''^'^  =  "i  which  is  the  conditiou  that  the  tan- 
gents are  perpendicular. 


20.  If  ta 


0  the  conCoQals 


le  at  rigbt  angles  to  each  other,  the  line  joining  the  point  of  contact  on  one 
0  the  point  of  contact  en  the  other  is  a  tangent  to  a  third  ccnfocal,  the 


Let  FT,  QT  ho  the  tangents  to  the  confocais 


lie  foci:  join  FQ,  SQ,  OT,  and  draw  CU,  (?r parallel  U>  SQ,  FQ,  then 
(Bs.  19)  FQ  is  bisected  in  B.  Hence  TR=  SQ;  .-.  CT=  Cr.  Hence 
or  =  v'o^  +  h\  and  CU=ai.     Hence  the  ratio  of  CtT :  CF  is  ^yen,  that 
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ia,  the  ratio  of  Bin  CTJI:  em  CUV,  or  of  sin  TQF:  sin  TQSii  given,    Hence 
(Ex.  16],  the  envelope  of  FQ  is  a  coniocal  conic.     Let  bS  be  the  aemiaxes, 

ttcn  we  liave  (Ei.  16), 

hut  sin*  TQi' :  Gin=  TQS  \ :  GU^  :  0)"  :  ■  a^  :  a^  +  *,'. 

Hence  a^  =  a'ai'j{a''  +  ii') 

Similarly,  B^  -  S=ii=/[o'  +  Si=). 

21.  If  tangents  to  two  confocal  ellipses  be  parallel,  the  angles  subtended 
at  the  foci  by  tic  points  of  contact  are  etiual. 

Peegikr's  Theokbm. 

182.  If  from  a  point  a  on  the  ellipse  rectangular  chords  AB, 
AChe  drawn,  meeting  it  again  in  the  points  B,  0,  SCinter- 
aeota  the  normal  at  ^  in  a  point  B,  whose  co-ordinates  arc 
ac'  cos  a/(a=  +  i=),     -  be'  sin  a/(a^  +  b'). 
Dem. — Let  the  eccontrio  angles  of  the  points  S,  0  he  13,  y, 
then  the  equations  of  AB,  AC  are 

Scos^(a  +  ^)^  +  »3mi(a  +  /3)y-«ieosi(a-j8)  =  0, 
J  C09  J  (a  +  7)  a;  +  »  sin  ^  (a  +  y)  J'  -  ah  coa  ^  (b  -  y)  =  0, 
and  since  these  lines  are  at  right  angles, 

J'cosi(a  +  ;3)cosJCa  +  7)  +  «'sini(«  +  ^)sinJ(a  +  y)  =  0. 
Hence       (a=  +  6=)  cos  ^  (^  -  7)  -  ^  00s  (a  +  J^S  +  ^y)  =  0. 

Again,  if  wo  substitute  the  co-ordinates  of  D  in  the  equation 
of  B  G,  we  get  the  same  result.   Honoo  the  proposition  is  proved. 
Cor. — If  the  point  A  moves  along  tho  ellipse,  the  point  D  wUl 
describe  another  ellipse,  viz. 

^=K  +  y7S=  =  .V(«^  +  S=)=.  (578) 

BXEHCISES. 

1.  If  0  be  the  centre,  the  angle  AOD  is  biaectei  bj  the  transverse  aiis, 

2.  If  perpenciioulara  be  drawn  from^  to  any  pair  of  conjugate  diaraetci-s 
the  line  joining  their  feet  bisects  AB. 
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183.  The  heus  of  the  pole  of  any  tangent  to  an  ellipse,  with 
respect  to  a  eirde  whoss  centre  is  one  of  fhefoei,  is  a  drole. 

Dem. — Let  8  (see  fig.  §  181)  bo  the  focus,  R  the  radius  of 
tho  circle  "whose  centre  is  S,  and  with  respect  to  wliich  the 
poles  are  taken.  Let  fall  BL  perpendicular  to  the  tangent  to 
the  elKpae,  ajid  make  SL  .  SQ^^Jl?;  then  L,  Q  are  inverse 
points  with  respect  to  the  circle  "whose  radius  is  S ;  and  since 
the  locus  of  i  is  the  auxiliary  circle,  the  locus  of  Q  is  its  inverse, 
and  is  therefore  a  circle ;  but  Q  is  the  pole  of  ZL',  and  is  the 
point  whose  locus  is  required;  hence  the  proposition  is  proved. 

Def. — The  locus  of  the  poles  of  all  the  tangents  to  <my  curve  with 
repeat  to  a  circle  is  called  the  eecipkocai  poeak  of  that  curve  with 
respect  to  the  cwele. 

From  this  definition  we  see  that  the  foregoing  proposition 
may  be  enunciated  as  follows  •.^-The  reciprocal  polar  of  an 
ellipse,  with  respect  to  a  circle  whose  centre  is  one  ofthefooi,  is  a 
drcle. 

Cor.  1. — If  we  take  two  consecutive  tangents  to  the  ellipse, 
their  poles  will  be  consecutive  points  on  the  circle  which  is  the 
reciprocal  polar  of  the  ellipse  ;  hut  tho  join  of  the  poles  of  two 
lines  is  tho  polar  of  the  point  of  intersection  of  the  lines.  Hence 
the  locus  of  the  pole  of  any  tangent  to  a  circle  is  an  ellipse.  In 
other  words,  The  reciprocal  polar  of  a  circle  with  respect  to  another 
circle  is  an  ellipse,  honing  the  centre  of  the  reoiproeating  circle  for 
one  of  its  foci. 

Or  thus : 

Let  S  be  the  centre  of  the  reciprocating  circle,  Q  any  point 
on  tho  circle  whose  reciprocal  polar  is  required ;  join  SQ,  and 
make  SQ .  SL  =!?,  and  draw  ZL'  perpendicular  to  SQ.  Now, 
since  8Q .  SZ  =  IP,  the  locus  of  Z  is  the  circle  which  is  tho 
inverse  of  that  which  is  to  he  reciprocated ;  and  since  ZZ'  is 
perpendicular  to  SZ,  the  envelope  of  ZZ'  is  the  first  negative 
pedal  of  a  circle  with  respect  to  a  given  point. 
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Cor.  2.— Since  tho  ausiliary  circles  of  a  syatem  of  confcfcol 
ellipses  is  a  system  of  concentric  circles,  and  the  inyerse  of  a 
system  of  conceatrric  circles  is  a  syatem  of  coaxal  circles,  we  have 
the  following  theorem: — ITie  reeiproeal  polars  of  a  system  of  eojt' 
focal  ellipses,  with  respect  to  a  circle  whose  centre  is  one  of  the  foci, 
is  a  system  of  coaxal  circles,  having  the  focus  as  one  of  the  limiting 
points.  Conversely,  The  reciprocal  polars  of  a  system  of  coaxal 
circles,  mth  respect  to  one  of  the  limiting  points,  is  a  confocal 
system,  having  that  point  for  one  of  the  foci. 

EXEBCISES. 

"1.  If  a  quadrilateral  AA'BB'  be  jnsciibed  in  a  circled,  and  if  the 
diagonals  AB,  A'B'  touch  a  circle  T  of  a  ejstfinj  coaxal  with  X,  then  the 
M.ei(Sequelio  Etielid,  Fifth  Edition,  p.  136),  AA',  5^  touch  another  circle 
of  the  oame  eyateco,  and  the  four  points  of  contact  are  ooHinear.  Eecipro- 
eallj,  If  a  quadrilateral  ie  ^reumsenbed  lo  an  ellipse,  and  if  (wo  of  its 
opposile  vertices  lis  im  a  eonfooal  ellipse,  ivio  of  the  fetnaininff  vertices  Ui 
on  another  confocal,  and  thefoiir  tangents  at  these  vertices  are  concurrent. 

a  ellipse  with  respect  to  a 
lipae  teciproeatefl. 

3.  If  a  Yariablo  chord  of  a  circle  suhtead  a  right  angle  at  a  fixed  point 
within  the  oirtle,  ita  envelope  is  an  ellipse,  having  tbe  flied  point  for  one  of 

•4.  If  L  be  one  of  the  limiting  points  of  two  circleB  0,  (/,  and  LA,  LB 
two  I'adii  vectors  at  right  angles  to  each  other,  and 
circles,  the  locua  of  the  interEaction  of  tangents  at  ^  a 
■with  0,  (/  {Sequel  to  EuoM,  Pifth  Edilion,  p.  162).  EaeiprooaUy,  If  two 
tangents,  one  to  each  oftv:o  confocal  ellipses,  be  at  right  angles  to  each  other, 
the  envelope  of  the  Uns  joining  the  points  of  contact  ie  a  confocal  ellipse. 

■5.  The  envelope  of  the  chord  of  contact  of  tangents  to  a  circle  which 
meet  at  a  given  angle  is  a  concentric  circle.  Eecipi'ocally,  the  locus  of  the 
inierseclion  of  tangents  to  an  ellipse,  whose  chord  of  contact  subtends  a  given 
angle  at  the  focus,  ie  ait  ellipse,  having  the  satne  focus  and  directrix. 

184.  The  rectangle  contained  ly  the  segments  of  any  churA  passing 


y  Google 


230 


The  Ellipse. 


through  a  ficed  $oint  in  the  pit 
of  the  parallel  aemidiameter  in 
a    constant    ratio.     (Compare 
§  156.) 

Let  0  be  tlie  fixed  point, 
and  take  the  lines  OZ,  OT  as 
axes  of  co-ordinates  parallel  to 
the  axes  of  the  ellipse ;  let  the 
co-ordinates  o£  the  centre  with 
respect  to  OX,  OT  he  x\  y' ;  "^ 
then  transforming  to  0,  aa  origin,  the  equation  of  the  ellipf 

("-■'?  An- If 


-  =  i. 


(■•) 


Ifow,  take  any  point  M  in  the  ellipse,  join  OE,  meeting  the 
curve  again  in  iJ' ;  then,  if  r.  6  fee  the  polar  co-ordinates  of  B, 
we  have  x  =r  cos 6,  ij  =  r  sin $.  Hence  from  oc[uation  (i.)  "we 
get 

^{¥x'-^a'-y''-a'P)  =  li.       (ii.) 
Now,  the  roots  of  this  quadratic  in  r  are  OB,  OR'. 

Hence  OB  .  OB'  =  ^°  ^'!  t  f  ^i'/ "!  T- 


Again,  if  p  he  the  radius  vector  through  the  centre  parallel  to 


therefore 


OR.  OB 


5^5->i 


(579) 


that  is,  equal  to  the  power  of  the  point  with  respect  to  the 
ellipse.     Hence  the  proposition  is  proved. 

Cor.  1. — If  OS  be  another  line  through  0  cutting  the  ellipse 
in  S,  S',  and  p'  the  paiallel  semidiameter, 
OS.  OS'      x'^      if      , 
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i^  =  ^-  (-) 

Cor,  2, — If  through  aaotter  point  o  two  chorda  fee  drawn 
parallel  to  the  chords  OB,  OS,  and  cutting  the  curve  in  r,  r' 
«,  s',  reBpeetively, 

OR.OW     or.  or- 

-osTos'^^iT^'-  f^^^^ 

Car.  3. — If  the  points  S,  Sf  coincide,  OS  becomes  a  tangent, 
and  if  S,  S'  coincide,  08  hecomes  a  tangent;  ieneo  from 
Cor.  1,  Any  two  tangents  to  an  ellipse  are  proportional  to  their 
parallel  semtdiamelers. 

EXERCISES. 

1.  TiLfl  rectangle  :ep.  FB  [sue  fig.,  j  177,  Ex,  1)  is  equal  to  the  square 
of  the  pamllul  aeniidiametei'. 

2.  If  any  tangent  meets  two  conjugate  semidiameters  of  an  ellipse,  the 
rectanglu  under  its  segments  13  equal  to  the  B([uare  of  tlie  parallel  eemi- 
diameter. 

3.  If  through  any  point  0,  in  the  plane  of  an  ellipse,  a  eecant  be  drawn 
meeting  the  ellipse  in  two  points  R,  R',  tlie  locus  of  the  point  Q,  which  is 
the  haimooio  conjugale  of  0  with  respeet  to  R,  R',  is  tie  polar  of  0.     For 

A=    1     ,     1  /a°y'aina  +  i'j^'eoB9\ 

OQ      OR      OK-         \  a^y-'-^b'x-'^a'b' ) 

Hence,  denoting  OQ  by  p,  we  get,  putting  paoi0  =  !c,  p  sin  8  =  y, 

4'a;- (^' -  a:) +  fflV  (!'■-$')  =  8=  i^ 

or,  transfovming  fo  the  centre  as  origin, 

™'  +  ^  +  1  =  0 

which  is  the  polar  of  the  point  —  a'  —  j'  [see  §  181,  Ei.  4). 

4.  If  A,  B  be  any  two  points,  G  the  centre  of  the  ellipse,  and  if  AG,  BK 
be  drawn  parallel  to  GB,  CA,  intersecting  the  polars  of  B,  A,  respectiyely, 
in  the  points  G,  H;  then  AG  .  CB  :  AC .  BS :  ;  square  of  semidiamete r 
through  B  :  square  of  aemidiametar  through  A . 

5.  If  MN  he  the  polar  of  the  point  A  ;  P  any  point  on  the  ellipse  ;  AF 
a  perpendicular  to  the  tangent  at  F;  FO  the  portion  of  the  normal  inter- 


y  Google 


233  The  Ellipse. 

oepted  botu'een  the  curve  iind  th 
from  J"  on  MN ;  then  FQ  .  AF  Ti 
A  be  x'  y' ;  of  F,  z"  y"  ;  then 


therefore  -PJ''"  ^  +  TI  P  =  k • 

This  theorem  gives  aa  imniediate  proof  of  HiMiLroN's  Ztiw  0/  Force. — 
Froeeedings  of  the  Soyal  Irish  Academy,  Ko,  tvii,  vol.  iii.,  p.  808.  Also 
Quarlerly  Jem-nal  of  Mathemaline,  vol.  v.,  pp.  233-235. 

6.  Find  the  equation  of  the  line  through  the  point  x'y'  parallel  to  its 
polar.  If  (a  +  fi),  (a  -  6)  te  the  eeoentric  angles  of  the  points  of  contact 
of  tangents  from  D^g',  the  line  required  is 

7.  In  the  same  case  the  line  through  the  centi'c  and  a;'/ is 

^^^  -  ^  "j^--  =  {)mM.  (583) 

8.  The  equations  of  the  tangents  through  x'y'  to  the  ellipse  are 

Xcos^i  J!fGin(3  =  {l.  (584) 

9.  The  product  of  the  equations  of  the  tangents  is 

t  +  li-')t  +  li-')-(^+f-')-»-     "^'^ 

Compare  55  85,  150. 

*  185.  To  find  the  major  axis  of  an  ellipse  eonfoeal  to  a  given 

one  and  passing  through  a  given  point. 

x'      if 
Let  his  be  the  girea  point,  —  +  "l-j  -  1  =  0  the  given  ellipse, 

then,  putting  a'  -  S'  =  u',  the  equation  of  the  required  ellipse  ; 

will  be  of  the  form  —  +  -^       .  =  1,  and  substituting  the  given 

*  The  stadeot  ia  recommended  to  omit  this  propoailion  until  he  has  read 
tiie  chapter  on  the  hjperhola. 
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oo-ordinatea  we  get 

fl«  -  (A=  +  ^  +  e=)  a"  4-  cU=  =  0.  (586) 

Similarly        5«  -  {h?  +  A'  -  c")  r-  -  c'li'  =  0.  (587) 

Let  the  roots  of  these  equations  be  a",  o"', ;  V,  h"",  respec- 
tively ;  ttea 

fl'a"=  eh,     h'b"=  eh  ^^.  (538) 

Hence  we  ha-ve  the  following  theorem  ; — Ttvo  confoeah  to  the 
ellipse  -^  +  T^  -  1  =  0  <""*  ^s  drawn  through  the  point  hh  -■  the 
theproiuet  of  the  semiaa:es  major  of  these  eonfocah  is  eh,  and  of  the 
semiaxes  minor,  chi ;  where  i  denotes,  as  usual,  ^/^  I. 

It  will  he  seen  in  Chapter  tii.  that  one  of  these  confocals 
must  he  a  hyperbola  unless  i  =  Oj  in  which  case  one  of  thorn 
must  consist  of  the  two  foci. 

Dep. — Th$  semiaxes  major  a',  a"  of  the  two  confoeals,  which  can 
le  drawn  to  a  given  ellipse  through  a  given  point,  are  called 
the  ELLIPTIC  co-OEBiifiiES  of  the  foint  (Lamb,  "  Co-ordonncea 
CurvQignes"). 

Cor.  I.—  h^  =  "^,  -i==-^'; 

therefore    h'  +  I^  =  -—, ■  =  — ^ V"- ^ 


Cor.  2.— -The  two  confocals  to  a  given  ellipse  which  can  1 
drawn  tiirough  any  point  cut  eacli  other  oi-thogonally.     For  tl 


_+  jTs-l  =  0,      -^+  j;,--l  =  0, 

and  these  tangents  are  perpendicular  to  each  other  if 
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Cor.  3. — Let_p',  p"  denote  the  perpendiculars  from  the  centre 
on  the  tangents  to  the  confocals  thiongt  hk  at  that  point,  and 
j3',  P"  the  semidiamcters  conjugate  to  the  semidiameter  drawn 
to  hk, 

^'2  4-  AH  it=  =  fl'2  +  {'= ;      [Eiiuatlon  (520)] 


thorefore                   ^  =  a'^- a"^.     {Cor.  I). 

(590) 

Similarly,                          ^"==i"»-S". 

(591) 

But        p'p'  =  a'h'  [g  176,  Cor.  8]  ;  .-.  p'^  =  ~-^,- 

(592) 

Similarly,                         J'"  =  jC^' 

(593) 

Cor.  4.~By  means  of  the  TaLuea  of  A^  k\  Cor.  1 

,  we  find, 

after  an  easy  reduction, 

^/{a"  -  a')  (ff^-  O       y/b^h^  +  a^k^-aH^ 

(„'._«>) +  („™_«=)         A^  +  k'-ia^  +  b-)    ' 

and  Buhstituting  for  M  the  values  ^^^,    -^^  [§  181,  Ex.  2], 

ah  sin  23 
thi- r"[iiirr- to                             ="*/-■                            jj 

ce  rS  181 

this  reduces  to  ^^^  ^  ^^^  ^^^  ^^  _  ^^,  ^  ^.^  ^^^  g^. 

ee  Lg  loi, 

Ex,  10]  we  have  the  following  thooroni ; — Jf  iji  denote  the  angle 

hekoeen  the  tangents  to  the  ellipse  —  +  —  =1=0,  fron 

1  the  point 

whose  elliptio  co-orMnates  are  *',  a", 

(594) 

therefore                      tan  ^ /p  =  J  — -. 

(595) 

Therefore  if  i/^  denote  the  angle  which  the  tangent  at  P  to 
the  conf ocal  tf  makes  with  the  tangent  from  i*  to  the  original 
ellipse,  we  have 

cot^  =    / . 
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Cor.  5. — The  results  proved  give  a  new  demoastration  of  the 
propoaitions,  §  181,  Ex.  16. 

The  principal  theorems  in  Cars.  4  aud  5  were  first  published 
itt  a  Paper  of  mine  in  the  Messenger  of  Mathematies  ia  the  year 
1866,  and  were  extended  to  sphero-conics,  and  to  curves  on  eon- 
fooal  quadries.  Coi-responding  theorems  were  given  by  Chakles 
for  geodesic  tangents  to  lines  of  curvature  oa  the  ellipsoid. — 
lnQvyiUjE's  Journal,  1S46. 


1.  The  loouB  of  tie  pole  of  the  line  par  +  pg  =  \,  with  respect  to  a  ayElera 
of  oonica  confoeal  to  —  +  ^  -  1  =  0,  is  tha  Kne 

2.  The  equation  oi  the  dheetot  circle  of  an  ellipse  in  elliplic  co-ordinates 

3.  If  from  the  centre  of  the  ellipse  -^  +  |j  =  ^  ^^  parallel  be  drawn  to  the 
tangent  from  any  point  Pon  — ,  +  t;  =  1  to  a  given  confocal  (a'},  to  meet 
the  tangent  at  i"  to  the  flret  ellipse,  the  loous  of  the  point  of  interaeotJon  is 

4.  If  n',  a"  he  the  elhptio  co-ordinates  of  any  point,  ^  the  angle  included 
-  -f.  t^  -  1  =  0  ;  then 

aUb.'ip  +  a'■■'i^os^^  =  a\  (598) 

5.  If  from  the  intersection  of  tjingents  to  an  ellipse  diatanoea  be  meaaured 
along  the  tangents  equal  to  the  focal  vectora  of  the  interaection,  the  length 
of  the  join  of  Ihidir  extremities  =  2b. 

6.  The  difference  between  tie  squares  of  tie  pGrpendiculars  from  the 
centre  on  parallel  tangents  to  two  confoeals  ie  constant. 
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7.  The  locus  of  tie  points  o£  contact  of  parallel  tangents  to  a  system  of 
Bonfocal  ellipsea  is  a  hjparbola. 

8.  The  locue  of  the  point  (a)  ou  ft  system  of  oonfoefil  ellipses  ia  a  confoca! 
hyperbola. 

9.  TliB  Bccentiio  angles  of  the  points  of  inlarsecfion  of  a  system  of  con- 
focal  ellipses  by  a  confooal  hyperbola  are  all  equal. 

10.  If  two  secants,  OS,  OS,  out  the  ellipsa  in  the  points  S,  S ;  S,  S" 
respectively,  and  be  tangents  to  a  confooal, 

1 


OS      OX      08      03- 
For  let  a'  -  \\  P  -  A,' 
diameters  parallel  to  OS,  OS;  then 


confocal;  i',  h"  the  semi- 


ns: 

2xb-^ 

m.oii 

ab 

OJl. 

OJi 

1 

2\b 

OS 

b  Ob- 

W,i" 

But  OS.  OS':  OS.  OS': 

Hence  the  proposition  is  praved. 

186.  To  jind,  the  polar  equai 
If  the  ioeus  be   origin  tlie 
equation,  ol  the  ellipse  is 
i^^t  =  ^(j,^ff.    [gl73] 

Hence,  putting 


[Equation  (580)) 
i  of  an  ellipse,  the  focus  heing  pole. 


y  =  psi 


eget 


<l-0 


(600) 


It  is  usual  m  Astronomy,  when  the  polar  equation  is  em- 
ployed, to  denote  the  angle  ASP,  called  the  true  anomaly, 
by  6 ;  then  the  polar  equation  is 
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Since  a{\  -  c^)  =\  latus  rootum  =  I  suppose,  the  polar  equa- 
tion is  />  =  YTJ^^ff  (602) 

Cor.  1. — If  tlio  angular  co-ordinates  of  two  points  on  the 
ellipse  be  a  +  y3,  a-  fS,  the  equation  of  their  joining  chord  iB 

-  =  «  cos  d  +  sec  ;8  cos  {9  -  a).  (603) 

For  assuming  it  to  he  of  tie  form 

^  =  ^costl  +  -Ccos(e-a), 

P 

and  putting  in  succession  for  6  the  values  a  +  y3,  a  -  /3,  we  get 

l+.cos(a  +  /?)  =  ^cos(a  +  ^)  +  i;  cos/3, 

l+.cos(a-^)  =  ^eos(a-y3)  +  £cos^, 

Hence  A  ==  e,     B^aeofl. 

(7er,  2. — Tlie  equation  of  the  tangent  at  the  point  a  is 

-  =  e  cos  i9  +  cos  (fl  -  a).  (604) 

P 
Cor.  3. — The  polar  co-ordinates  of  the  intersection  of  tangents 
at  the  points  whose  angular  co-ordinates  are  a  +  ^,  a  —  /3  are 
e  =  a,     p  =  //(acosa  +  cos^).  (605) 

Cor.  4.' — The  equation  of  the  normal  at  a  is 

-^sina  =  (l +.eosa)|.  sine  +  sin  (9-a)|.         (606) 
P 

For,  if  we  put  ^  =  a  we  get    Ijp  -1  +  e  cos  a,    and  if  wc  put 
e  =  TT  we  get  Ijp  =  (i  +  «  cosa)M 

EXEBCISES. 
I.  It  p,  p'  denote  the  segments  oi  a  foual  choi'd, 
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2.  The  rectangle  contained  by  the  segments  of  a  fooal  chord  is  propor- 
tional to  the  length  of  the  chord. 

3.  Any  fociil  cHord  is  a  third  proportional  to  the  transverse  axia  and  the 
parallel  diameter. 

i.  The  sum  of  the  rcciprocala  of  two  perpendicular  focal  chords  is  oon- 

5,  If  any  choi-d  RE!  of  an  ellipse  meet  the  direotrii  in  D,  the  line  SD 
biseofa  the  eKternal  aaglo  of  the  triangle  RSIi' . 

6.  The  join  of  the  iateraection  of  two  tangents  to  the  focus  bisects  fie 
angle  made  by  the  focal  Teeters  of  the  points  of  contact. 

7-  If  any  point  on  an  ellipse  be  joined  to  the  eitrsmittes  of  the  trans- 
Terse  axis,  the  portion  of  the  directrix  wliich  the  joining  lines  intercept 
subtends  a  right  angle  at  the  focus. 

8.  The  angle  subtended  at  the  focus  by  the  portion  of  any  Tariable  tan- 
gent intercepted  by  two  fised  tangents  is  constant. 

9.  IE  a  tangent  from  a  Tariable  point  subtend  a  constant  angle  6  at  the 
focus,  the  locus  of  the  point  is 

-  =  c033  +  eco6e.  (608) 
P 

10.  If  a  ohord  FQ  subtend  a  eonstant  angle  2S  at  the  focus,  the  locus  of 
the  point  where  it  meets  the  bisector  of  that  angle  is 

-  =  sec  8  +  e  cos  e.  (609) 

11.  If  e  denote  the  true  anomaly,  $  the  supplement  of  the  eccentric  angle 

19.  If  a  circle  passing  through  the  focus  of  an  ellipse  touch  it  at  the  point 
whose  angular  co-ordinate  is  a,  prove  that  its  equation  is 

|.(l  +  .to,.)>.;{,o,(«t«)  +  .oo.(«-!.)],  (611) 

and  that  the  common  chord  is 

e  {('  cos  fl  +  «2  cos  (0  +  a)]=l{l  +  2e  cos  a  +  s=),  (612) 

and  if  a  Tary  the  envelope  of  tlie  chord  is 

p(e'-e>cosfl)  =  i(l-s=).  (613) 
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Exercises  on  the  Ellipse, 

1.  Find  Iho  oooenfjioity  of  the  ellipse  %:^  +  i2/'=  I. 

2.  If  two  central  Teotors  of  an  ellipse  be  at  right  angles  to  each  other 
the  sum  of  the  squares  of  their  reciprocals  is  constant.  (STEiNER.) 

3.  Find  the  equaiion  of  the  circle  through  either  extremity  of  the  trans- 
Terse  axis  ani3  hoth  extremities  of  the  latus  rectum. 

4.  Fiad  the  equation  of  the  tangent  at  either  extremity  of  the  latus 

5.  The  bcus  of  the  middle  points  of  chords  of  an  ellipse  passing  fhrough 
a  giyen  point  is  an  ellipse  whose  ases  are  parallel  to  those  of  the  giren 
ellipse. 

6.  If  from  any  point  in  a  circle  a  line  he  drawn  making  a  givea  angle 
with  a  £ied  line,  and  divided  in  a  given  ratio,  the  looua  is  aa  ellipse. 

7.  If  a  transversal  cut  the  oonics 

!'/«=  +  y'ly^  -1  =  0    and    i^a^  +  ?'/*'  +  A  l:c=  +  j/=}  -  1  =  0 
where  K  is  any  oonatant  in  the  points  P,  Q  ;  J",  Q'  respectively,  prove  i(  O 
be  the  common  centre  that  the  angle  'PQ'P='  QOQ.   State  what  this  theorem 

8.  The  reciprocal  polars  of  the  conies  in  Ex.  7,  with  respect  to  a  con- 
centric circle  are  eonfocal  conies. 

9.  If  a  common  tangent  to  the  two  ellipses 

touch  the  first  in  sfy',  and  the  second  in  afy" ;  then  x'x"  is  eiiTial  to  the 
square  of  the  abscissa  of  either  of  their  poinfa  of  intersection,  and  ^'j/"  to 
the  square  of  the  corresponding  ordinate. 

10.  If  the  sum  of  the  tangents  drawn  from  a  point  to  two  circles  he  given, 
the  locus  of  the  point  is  an  ellipse. 

11.  If  a  circle  described  through  any  point  F  on  the  miner  axis  of  an 
ellipse,  and  through  the  two  foci  intersect  the  ellipse  in  the  points  Q,  Q! ; 
prove  that  FQ,  FQ'  are  either  tangents  or  normals  to  the  ellipse. 

12.  Tangents  are  drawn  from  a  fixed  point  P  to  a  system  of  confocal 
ellipses ;  if  T,  I"  he  the  lengths  of  the  tangents  to  any  of  the  ellipses,  and  9 
their  included  angle,  prove 

(i;r+  1/r)  cos^fl  =  constant.      (Crofton.)     (614) 
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angle  TFR^SFS;  oM  is  g!von,  i 
ct  the  angle  Sl'U,  then  it  also  bi 


5,  F,  S'  a 


TPR.     Now, 
TFS,  SFU   lIFT+ljPF^'icosiJiFTjFJF, 
1(1  1/5P+  1/PI7=  2  coii  SPUjFW, 

int  ia,  I/Pr+  l/PI"  =  2  aaaiSFS'jFJF, 

id  1/SP+  I/S'P  =  eoB4  TFT j FW^  2  cos  iejPW, 

.:     (l/7'+l/r)cos^9=[l/^i>+  llS'F)cos^SPS 
\A  is  gif  en. 
1 3 .  Tto  area  of  the  triangle  formed  by  the  tangents  from  the 


■n  points.   LetPfF 


and  their  chord  of  oontaot,  is  ai  siii^  fl  tan  0. 

14.  If  from  any  point  T  in  FT  (lie  tangent  at  Fj  a  perpendicHkr  TIC  be 
drawn  to  the  focal  Tector  SF,  and  a  perpendicular  TM  on  the  direotris  ; 
then  SR  =  eTM. 

15.  Find  the  equation  of  the  circle  deseribed  on  the  intercept  which  the 


on  the  line  j  =  me  4  li ;  and  thence  show  Hon-  to  find  the  liingfh  of 
rmal  st  any  point  of  an  ellipse  until  it  meets  the  ellipse  again. 
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16.  The  lociis  of  the  intersection  of  tangents  at  fie  estremities  of  a  pair 
of  conjugate  diamcteta  is 

-5+r;  =  2,  (61S) 

and  the  envelope  of  tie  Join  of  tieir  eitremitiea  is 


^t.- 


(616) 


17.  Find  the  eo-ordinatea  of  the  pole  of  the  normal  at  tie  point  b,  and 
show  that  lie  locas  of  the  pole  is 

rf/.' +  !•/»'..•.  (»17) 

18.  If  a  tangent  at  any  point  F  meet  tie  transverse  axis  in  T ;  then,  if  S 
ie  the  focus, 

cos  SFT  =  e  aos  STF.  (613) 

19.  PiDve  that  the  pedal  of  the  ellipse  with  respect  to  its  centre  is 

{^a  +  y'f  =  aV  +  Py^.  {819) 

20.  Prove  tiat  two  of  the  normala  drawn  from  tie  point  whose  co-ordi- 


0^2  SVa 

meet  the  ellipse  at  the  extremities  of  a  pair  of  conjugate  diameters, 

21.  liAjB,  C,  i)  be  the  feet  of  four  normals  drawn  from  a  point  Jf  to  an 
ellipse  E,  whose  centre  is  0,  the  perpendicular  from  ciroumoeiitres  of  tie 
triangle  formed  by  any  three  of  the  points  A,  B,  0,  B  upon  tie  common 
chord  of  -B,  and  the  osculating  circle  of  the  fourth  bisects  the  line  OM. 

(LONGOHAMFS,) 

Por  the  equation  (5i9)  may  be  written  in  the  form 

The  left-iand  aide  equated  to  zero  represents  tie  oircla  &.,  described  on  OM 
aa  diameter,  the  second  side  equated  to  aero,  represents  a  line  3,  parallel 
to  tie  tangent  at  the  point  D'.Jthe  symmetrique  of  I>  with  respect  to  the 
transverse  axis  of  E,  and  therefore  parallel  to  tie  common  ciord  of  B  and 
the  osculating  circle,  the  line  B  being  the  radical  aiis  of  tie  circle  (549)  and 
i.    Hence  tie  proposition  is  proved. 

22.  Find  the  equation  of  the  pair  of  lines  Joining  the  centre  of  tie  ellipse 
to  the  points  of  contact  of  tangents  from  ofy'. 

33.  Tie  sum  of  tie  eccentric  angles  of  four  concydic  points  on  an  ellipse 


y  Google 


24.  If  a  circle  naoulate  an.  ellipse  at  tlie  point  a,  the  co-ordlnatea  of  fte 
point  wHeie  it  meets  the  ellipse  again  are,  a  oos  3o,  —  i  sin  3a. 

25.  The  snm  o£  two  focal  chorda  of  an  ellipse  parallel  U)  two  conjugate 

26.  Any  two  Sied  tangents  are  cut  homograpliically  hy  a  variable  tan- 
gent. 

For  the  angle  wliieh  the  intercept  on  the  variable  tangent  suhtenda  at  tha 
focus  ifl  constant. 

27.  If  S  be  the  focuB,  T  any  point  on  the  tangent  at  P,  rJWa  perpen- 
dionlar  on  tbe  directrix  ;  then,  ii  ST  =e'  TM, 

cos  P5r=  4. 

28.  If  a  chord  FF'  of  an  ellipse  pass  through  a  flied  point  T,  and  if 
ST=e   TM,  then 

tan^PST'.tan^P'fi'r^  1^.      {M'Cwllaqii.)     (620) 

29.  If  S,  S'  be  the  foci,  and  if  the  circle  described  on  SS"  as  diameter 
meet  two  conjugate  diameters  in  H,  H',  prove  tiiat  the  sum  of  the  sq^uares 
of  the  perpendiculars  from  S,  S'  on  any  tangent  ia  constant. 

30.  If  all  the  tangents  to  an  ellipse  ba  inverted  from  any  internal  point, 
the  locus  of  tbe  centres  of  all  tbe  circles  into  which  they  invert  is  an  ellipse. 

31.  If  V  be  the  intercept  which  any  normal  to  an  ellipse  makes  on.  the 
transverse  axis,  and  0  the  angle  which  it  makes  with  it,  prove 

32.  If  two  sides,  AB,  BC  of  a  triangle  be  fixed,  but  the  third  moving  in 
any  way,  prove  that  the  oircumcentre  0,  and  orthocentre  Soi  the  triangle 
ABG  describe  curves  inversely  similar.     (NBUBBaQ.) 

For  AO  and  AH  make  eq^ual  angles  with  the  bisector  of  the  angle  BAG 
ai,&  AS  =2A0  cos  A. 

33.  If  two  central  vectors  of  an  ellipse  be  at  right  angles  to  each  other 
the  envelope  of  the  Join  of  their  extremities  is  a  circle. 

34.  If  the  chords  Joining  the  paira  of  points  a,  8 ;  y,  S,  respectively, 
meet  the  transverse  axis  in  points  eq^ually  distant  from  tbe  centre,  prove 
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35.  n  iio  eo-ordinatea  in  Ex.  20  te  denoted  \j  x,  y,  prove 

2  [fl%^  +  4V=)'  =  "'  («'^'  -  *y)'-  (623) 

36.  If  CP,  CJ)  te  two  conjugate  semi-diametoTS,  and  if  the  normal  at 
P  be  produced  both  ways  to  Q,  C,  making  PQ,  PQ'  each  equal  to  CD, 
prove  tBat 

CQ  =  B  +  h,     cq  =  B,~h.        (M'OuLLAaH.)     (624) 


37.  It 

X\V\,  x%yi,  Xiyi 

be  any  three  points,  and  if 

S.5  +  J_l  =  t.,     5.^5 

+  ^'-1,    r,j^^ 

^^       Pip 

^    -  1,   &0., 

ove  that  -  4  (area  of  triangle 

:ormed  by  these  points)*  ~  a 

i*  is  eciuol  to 

Si, 

Tn,         Tu, 

Tis 

Si,          Tn, 

(625) 

T,3 

T,l,             «3 

Multiply  the  determinants 

^i/«,       y,jb. 

:.,/«, 

J'l/S, 

-1 

^./«,         2/=/J, 

Xijct, 

J's/S, 

-1 

xzlf,        ml 

, 

^./», 

J-s/*, 

-1 

38.  If  the  three  points  form  a  selE-conjugate  triangle,  with  respect  to  S, 

area  =  \/KS^sl{2al;).  (620) 

Mate  r.j.  r,3,  T33  eaoh  =  0  in  Ex.  37. 

39.  If  they  form  a  triangle  oiroumsoribed  ahout  S, 

area  =  a6(i/&  +  V&  +  V^|. 

Let  ASO  he  the  circumseribed  triangle  A',  S\  C  the  points  of  contact, 
0  the  centre,  and  let  ji' J'  he  the  polar  of  C{xiyt),  thon,  if  ^betheec 
angle  of  .4',  lie  area  of  tio  quadrilateral  OA'CB'  equal 

2aOA'C  =  a  COB  pyi-bnia^xi. 
Also  substituting  the  co-oxdinatea  of  the  point  A  iu  the  equation 

:f^3/i=  +  W3/S=  -1  =  0, 
which  is  the  polar  of  C,  we  get 
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Hence  sciuare  and  odd,  and  we  get 

h'^xj'  +  ahji"  =  a=i=  +  {OA-GB-]\  .-.  QA'CB'  =  aSV^. 
Similarly, 

OB' A  C"  =  nb  VF,,    and  OC'BA'  =  ab  ■■Jsl, 

.-.     ^BC=oi  jv'sr+ VA  +  Vi^).  (627) 

10.  If  the  triangle  be  iaacrited  in  S, 

area  =  \/ Ta  Tss  2'3,/(2a*).  (628) 

41 .  If  FI^  be  an  ordinate  at  any  point  F  of  an  ellipse,  find  the  locus  of 
the  intersection  of  FM,  with  the  parpcndicular  from  the  centre  on  the  tan- 
gent at  F. 

42.  If  a  point  F  whose  eooentrio  angle  is  9  be  joined  to  the  foci,  and  the 
joining  lines  produced  meet  the  ellipse  again  in  Q,  ii  ;  find  the  equation  of 
QR,  and  prove  that  its  polar  lies  on  the  normal  at  0, 

43.  If  4>  be  the  eccentric  angle  of  the  point  P  of  an  ellipse,  Q  the  point 
on  the  amdliary  circle  corresponding  to  F;  prove  that  the  area  of  the 
pai'allelogram  foimed  by  the  tangents  at  the  points  F,  Q  and  the  points 
diametiically  opposite  to  tliem  is  Se*J/(fl  -  i)  sin  2^.  (629) 

44.  If  the  normal  at  Pmeet  the  transverse  and  the  conjugate  axes  in  the 
points  6f,  & ,  I'espeetiTely,  prove  that  the  middle  point  of  CQ  is  the  centre 
of  a  circle  through  Pand  the  eitremities  of  the  minor  asis ;  and  the  middle 
point  of  GG'  the  centre  of  a  drcle  through  F  and  lie  eiti'einities  of  the 

46.  If  the  product  of  the  direction  fanjenta  of  two  fines  touching  an 
ellipse  ho  given,  and  negative,  the  Ioctjs  of  their  poiut  of  intersection  is  an 
ellipse. 

46.  If  fl  be  the  angle  betweona  central  vector  to  .and  the  normal  at  the 
point  f ,  prove 

47.  The  lengths  of  the  tangents  from  the  point  x'y  to  the  ellipse 

are  roots  of  the  equation  in  T, 

^Vo^s'.  2'=  +  ^Vi'»-S!'-S-=cVr.    (Croitok.)     (631) 
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■/'< 

^-TV....I.. 

•: 

P/S'-6'=rj/i/*; 

^^,% 

x'c^lo.^ 


/j/,/i'=l,.' 


-'/ahS-T^  +  ^'/r- 


PS'^ov^s: 


-  48.  A  circle  has  doutle  contact  with  an  ellipse  at  the  points  P,  F".  Prove 
that  the  sum  of  the  aietances  of  the  poinis  F,  i"  from  either  focus  ia  half 
the  sniu  of  the  distanues  from  the  same  fooua  of  the  points  in  which  the 
ellipse  is  intersected  by  any  circle  concentric  wilii  the  former.     (Hid.) 

49.  If  from  any  point  on  an  ellipse  tangents  he  drawn  to  the  circle  on  Iha 
minor  axis,  and  if  the  chord  of  contact  meet  the  major  and  the  minor  aies 
in  the  points  Z,  .3f  respectively,  prove, 


CL^      cm  ~ 


(632) 


50.  Find  the  locns  of  the  middle  pointe— 1".  of  chorda  of  a  given  Ui^;th 
in  an  ellipse.     2°.  Of  chords  whose  distance  from  the  centre  is  g'ven, 

51.  Find  the  co-ordinates  of  the  orthocentre  of  the  triangle  formed  hy 
two  tangents  and  the  chord  of  contact. 

If  (a  +  3)  and  {a  -  j8)  ho  the  points  of  contact,  lie  orthocentre  is  the 
point  common  to  the  perpendiculars  from  (a  +  ff}  on  the  tangent  at  {o  -  j8), 
and  from  (a  -  J3)  on  the  Ungent  at  (a  +  ,8).     Hence  it  is  the  intei 


2a  sin  (a  +  fl)  j; 


■2Sc. 


+  (a'  +  S=)si 
-^  (a'  +  V)  si 


0  get  hy  addition  and  subtraotioi 
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;..{(.'  +  i-)m'.  +  #m"S)/.«o.»rafl,  (6!!) 

j.l(.'  +  l")co.'B-<'«).".i;im.co.fr.  (634) 

52.  The  Bum  of  th  j  s  f  t!ie  parpen dioulara  from  the  extremities  of 
any  two  conjugate     m  diam  tan,  any  fised  diameter  is  constant. 

53.  If  OF,  Cr  b  two  B  m  diameters  of  an  ellipse  ;  CD,  CD'  their  con- 
jugates ;  prove,  if  FF  pa  s  th  ough  a  fiied  point,  tliat  Dff  also  passes 
through  a  fixed  po  nf 

54.  The  locus  of  tie  pomls  of  contact  of  tangents  to  a  system  of  confocal 
ellipeefl  from  a  fised  point  on  lie  transverse  axis  is  a  circle. 


5B.  If  a  cos  fl  + !/  G 

ino-j'  =  Oheatangen- 

'•''.-.+^-'-°' '""' 

j)'  =  oUo3=«+i=sii 

(636) 

56.  If  the  circle  x? 

+  i/=  +  35:c  +  2/y  +  .= 

0  passes  tlirougli  tlie  estrem: 

es  of  three  semidiani 

etcrs  of  the  ellipse 

iiDve  tiat  the  circle 

m;-=». 

of  the  three  conjugate  semidiameteis. — 

(R.  A.  EoBEiiTS.)     (636) 
hi.  Show  that  if  the  first  circle  in  Ex.  66  be  orthogonal  to  x^  +  y''-  2a3 
~-  iSy  +  (/  =  0,  the  second  is  orthogonal  to 


58.  A  triangle  is  inscribed  in  the  ellipse 

^  +  ^^'-1=0; 

prOTe,  if  sf,  y'  be  the  00-ordinafes  of  its  centroid,  and  x,  y  those  of  the 
ciroumcentie, 

16(»'a^  +  iy)  +  9e'f^  +  |j]  -\2c^  [xif  ~yy')-'i*  =  0. 

{Ibid.)        (833) 
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69.  If  a',  b'  Ije  conjugate  semidiameterB,  makiag  angles  ip,  ^'  with  the 
Gemiaxea,  piovs 


60.  If  the  rectangle  eoiifained  by  tlie  perpendiculars  on  a  ■rorialile  line 
from  iCa  pole,  with  respect  to  a  given  elKpse,  and  from,  lie  centre  of  the 
ellipse,  be  constant,  the  envelope  of  the  line  ia  a  confocal  ellipse. 

61.  If  fi-,  S' be  confocal  coaica,  and  J?,  PJ' tangents  to  «,  andPratan- 
gent  to  S',  then  ilie  angle  TVT'  ia  biaected  by  FV.     (M'Cay.) 

Let  ihenocmalFfatrto  5  meet  JT' produced  iu!7.  Then,  since  «,  S" 
are  confocal,  (lie  pole  of  TV  'with,  raapect  to  fi  is  on  tlie  normal  VTT.   Again 


lie  pole  of  Prwith  respect  to  S  must  be  on  the  line  TT.  Hence  17  is  the 
pole  ofPr,ani  the  pencil  [P.  rrfTF)  is  harmonic.  Hence  V.TTFUh 
iarmonic,  and  the  angle  PVU  ia  right     Hence  T'  VT  is  bisected. 

62.  If  a  conic  have  double  contact  with  8  and  one  focus  on  S',  the  other 
focus  must  also  be  on  S'. 


•■/•• +%■«•■ +•■)'■ 
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64.  Tho  circle  wliose  diameter  is  any  chord,  parallel  to  tte  conjugate 


has  double  contact  with  the  ellipse 


65.  If  focal  vectors  from  any  point  Pmeet  the  ellipse  again  in  Q  and  B, 
and  if  tho  tangent  at  P  make  an  angle  9  with  the  tnmsTene  axis,  and  the 
line  QS  an  angle  ip,  prove 

tan*.  =  ^^tan9.  (642) 

Ofi.  If  Jbe  the  focus,  and  A  oae  of  tte  extremities  of  tho  transverse  axis 
of  a  given  ellipse  E,  prove  that  the  major  axis  of  a  conic  passing  through  J, 
whoas  focus  is  A,  and  directrix  any  tangent  to  the  ellipse  is  constant,  and 
that  the  envelope  of  ita  second  directrix  is  a  conic  whose  foci  are  on  the 

67.  Eeiug  given  two  eontooal  ellipses,  prove  that  the  distance  hetween 
the  point  -p  on  the  first  and  the  point  ^'  on  the  second  is  equal  to  the  dis- 
tance between  ip'  on  the  6rst  and  ^  on  the  second.  (Ivoay.) 

68.  If  fiom  an  external  point  0  a  secant  OKK  he  diawn,  cutting  the 
ellipse  in  B,  R' ;  then  if  OQ^  =  OH .  OR',  the  locus  of  §  is  an  ellipse. 

69.  If  (,  ('  he  the  lengths  of  tangents  from  any  point  F  to  an  ellipse,  i,  V 
tbe  parallel  semidiamotcrs,  and  p,  p'  the  focal  yectors  of  F,  prove  that 

if  +  b¥  =  pp'.  (643) 

70.  Two  chords,  Ci,  Ci  of  an  ellipse  are  at  right  angles,  and  touch  a  con- 
foca! ;  prove  that  l/d  +  l/Cj  is  constant. 

71.  If  DOrmala  at  A,  B,  C,  B  meet  in  M,  and  intersect  the  ellipse  again 
in  A',  S',  C,  If,  prove  that  the  latter  points  lie  on  an  equilateral  hyperbola, 
and  touching  at  ^the  Appoloaian.  hyperbola  through  A,  S,  C,  D. 

72.  If  the  angles  which  any  two  conjugate  diameters  subtend  at  any  point 
of  the  ellipse  be  denoted  by  \,  \',  respectively,  then 

Cof^A  +  cot' A'  =  (o*  -  b"-]-lia'-S'.  (644) 

73.  If  a  normal  to  an  ellipse  be  parallel  to  one  of  the  equiconjugate 
diameters,  it  outs  the  eUipse  again  at  a  minimum,  angle. 

(Pkop.  J.  Purser.) 
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74.  Two  parallel  focal  chords  of  sn  ellipse  meet  it  in  the  points  6^,  E, 
on  the  aiime  side  of  the  transverse  axia ;  if  the  join  of  G,  if  make  intercepts 
X,  li  on  the  axes,  prove 

75.  If  two  normiils  to  an  ellipse  cut  at  riglit  angles,  the  infeteepta  made 
on  them  by  the  ellipse  are  divided  proportionally  at  theic  point  of  intersec- 
tion. (Pnor.  J.  PUKBER.) 

76.  Provo  that  if  a  pai'ahola  he  described  with  a  point  on  an  ellipse  as 
focus,  and  the  tangent  at  the  eorresponding  point  on  the  auxiliatj-  cirulo  as 
directrix  it  passes  though  the  foci  of  the  ellipse.  {Ibid). 

77.  If  FM,  F'M'  be  parallel  focal  vectors,  the  tangents  at  M,  M'  meet  in 
a  point  F  of  the  auxiliary  circle,  and  the  angle  FFF'  =  k  {FMF'  +  FM'F) . 

(L0NGCHA«^S.) 

78.  In  the  same  ease  the  locus  of  the  point  of  intersection  of  MF',  M'F 
is  a  <fflnfocal  ellipse.  {Hid.) 

79.  If  an  ellipse  and  a  hyperbola  hare  a  pair  of  conjugate  diameters, 
common  both  in  magnitude  and  direction,  each  curve  is  its  own  reciprocal 
with  respect  lo  the  other. 

80.  Construct  an  ellipse,  teing  given  1°  a  focus,  and  three  points,  2°  a 
focus,  and  three  tangents. 
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CHAPTER    VII. 


THE  HTPEEBOLA. 


187.  Def.  I. — Being  given  in  position  a  point  S,  and.  « 
JW,  ihe  locus  of  a  variable 
point  P,  whose  Mstimce  fron 
S  has  to  its  perpendicular 
distance  from  iVJV'  a  given 
ratio  e  greater  than  uni 
is  called  a  hspeeboxa. 

Dbf.  II. — The  point  S  is 
called  the  Bocna ;    the  line   . 
MN'    the    DrRBOimx,    e 
the  ratio  e  the  ecobntkicxtt  of  the  h 

188.  To  find  the  equation  of  the  hyperhola. 

1°.  Take  tlie  focTia  as  origin,  the  line  througli  S,  perpendieulax 
to  the  directrix,  as  axis  of  a:,  and  a  parallel  to  the  directrix 
through  5  as  the  axis  of  y;  also  denote  the  perpendicular  SO 
from  S  on  the  directrix  by/;  then,  denoting  the  co-ordinates  of 
P  by  a;,  y,  we  have  SP'  =  s;^  +/,  and  P]S'=  x  +/;  but  (Def.  i.) 
8P^PN=e;  therefore 

a;^  +  y'  =  c^{x+f'f.  (646) 

1°.  In  equation  (646)  put 


and  we  get 


-{e^-lf 


(I-) 


yGoosle 


(in.) 
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Hence,  if  C  be  the  new  origin,  we  have 

l?ow,  putting  y  =  0  in  (i.),  we  get 

,,         'T 
(,•-1)" 

giving  for  x  twoValues  equal  in  magnitude,  but  of  opposite 
signs.     Hence,  denoting  tho  points  wliero  tho  hyperbola  outs 

ef  ef 

the  axis  of  x  by  A,  A',  we  get  CA  =  ~^,  CA'  =  -  ^^. 

Hence  A'C  =  CA  ;  therefore  the  line  A'A  is  bisected  ia  C,  and 
denoting  it  by  2a,  we  have 

^^     ef 
e'-l' 
Again,  putting  at  =  0  in  (i.),  we  get 

This  gives  two  imaginary  values  for  j/,  viz. 

.5^..nd-4£i, 

showing  that  tho  hyperbola  does  not  cut  the  axis  oi  p. 

Def.  iir. — The  line  AA'  is  called  the  TRiNSTEESE  axis  of  the 
' "-'-  ef 

hyperhola ;^and  if  we  male  CB  =  B'C  =  -■  ,  the  line  £B'  is 

called  the  coieJueiTE  axis,  and  the  point    C  the  cehtre.      F^e 
line  B'B  is  denoted  by  2b. 

ef  ef 

3°.   Since  a  =     ^_      ,  5  =  v^-_       ,    equation  (i.)  can  be 

written 

This  isi,the  standard  form  of  the  equation  of  the  hyperbola. 
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Dbp.  Tv.^^The  douhle  ordinate  LU  through  S  is  called  the 
lATtis  EECTOM  of  th>  hyperlola. 

189.  The  following  deductions  from  tlie  preceding  eijuations 
are  important : — 

2°.  If  08  be  denoted  hje,c  =  m. 


3°.   CO  =  -.     For  CO  =  OS-f=  -^ 
A°.  a'+h'  =  e'.     From  1°  and  2°. 
5°.    CS  .  C0  =  a\     From  2°  and  3= 


r-/  = 


6°.  LatuB  rectum  =  2a(_e'-  1).  For  in  (646)  put «  =  0,  and 
we  get  8Z  =  ef;  therefore  ZZ'=  2ef=  2a  (e'  -  1). 

7°,  The  transverse  axis  :  conjugate  axis  ::  conjugate  axis: 
latus  rectum.     From  I''  and  6". 

8°.  Since  from  the  f  oim  (647)  of  the  eq^uation  of  the  hyperbola 
each  axis  is  an  axis  of  symmotiy  of  the  figure,  it  follows  that,  if 
we  mako  C3' =  SO,  the  "point  S'  will  be  another  focns;  also, 
if  00'=  00,  and  through  O'alino  .SOT  be  drawn  perpendicular 
to  the  transverse  axis,  MM'  will  be  a  second  directrix,  cor- 
responding to  the  second  focus  S'. 

Dep.  t. — If  the  semiaxss  a,  h  of  a  Tiyperhola  he  equal,  the  curve 
is  called  an  BaoiLaTiiEAL  nrPEEBoiA. 


EXAHFI^ES. 


let  S'SF  be  the  triangle ;  let  tlie  laae 
S8'  =  1c,  and  the  difference  of  tlie  sides 
equal  la.  Let  S'3  pioduced  be  taken  as 
axis  of  3!,  BEd  the  perpendicular  to  S'S  at 
its  middle  point  as  axis  of  y  ;  tben,  if  x,  y 
be  tiie  co-ordinates  of  F,  we  Have 


8-P-{{x^cf- 
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therefore 

!(«  + 

cf  +  f)i-{(=i-cf^^ 

or  cleared  of 

radieids, 

(^-a')^_«v'  =  "n=' 

or  putting 

••-— .  i-p 

Got.  1.— 

SF^ez-a, 

For  in  clearinE  (i.)  of 

ruilietila,  we  get 

a{{z~cf  +  y''}i  =  ^~ 

that  ia, 

w.SP^nac-fl'. 

Cor.  2.— 

SP=ix  +  «. 

253 
(■■) 


2.  Given  the  iiasa  of  a  triangle  and  the  ilifference  of  tlie  base  angles,  the 
locus  of  tbe  vsrfes  ia  an  equilateral  hyperbola. 

3.  Given  the  base  of  a  triangle,  and  the  ratio  of  the  tangents  of  the  halves 
of  the  base  angles,  the  locus  of  the  vertex  is  a  hyperbola. 

4.  The  locua  of  the  centre  of  a  eircle,  which  passes  through  a  given  point 
and  cuts  a  fixed  line  at  a  given  angle,  is  a  hyperbola. 

a    Tnseot  a  given  arc  of  a  eiiol    by  m     ns    f     hype  b  la 
6    If  the  base  of  a  tiiangle  be  mm       t  d        d  posit  d  the 

difEercnce  of  the  aides  in  magnit  dth      thl         fhwt         i  the 
esenbed  circles  which  touch  the  bpdd         th  bhta 

hyperbola ,   and  the  loci  of  the        t         f  th  nb  d        1  I  the 

eaoiibed  which  touehea  the  base  e  t  m  11  th   di     1   ce     f  th       me 

hyperbola. 

7.  If  inEi.  6,  Art.  110,  the  "  BoEcovieb  Circle  "  cut  the  line  NN\  show 
that  the  loouB  of  F  will  be  a  hyperbola. 

8.  CB  is  a  fixed  diameter  of  a  given  cirete  ;  and  through  a  fixed  point  A 
in  C£  draw  any  chord  BE  of  the  cirele ;  join  CD,  and  on  OD  produced,  if 
necessary,  take  OF  =  AE :  the  locus  of  the  point  if  is  a  hyperbola. — 

9.  ABCD  ia  a  losenge  whose  diagonals  are  2fl,  2i,  respectively  ;  prore,  if 
the  diagonals  be  taken  as  axes,  that  the  locns  of  a  point  F,  such  that  the 
rectangle  AF .  CF=  the  rectangle  BF .  DF,  is  the  equilatei'al  hyperbola 

*=-S^  =  =^'-  (6*9) 

10.  0^,  OraTetheaxeB,.^,^  two  fixed  points  on  OX  on  different  sides 
of  0,  A,  A'  are  joined  to  any  point  Jon  OY;  then  if  a' 
Aljaesi  ^'/produced  in  Pthe  locus  of  i'ia  a  hyperbola. 
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■190.   To  express  ihs  eo-ordinates  of  a  point  on  the  hjperhola  h 
( single  vm-iaih. 


let  AA'i  BB'  be  the  transTOrse  and  conjugate  axes,  upon 
AA'  as  diameter  describe  a  circle.  Let  P  be  any  point  in  the 
hyperbola,  MP  its  ordinate,  MT  a  tangent  to  tlie  circle  on  AA'. 
Then  denoting  the  angle  MOT  by  4>  we  have  xja  =  sec  <;i ; 
.■.  yfh  =  tan  <ji.     Hence  the  co-ordinates  of  P  are 

fflsec^,     Stan^.  (650) 

Cor.  \.—MT:MP::a:b. 

Cor.  2.— If  i>JVbe  pai-allel  to  0T>  MJVis  =  h 
Cor.  3. — If  p  be  the  radius  vector  from  the  centre  to  any 
point  P  of  the  hyperbola 

p  =  a\/l  +  «naiiV.  (651) 

Cor.  4. — If  the  equation  of  the  hyperbola  be  ivritten  in  the 
form 
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■we  may  put  I  —  =■  j  =  tan  $, 

"^  +  I  =  cot  C, 
from  which  we  get 

«  =  «  coseo  25,     J/ =  Soot  25.  (652) 

191,  The  locus  of  the  middle  points  of  a   system  of  parallel 
chords  of  a  hyperhola  is  a 
right  line.  \^  yf 

Let  the  eq^uation  of  oae        ^^  /  / 

of  the  chorda  he  A  /  ^rt^ 

Now,    if    m    he    constant  A /     \,     '    p\^ 

and  n  variable,  this  will       /  r'    """\~~ --^X, 

represent    a     line    which  '■  '^ 

moves  parallel  to  itself  ;  and  eliminating  y  between  it  and  the 
eijuation  of  the  hyperhola,  wo  get 

(1  — Mi')  s^-lnmax  —  bW  -  «*=  0. 
Similarly,  by  eliminating  x,  we  get 

{1  -  wP)  f  -  2nhj  +  SV  -  iW  =  0. 
Hence  the  equation  of  the  circle,  whose  diameter  is  the  intercept 
which  th.e  hyperhola  makes  on  the  line 

la    (l-»i=)(a^  +  3/')-2w»«a!-2Biy-(a'-J=)w'-<i'-m=i'  =  0. 

(653) 
Mow,  if  the  co-ordinates  of  the  centre  of  tliis  circle  be  a/,  y',  we 
get 

Sence,  eliminating  n  and  omitting  accents,  the  hem  of  the  centre, 
that  is  of  the  middle  point  of  the  chord,  is  the  diameter 

y{l  =  xlma.  (654) 

This  is  the  line  Q^  in  the  diagram. 
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Cor.  1. — If  a  line  bo  drawn  through  the  centre  parallel  to 
PP',  or,  in  othor  words,  a  diameter  conjugate  to  QQ',  its  equa- 
tioa  must  contain  no  absolute  torra  ;  hence  its  equation  is 

,/S  -  «/«.  (655) 

Hence  the  product  of  the  tangents  of  the  angles,  which  two 
conjugate  diameters  make  with  the  transverse  axis  of  a  hyper- 
bola, Is  1^!a\ 

Cor.  2. — If  the  line  PP'  move  parallel  to  itself  until  the 
points  P,  P'  become  consecutive,  then  PP'  becomes  a  tangent 
Buch  as  at  Q;  and  if  the  co-ordinates  of  Q  be  «'*/'  we  must 
have 

and  since  tlie  line  QQ'  passes  through  it,  we  must  have  {i7S) 

I'll .  .7™. 

Hence  m  =  hx'js^',     «  =  ~  J/y', 

which,  substituted  in      yjh  =  maf/»  +  «, 

gives  ^-^'=1'  (656J 

■which  is  the  equation  of  the  tangent. 

Cor.  3. — The  equation  of  the  tangent  at  the  point  1^  is 

~  -  I  siu  ^  =  cos  ^.  (657) 

Cor.  4. — To  find  the  equation  of  the  chord  of  contact  of 
tangeats  from  the  point  Me. 

Let  a/y',  x!"y",  he  the  points  of  contact;  then,  since   the 
tangent  at  a>'^  passes  through  hJc,  we  have 
hi/      hy' 

„.    .,    ,                             At"      ky"      , 
Similarly,  — ^ 7—  =  1. 

Hence  it  is  evident  that  the  line 

$-|'-l.  (M8) 
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passes  through  each  point  of  contact,  and  therefore  must  be  the 
chord  required. 

Cor.  5. — If  two  diameters  QQ',  MR'  of  the  hyperbola  be  such 
that  the  first  bisects  chords  paiallel  to  the  second,  the  second 
also  biseots  chords  parallel  to  the  first. 

Observation. — It  is  not  neoesaaiy  tliat  both  extremities  of  tho  ciocd  Pf 
Bhould  be  on  tha  same  branch  of  the  hyperbola ;  tba  oburd  may  tats  the 
position  jy',  where  they  are  on  different  branches. 

192.  Dbf. — It  has  heev.  proved  thatifwe  consfruet  the  hyper- 

whose  axes  are  AA',  BB', 

it  will  be  tie  figure  HHEH 

in  the  diaffram.     Again,  if 

we  camtruot  the  hyperhola, 

which  has  BB'  for  its  trans- 

verse  axis,  and  AA'  for  its 

conjugate  axis,  it  will  he  the  figwe  S'H'WW  in  the  diagram. 

This  second  figure  is  called  the  conjuoaxe  HTPERBoii, 

If  instead  of  M  we  put  ai'y',  we  see  that  the  chord  of  con- 
tact of  tangents,  from  s/t/'  to  the  hyperbola,  is 


.»:. 


1. 


(659) 


Cor.  6. — If  through  smy  point  z'y'  a  chord  of  the  hyperbola 
be  drawn,  the  locus  of  the  intersection  of  tangents  at  its  estre- 
miticB  is 


Cor.  7.~The  Hue 


is  such  that  any  line  passing  through.  *'j/'  is  cut  harmonically  by 
it  and  the  hyperbola. 
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198.  To  find  the  equation  of  the  conjugate  hyperbola. 

If  tho  line  BB'  were  th.e  asia  of  x,  and  AA'  the  axia  of  j/ ; 
siEoe  -B5'  is  the  transverae  axis  and  AA'  the  conjugate  axis, 
the  eiiuation  o£  the  figure  R'H'H'R'  would  l)e  (§  188), 

Hence,  interchanging  x  and  y,  the  required  equation  is 

Cor.  1. — If  GQ,  C^be  conjugate  diameters  with  respect  to 
the  iyperhola  H,  tliey  are  conjugate  diameters  with  respect  to 
the  hyperhola  JB?. 

Tor  tho  req^uired  condition  with  respect  to  S'is 

tan^(7Q.tan^(?.B  =  -  {%  191,  Cor.  \); 

therefore  is.-aBCR  .  tan  BCQ  =  ^ 

Hence  the  proposition  is  proved. 

Cor.  2.—  The  tangent  at  B  to  the  hyperbola  S'  is  parallel  to 
QQ'.  For  tho  diameter  SBf  of  ^'  bisects  chords  parallel  to 
QQ',  and  the  tangent  S  is  a  limiting  case  o£  a  chord. 

Cor.  S. — If  the  co-ordinates  of  Q  be  y^',  the  co-ordinates 

dii  are  '^,    *i  (661) 

jPor  these  satisfy  the  equation  (660)  of  the  hyperbola  S'  and 
the  equation  of  the  line  JtR'  is 

f?^-^  =  0 

Cor.  4. — If  tho  conjugate  semidiametcrs  CQ,  CM  be  denoted 
by  a',  V,  respectively,  then  »''-  J"=  a^-  i''.  (662) 

For  «'^-i'==C(?-C^  =  y'-l-j/'=-^'-^' 
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Cor.  5. — Every  diameter  of  an  equilateral  hyperbola  is  ec[iial 
to  its  conjugate. 

Cor.  6.— The  area  of  the  triangle  QCR  =  ^aJ.  (663) 

"Sax  the  area 

Hence  the  area  of  the  parallelogram,  ■whose  two  adjacent  sides 
are  two  conjugate  eemidiameters,  is  constant. 
Cor.  7.  The  equation  of  the  line  QR  is 

Hence  QR  ia  parallel  to  the  line 


Cor.  8.— The  equation  of  the  median,  -which  bisects  QR,  is 
--  1  =  0.  (664) 

194.  251  find  the  eq^uation  of  an  hi/perhola  referred  to  two 
eonjugate  diameters. 

Let  CQ,  CR  he  tiro  conjugate  semidiameters  (see  flg,,  §  191), 
and  take  CQ,  CR  as  the  new  axes  of  x,  y.  Let  x,  y  be  the  old 
co-ordinates  of  any  point  P  of  the  hyperbola,  ic'y'  the  new ;  then 
denoting  the  angles  QCA,  RCA  by  a,  /3,  respectively,  we  have 

x  =  x'  maa  +  y'  cu&p,     y  =  x'sma-\-y's\Ti^. 

Substitute  these  values  in  the  equation  Px)^  -  a^y'  =  a'b" ;  then 

«"  (6=  cos'q  -  »^  sin'a)  -  y'^  (»'  sin=^  -  h'  cos'^) 

+  x'^'{¥  coaa  cos^  -  ^  siiia  sin^)  =  o'i^ 
but,  since  CQ,  CM  are  conjugate  i 

tan  a  tan  fl  = 
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(g  191,  Cor.  1).     Hence  tlie  coefficient  of  x'lj'  vanishes,  and  the 
oijuatioQ  may  be  written 


Ifow,  when  y'  =  0,  we  have  a/  =  CQ.    Hence,  denoting  CQ  by 


Again,  if  It  be  the  point  where  OH  meets  the  conjugate  hyper- 
bola (§  192),  we  get 


and,  denoting  this  by  I'',  we  see  that  the  ec[iiation  < 
written 


or,  omitting  accents  on  x',  y', 

This  is  the  same  in  form  as  the  equation  referred  to  the  trans- 
verse and  conjugate  axes.     (Compare  §  155.) 

Cor.   1. — The  equation  ot  the  tangent,  when  the  hypertola  is 
referred  to  a  pair  of  conjugate  dia- 

—  -  ^-1  =  0; 

for,  ta^ng  two  points  x'y',  a/'y" 
the  hyperbola,  the  curve 


{x~x'Xx-af')  _  (y-y')ty-y": 
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evidently  passes  through  both  points.     Henee  the  chord  joining 
both  points  is 

{^-S!'){a!-s:")  __  {y-y'){y-y")  _  /^  _  ^  _  j\       g  . 

and,  if  the  points  become  consecutive,  this  rodnoes  to 


Cor.  2.— If  the  taBgent  at  R  meet  CP  in  T,  CN.  CT=  0P\ 
Cor.  3. — The  tangents  at  the  extremities  of  any  chord  meet 

on  the  diameter  conjugate  to  that  chord. 

Cor.  4. — The  line  joining  the  interaection  of  two  tangents  to 

the  centre  bisects  the  chord  of  contact. 


BXEKCISES. 

1.  If  0  chord  of  a  circle  be  purallel  to  a  line  given  in  position,  the  locus 
of  a  point  wHoK  divides  it  into  parts,  the  sum.  of  whose  s([uares  is  constant, 
is  an  eqoilateral  hyperbola. 

2.  If  CF,  CD  le  any  two  semidiametcra  of  a  hyperbola,  FN,  DM  tan- 
gents meeting  CD,  CF  in  JV  and  M,  respectively :  triangle  OFN  a  03M. 

3.  In  the  same  case,  if  FT,  DE  be  parallels  to  the  tangenta  mealing  CD, 
GF  produced  in  T  and  ^ ;  the  triangle  OBE  =  CFT. 

4.  If  a  q^uadrilateral  be  ciremnsoribed  to  a  hyperbola,  the  join  of  the 
middle  points  of  its  diagonals  passes  through  the  centre. 

5.  If  AB  be  any  diameter  of  a  hyperbola,  AE,  BD  tangents  at  its  estre- 
mities  meeting  any  third  tangent  in  E  and  J),  the  rectangle  AE .  BD  is 
liq^ual  to  the  square  of  the  aemidiameter  conjugate  to  AB. 

6.  If  in  the  fig.  of  Ex.  5,  CD,  CE  be  drawn  meeting  the  hyperbola  and 
its  conjugate  in  D'  and  £';  OJX,  CE'  are  conjugate  semidiametera. 

7.  Diameters  parallel  to  a  pair  of  supplomental  chords  are  conjugate. 

8.  Find  the  condition  that  the  line  Kx  ^  ^y  ■\-  v  =  0  shall  touch  the 
hyperbola. 


which  is  the  tangential  equation  of  the  hyperbola. 
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9.  If  AA'  be  any  diameter  of  an  ellipse,  FP'  a  doulils  ordinate  to  it ;  if 
AF,  A' I"  be  produced  to  meet,  the  locus  o£  their  point  of  intersection  is  a 
hyperbola. 

10.  Tangents  to  a  hyperbola  are  drawn  from  any  point  in  one  of  the 
hranehes  of  the  conjugate  hypprbola  ;  prove  that  the  envelope  of  tlie  chord 
of  contact  is  the  other  branch  of  the  conjugate  hyperbola. 

195.  To  find  the  equation  of  the  normal  to  the  hyperbola  at  the 
point  afy'. 

The  equation  of  the 
tangent  at  is'y'  is 


Hence  the  equation  of 
the  perpendicular  to 
tMa  at  xfy'  is 

(667) 


7-=<^, 


which  is  the  equation  o£  the  required  normal. 

Cor.  1. — In  equation  (667)  put  y  =  0,  and  we  get 

CG  =  e^x'.  (668) 

Hence  MG  =  (e'  ~  1)  s/.  (669) 

^MG''=  y''+  {e^-  Ifx'^  =  (after  t 


Cor.  2.—PG'  =  I'M-'  ■ 
asy  reduction)  to 


tA'' 


G'F.PG  =  e'x'^ 
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Cor.  3. — If  p,  p'  be  the  foeal  vectors  to  P, 

G'P.PG^PP'.  (671) 

Cor.  4. — In  an  equilateral  hjperljola 

PG  =  G'P.  (672) 

Cor.  5. — If  CP  lie  the  semidiameter  conjugate  to  CP, 

G'P.P&=  CB?=h'^=pp'.  (673) 

Cor.  6. — If  CL  he  perpendicular  to  the  tangent  at  P, 
CL.PO^  h\      CL  .  G'P  =  «=. 

EXEKCISES. 

1.  The  points  G',  F,  T  and  the  two  foci  are  uoneyolio. 

2.  A  right  line  parallel  to  the  conjugate  axis  of  a  hyperhola  meets  it  and. 
its  conjugate  in  the  points  if,  N;  ehow  that  normals  to  fheae  ourvea  at  the 
points  M,  JT  intersect  on  tie  tranaveree  axis. 

3.  If  the  hyperlola  he  eq^uilateral,  and  if  CL  produced  meet  the  curve  in 
i',  prove  OL  .  CL'  =  /f. 

i.  If  through  the  points  G,  G'  parailels  be  drawn  to  the  axes,  the  locus 
of  their  intersection  is  a  hyperbola. 

5.  In  an  equilateral  hyperbola  half  the  difference  of  the  base  angles  of 
the  triangle  iSM' is  equal  to  one  of  the  angles  which  Ci*  makes  with  SS'. 

6.  If  from  any  point  in  a  hyperbola  perpendiculai's  be  drawn  to  the  axes, 
tio  join  of  their  feet  ia  always  normal  to  a  hyperbola. 

7.  If  through  the  point  T,  where  the  tangent  u.t  P  meets  the  transveiec 
axis,  a  parallel  to  the  conjugate  axis  be  drawn  meeting  the  join  of  the 
points  A,  F,  in  /,  the  locus  of  J"  is  an  eihpae,  having  the  same  ases  as  the 
hyperbola. 

8.  If  the  co-ordinalea  of  a  point  on  the  hyperbola 

5^1'. 1 

be  denoted  by  a  sec^,  i  tan^,  prove  that  the  co-ordinates  of  the  intersec- 
tion of  normals  at  the  points  {a.  -]-  3),  (a  -  ^j  are 
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9.  The  co-ordinates  of  the  point  of  intorsecfion  of 

fsecV     -^taii!«.  (675) 

10.  Theloousof  the  centre  of  curvature  of  the  hyperbola  ia 

Ml-(iy)§  =  .5.  [675] 

196.  The  feet  of  the  normals  that  can  he  drawn  from  any  pomt 
to  an  hyperbola  lie  on  an  equilateral  hyperbola. 

If  hit  be  tie  points  wtenoe  normals  aro  drawa  to  x'ja^-  y''jh^=  1, 
the  feet  of  normals  lie  on  the  hyperbola 

mil  +  S'%  .  .-.  (677) 

See  Demonstration  of  §  179. 

Cor.  1. — Four  Eormals  can  he  drawn  from  any  point  to  an 
hyperhola. 

Oor.  2.  The  equation  of  the  normals  from  hJc  to  the  hyper- 

»'a^-iy(ifcB-%y=  i^x'y''.  (678) 

Cor.  S. — The  product  of  the  abscissEe  of  each  pair  of  opposite 
vertices  o(  the  complete  q;uadriIatoral  formed  by  tangents  to  an 
hyperhola  at  the  feet  of  normah  fiom  any  point  hk  is  equal  to 
—  a'  and  the  product  of  the  ordinate^  =  h". 

Cor.  4.  If  the  foot  of  one  of  the  four  normals  be  the  point 
a/y'  the  triangle  fonned  by  the  tangents  at  tho  feet  of  the  three 
others  is  inscribed  in  the  hyperbola 

afjx  +  y'ly^-  1  =  0.  (679) 

197.  Jo ACHIMSTH All's  ClECEB. 

If  from  any  point  hlcin  tho  normal  at  the  point  a/y'  of  an  hyper- 
bola three  other  normals  bo  drawn,  the  feet  He  on  the  circle 

x'  +  y^  +  xa/  +  yy'  --ti(xx'ja^--yy'/b^+  1)  =  0,      (680) 

where  «  =  «'  -  Pkfy'  =  a^/x'  -  h^. 
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This  ia  called  JoicniMSiniL's  Ciecle  of  the  hyperhola.  The 
proof  may  he  inferred  from  §  180  hy  chaaging  the  sign  of  S'. 

Cor.  1 .— Joachim sthal's  Circle  passes  through  the  point 
—  x'  —y'  on  the  hyperhola. 

Cor.  2.— JoaohimsthaVs  Circle  passes  through  the  foot  of  the 
perpendicular  from  the  centre  on  the  tangent  at  —  a^'  - 1/. 

198.  To  find  (he  lengths  of  the  perpmdiewhrs  from  the  foci  on 
the  tangent  at  any  point  of  the  hyperbola. 

If  the  co-ordinates  of  the  point  P  be  a  sec  ^,  b  tan  <^,  the 
equation  of  the  tangent 


y  tan<^ 


-1=0, 


and  the  co-ordinates  of 
the  focus  S  are  ae,  0. 
Hence  the  perpendicu- 
lar 

\^  sec  0+1 
denoting  the  focal  vectors  hy  p,  p', 

5Z  =  J    M-  (681) 

S'L'=h    K.  (682) 

Cor.l.—  SL.S'L'  =  h\  (683) 

J  b 

Cor.  2.~SL  -f  p  =  — :^  =  r,.     (§  195,  Cor.  5.)  (684) 

vpp       ° 

Cor.  3. — The  tangent  at  F  bisects  the  internal  angle  at  F  of 
the  triangle  SPiS',  an.d  the  normal  bisects  the  external  angle. 
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Cor.  4. — Since  the  angle  SPS  is  bisocted  by  PL,  we  tave 
SL- LH,  s,-n.6.  SO  -  CS',  because  C  is  the  centre.     Hence 

CL  =  iS'E=  i  (S'JP  -SF)  =  a; 

therefore  the  locus  of  Z  is  the  auxiliary  circle. 

Cor.  5. — If  a  line  move  so  that  the  rectangle  contaiued  by- 
perpendiculars  on  it  from  two  fixed  points  on  opposite  sides  is 
constant,  its  envelope  is  a  hyperbola. 

Cor.  6.— The  first  positive  pedal  of  a  hyperbola,  with,  respect 
to  either  focus,  is  a  circle. 

Cor.  7.— The  first  negative  pedal  of  a  circle,  mfh  respect  to 
any  external  point,  is  a  hyperbola. 

Cor,  8. — The  reciprocal  of  a  typorbola,  with  respect  to  either 
focus,  is  a  circle. 

199.  The  rectangle  eoniaineA  hf  the  segments  of  any  chord  pass- 
ing through  a  fixsi  point  in  the  plane  of  the  hyperbola  is  to  the 
square  of  the  parallel  semidiameier  in  a  constant  ratio. 

The  proof  is  the  same  as  that  of  the  corresponding  propo- 
sition (§  184)  for  the  ellipse,  and  similar  inferences  may  be 
drawn. 

BXEBCISES. 

1 .  If  an  eqnilatflral  hyperbola  psas  through  the  angular  points  of  o  tri- 
angle, it  passes  through  the  orthocentre. 

2.  The  locua  of  the  centres  of  all  equilateral  hypsrholaa  described  about 
a  given  triangle  is  the  '  nine-points  circle  '  of  tbe  triangle. 

3.  If  J*  be  any  point  in  an  Gijuilafetfil  hyperbola  whose  vertices  are  A,  A', 
prove  that  the  normal  at  P  and  the  line  OF  make  equal  angles  witii  the 
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200.  To  find  the  polar  equation  of  the  hyperhola,  the  centre  being 

Let  She  tte  hyperbola, 
A' A  its  tracaverae  axis,  and 
B'B  its  conjugate  axis,  F 
any  point  in  the  curte  ; 
then,  i£  x,  y  he  'dm  rect- 
angular co-ordinates  of  P, 
p,  6,  its  polar  co-ordinateB, 
we  have 


and,  suhstituting  these  in  the  equation  of  the  hyperbola,  we  get 


(685) 


which  the  polar  equation  required. 

Cor.  \. — TJie  polar  equation  of  the  conjugate  hyperhola  W  i 


Cor.  2. — If  the  hyperhola  be  equilateral,  S^  =  o%  and  the  polar 
equation  is 

p^eos2S-fl=.  (687) 

Cor.  3. — H  in  equation  (685)  tie  denominator,  ^  cos'  ^  -  li 
Yanish,  we  get  p'  =  infinity ;  therefore  p  =  ±  infinity ;  but  if 


DD'  be  erected  at  right  angles  to  CA,  and  if  AD  and  D'A  be 
made  each  equal  to  J,  and  CD,  CD'  joined,  these  lines  produced 
both  ways  will  each  meet  the  curve  at  infi.nity. 
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Cor.  4. — The  equations  of  tlie  line  CD,  CD'  are  respectively 

--|  =  0,      -  +  T  =  0.  (688) 

Each  of  these  lines  touches  the  curve  at  infinity,  or,  in  other 
■words,  is  an  asymptote.  ■  (g  163.) 

For  the  tangent  at  aiy'  may  be  written 

f  _  2^'  „  2 

Now,  if  x'y'  he  the  point  where  tie  line  —  \-^  meets  tlie 
curve,  we  have  ^  =  -.     Hence  tlie  tangent  may  ho  written 

^  -  I  =  ^,    or   -  -  I  =  0,  since  »'  is  infinite. 

Got.  6. — Since  the  product  of  the  eijuationa  of  the  two  asymp- 
totes (688)  is  -J  -  -vj  =  0,  we  see  that  the  ec[uation  of  the  hyper- 

hola  differs  from  the  equation  of  its  asymptotes  only  by  the 
absolute  term.     (§  133,  Cot.  1.) 

Cor.  6.— The  asymptotes  of  an  equilateral  hyperbola  are  at 
right  angles  to  each  other.  On  this  account  the  equilateral 
hyperbola  is  also  called  the  rectangular  hyperbola. 

Cot.  7. — The  secant  of  half  the  angle  between  the  asymptotes 
is  equal  to  the  eccentricity. 

Cor.  8.— The  lines  joining  an  extremity  of  any  diameter  to 
the  extremities  of  its  conjugate  are  parallel  to  the  asymptotes. 

201.  To  find  the  equation  of  the  hjperlola  referred  to  the  asymp- 
totes as  axes. 

Let  S  be  the  hyperbola,  GX',  CY'  (see  last  fig.)  the  asymp- 
totes, P  any  point  in  the  curve;  draw  FM'  parallel  to  CY' ; 
then,  denoting  GM\  WP,  the  co-ordinates  of  P  with  respect  to 
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the  new  axes,  by  nn'y',  and  half  the  angle  between  the  asymptotes 
by  a,  we  have,  sincis  CM^  CO  -i-M'N',  and  PM=PN'  -  M'N', 

x=  («'  +  )/')  cos  a,      y  =  {jf  ^x')  sma; 

and  Buhstituting  in  the  equation 


Ga  =  «.  (g  200,  Cor.  7.) 


and  omitting  accents,  as  heing  no  longer 

a^  =  {«=  +  i=)/4,  (689) 

which  is  the  required  equation. 

CtO",  1. — The  aroa  of  the  parallelo^am  formed  by  the  asymp- 
totes, and  by  parallela  to  them  through  any  point  in  the  curve, 
is  constant. 

Cor.  2. — Since  the  product  ay  is  constant,  the  larger  x  is,  the 
smaller  y  will  be,  and  conversely ;  hence  the  hyperbola  con- 
tinually approaches  its  asymptotes,  but  never  meets  them,  until 
it  goes  to  infinity,  where  it  touches  them. 

EXERCISES. 


] .  A  rariable  line  has  its  exiieioif ies  on  two  lines  given  in  position  rrncl 
passes  tlirough  a  giYen  point ;  prove  that  the  locus  of  the  point  in  which  it 
is  divided  in  a  giyen  ratio  is  a  hyperfaoio. 
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2.  From  a  point  T  perpendiculars  are  let  fall  on  two  fixed  lines ;  it  the 
area  of  tie  quadrilateral  thus  formed  be  given,  prove  that  the  locue  of  F  is 
a  hyperbola. 

8.  If  any  line  cuts  a  liyperbola  and  its  asymptotes,  prove  that  tie  intercepts 
on  the  line  between  the  oui-ve  and  its  asymptotes  are  equal, 

4 .  If  a  ynriaWe  line  form  with,  two  fixed  lines  a  triangle  of  constant  area, 
the  locus  of  the  point  which  divides  the  intercept  made  on  the  yariable  lias 
in  a  given  ratio  is  a  hyperbola. 

5.  If  two  sides  of  a  ti-iaagle  be  giren  in  posilion,  and  its  perimeter  givea 
in  magnitude,  the  loous  of  the  point  which  divides  lie  baise  in  a  given  ratio 
ia  a  hyperbola. 

6.  The  equation  of  a  hyperbola  passing  through  three  given  points,  and 
haTing  its  asymptotes  parallel  to  two  lines  giwea  in  position,  ia 


the  axes  being  the  lines  given  in  position. 

If  the  lines  given  in  position  be  denoted  by  i?  ^  asy'  +  2^3^  +  hf/^  =  0,  the 
equation  will  be 


7.  The  eqimtioc  x^  =  }c\  being  a  special  caas  of  tbo  equation  XJf  =  B^ 
({  160),  the  co-ordinates  of  a  point  on  the  hyperbola  oan  bo  expressed  by 
a  single  varioblo.  Thus  x  =  ktaa<^,  y  =  k  aai  ^.  This  will  hi  called  the 
point  -p. 

3.  Prove  that  the  equation  of  the  join  of  the  points  ^',  •p"  on  the  hyper- 


(692) 
(693) 
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10.  The  tangent  at  the  point  ^  is 

a  cot^  +  S'  tan^  =  2S,     or  -.  +  -,  =  3.  (894) 

11.  The  area  of  the  triangle  formed  by  the  asyjnptotea  and  any  tangent 
to  tie  hyperhola  =  2Ji'. 

12.  If  a  yariable  poiat  ij^  on  the  hyperbola  he  joined  to  two  flied  points, 
the  iiit«n«pt  on  the  aEymptotes  miide  by  the  joining  lioes  ia  constant. 

13.  The  oo-ordinatea  of  llie  point  of  iaCeTsection  of  tangents  at  ^',  $", 
are 

; 7, -, 77.  (695) 

cot  p-  +  cot  ^■"         tan  .j.'  +  tan  ^"  ~ 

*14.  The  area  of  tbe  triangle  formed  by  tangents  at  the  points  ip',  <p", 


2F(eiQ'^'(sin2^"~aiag^"')+sin'ifi"(Bin2j>"'~ain2ji')+ein'»"'(3in3^'-3in2^")) 
iin  W  +  •?-)  ail  (■?"  +  ^"')  sin  ($'"  +  $■) 

(696) 

15.  The  normal  at  the  point  ifi  is  stan^  -j/eot  $  =  4  (tan*$  — cot'^). 

16.  The  four  nonnala  from  the  point  ofl  to  the  hyperbola  xy  =  P,  haTe 
the  tangenta  of  the  parametric  anglua  of  their  points  of  meeting  the  hyper- 
bola oonneuted  by  the  relation  Ic  (tan'f  —  I)  =  a  tan'  ?>  —  jS  Ian  ^. 

17.  Theintersectioiiofnormala  at  the  points  ay,  ^"^'  ace 


3!'  +  a:"  ' 

..  The  co-ordinatea  of  the  centre  ( 


2i;' 
19.  The  circle  of  ourTatiu'e  at  v'  y'  meets  the  cuiTe  again  in  the  point 


20.  The  radius  of  ourrature  at  x'y'  ia  [a;''  +  y"')l  t  2F.  (700) 

31.  Given  any  two  conjugate  aemidiametera  OF,  OQ  of  an  hyperbola  to 
find  its  axes  in  direction  and  magnitude. 
The  asymptotes  will  be  the  oiedian  of  the  triangle  OFQ  which  hiaaats  FQ, 
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and  the  paraUel  through  OloTQ,  then  tho  aies  are  the  bisectors  OX,  OY 
of  the  angles  between  the  asymptotes.    Through  Q  draw  QM,  Qff"  parallel 


to  the  asymptotes  meeticig  OS  in  M  and  W,  and  take  OA  a  mean  propor- 
tional between  OM,  ON.     Tien  A  is  one  of  the  summits  of  the  hypeibola. 
Dem.— Join  AQ  and  produce  to  meet  the  asymptoteB  in  B,  K.     Since 
QM,  Qifare  parallel  to  the  asymptotes 

AK:CiS::OA:Oir,  miSQ:  SAi-.OM:  OA,  "oatOMx  OA::0A:0N. 
Hence  AK :  QK : : MQ : SA  .-.  AE=SQ, 

and  eince  Q  is  a  point  on  the  hyperbola,  -i  is  a  point  on  it.     Hence  j^  is  a 

The  foregoing  construction  is,  with  slight  alteration,  taken  from  long- 
champ's  G6om4tris  Analyii^e,  tome  2,  p.  470. 

202.  To  find  the  polar  equation  of  the  hyperlola,  the  focus  hemg 


Then 


Therefore 
Cor.  l.- 


SP  =  p,  the  angle  ASP  =  0.     (See  lig.,  §  1! 
SP  =  cPJV"  by  definition; 
p  ^  e{OS  +  SQ)  =  ef  +  ep  cos  (tt  ~  $), 

-If  -we  put  ^  =  ^,  wc  get  p  =  »  (e=  -  1) ;  but  i 
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ase  p  is  half  the  latus  rectum.     Hence,  denoting  it  by  I,  we 

Cor.  1 — The  polai  equation  of  tlie  tangent  at  the  point  a  is 

'■%..(.-0)t.c..9-  '™' 

Cor.  3. — The  polar  co-ordinates  of  the  intersection  of  tangents 
it 

u.i.p,a-^,aree  =  <.,   p  =  ?/(.  cosa  +  coa^).     (704) 

Cor.  4. — The  eijuation  of  the  normal  at  a  is 

Lsina  =  (l+cosa)|.sin^  +  .in(e-a)].       (705) 


EXERCISES. 
1.  Tho  equation  o[  tlie  chovd  joining  the  points  (a  + 


,  (. 


2,  If  n  be  constant,  and  0  variable,  tiie  chord  joining  tlie  points  {a  +  j 
(a  —  ,S),  passes  through  a  fixed  point. 

203.  To  find  the  area  of  an  equilateral  hyherhola,  between  a 
asymptote  and  two  orMnates. 

Let  PQ,Z  bo  tho  hyperbola  : 
OX,  OFthe  asymptotes.  Bisect 
tho  angle  XOY  hj  OP;  dra-w 
the  ordinate  PP'  and  ZZ' ;  then 
denoting  OP'  by  unity,  and  P'Z' 
by  ^  the  area  enclosed,  by  PP' 
ZZ',  P'Z',  and  the  hyperbola, 
=  log,  (1  +  X).  — -..,.,.,- 

Sem. — Divide  FZ'  into    any  number   of  parts 
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points  Q',  It\  &c. ;  so  that  OF,  0^,  OE',  &c.,  are  in  geome- 
trical progression,  and  draw  tte  oidinates  Q'Q,  JR'R,  &o.  Join 
PQ,  QR,  &c. ;  also  join  OQ,  OS.  'Sow,  denoting  the  co-ordi- 
nates of  the  points  P,  Q,  B  by  x'y',  x"y",  x"'y"',  we  have  area 
of  the  triangle  OQB 


since  y'"  =  —r  and  *'"  =  — p. 

Hence  area  of  triangle  OQR 

= i  ^'  (*y'  -  ^'y ) = ^  (*'y"  -  «^"2''), 

or  equal  area  of  triangle  OPQ.  But  it  is  easy  to  see  that  the 
triangle  OPQ  is  equal  to  the  trapezium  PP'CQ,  and  OQPeiinal 
to  the  trapezium  QQ'Ji'S.  Hence  the  trapcziuins  are  eq^ual; 
and  therefore  the  whole  rectilineal  figure  PFZ'Zia  equal  to 
n  times  the  trapezium  PP'Q'Q.  Again,  we  have  OZ  =  OP' 
+  P'Z'  =  I  +  X ;  sud  OC^  =  OP'  +  P'Q'  =  I  +  P'Q  ;  and  siace 
OP'  OQ',  .  .  .  OZ'  arc  in  geometrical  progression,  and  there  are 
»  terms,  we  have  (I  +  P'Q')" ~  \  +  x;  therefore 

P'Q'  =  (1  +  xf'  -  1,  and  PP' =  1. 

Hence,  when  «  is  indefinitely  large,  the  area  of  the  trapezium 
PPQ'Q  =  {l-Yxf-\.  Therefore  the  hyperbolic  area  PP'Z'Z 
iB  equal  to  tho  limit  of 

wj(l  +a^)"-  1)  =log,{l  +:k).     (See  Trig.,  p.  90.)      (707) 

Cor.  1.— The  hyperbolic  sector  0^^=102,(1  +  a).  (708) 
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Cor.  2. — If  AZ  be  an  ec^uilateral  hyperbola,  wbose  equatioi 
is  a?  -  y^  ~  \,  and  if  tbe  eo-ordinatea 
OM,  MZ  of  a  point  Z  be  xy,  the  sec- 

OAZ  =  \\a^,{x  ^  y). 
Dem. — In  the  foregoing  proof  OP' 
is  talten  to  be  the  linear  unit ;  bnt  in 
the  general  case  it  is  evident  that  the 
proposition  proved  is  that  the  sectorial  \ 
area  =  OP'^  x  log,  ( OZ'  ^  OP') ;  but 
it  is  easy  to  see  that  OZ'  ~  OP 
^(0M  +  MZ)  ^  OA,  and  OP'  =  ^ OA'. 
Henoe  the  area  of  the  hypecbolio 
sector     OAZ  =  J»'  log,  ^-^JtiO. 

Hence,  when  a  is  nnity,  eectorial  area 

-ilog.(«>+rt.  (709) 

Cor.  8. — If  !f  denote  twice  the  sectorial  area  OAZ,  then 


For  log,  {«  +  y)  =  « ;  therefore  «' 


Def. — X,  y  are  called,  respectively,  the  b 
HYPEHBOLic  siKE  ofii,  and  are  denoled  hy  the  notation  Chu,  Shw. 
(See  Trigonometry,  Chap,  tiii.,  sect,  ii.) 


Cor.  4. — If  k/-  I  be   denoted  by  *,   Ch«  = 


n(«) 


Those  foUo'w  from  the  values  of  t 


cos  {ui),    Sh« 
y,  and  the  tri- 


gonometric expansions  of  cos  {tii),  sin  {ui). 
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204.  Tke  otlier  hyperbolic  fimctions  aio  defined  as  follows, 
tlms  : — OD  =  hyperbolic  secant  m  ^  Sec  hi*,  AT=^  hyperbolic 
tangent  u  =  Th«,  BT'  =  hyperbolic  Cotangent  u  ^  Cothw,  OE 
=  hyperbolic  Cosecant  m  ^  Coscohu. 

From  the  known  properties  of  the  hyperbola  we  have  imme- 
diately the  following  relations  : — 

ChM  ChM  Shw  8 ha 

correeponcling  to  the  known  relations  of  circular  functions ;  and 
from  them  can  be  constructed  a  theory  of  these  functions.  (See 
Author's  Trigonometry/,  Chap.  Tin.,  sect,  ii.) 

From  the  values    Chw  =  cos  (wj),    Bh.u  =   ■■—  :  ■■■',    we  see 

sin.  d> 
that  if  we  put  ui  =  0,  we  have  a:  =  cos  i^,  y  =  — ^—  ;  so  that 


!s  of  any  point  on  the  equilateral  hyperbola  can  be 
denoted  by  the  circular  functions  of  an  imaginary/  angle  <l>.  In 
like  manner,  the  co-ordinates  of  a  point  on  the  hyperbola 


can  be  expressed  in  a  manner  analogous  to  the  method  of  the 
eccentric  angle  for  the  ellipse.     Thus  we  can  put 

:.oo=*,    l-'-^:  (71.) 

and  by  these  substitutions  we  could  give  proofs  analogous  to 
those  of  the  ellipse  for  the  corresponding  propositions  of  the 
hyperbola. 

The  following  exercises  can  be  solved  by  using  the  imagi- 
nary eccentric  angle ;— 
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1.  If  the  clioi'd  joining  the  points  (a  +  R),  [a  —  B)  pass  through  the  focus ; 

ecoaB  =  eoaB-  (712) 

2.  The  tangents  at  thu  ostiemities  of  a  focal  chord  meet  on  the  direc- 


3.  In  the  same  ease,  the  line  joining  their  intersection  to  the  focus  is  per- 
pendicular to  the  chord. 

4.  Prove  that  the  eeeenbic  angles  of  two  points  which  are  the  estre- 
mitiea  of  a  pair  of  conjugate  semidiameters  differ  by  -. 

5.  Apply  the  method  of  the  eetentrio  angle  to  the  proof  of  the  proposi- 
tion that  the  loous  of  the  middle  points  of  a  system  of  parallel  chords  is  a 
light  line, 

6.  Find  the  equation  of  Ihe  hyperbola,  referred  to  a  pair  of  conjugate 
diameters  hy  moana  of  the  eeeentrio  angle, 

7.  The  co-ordinates  of  the  point  of  intexsaction  of  tangenta  at  the  pointa 
(^  +  fi),  (B-fi),are 


6.  If  a  he  TSriable  and  fl  constant,  the  chord  joining  the  pointa  (a  +  p), 
{a  -  y3)  is  a  taagent  to  the  hyperbola 

^-^'  =  cos'-^.  (7U) 

m  of  tangents  at  tha  ex- 

^_|!=aeo=,3.  (715) 

10.  If  ^  be  tie  angle  between  the  tangents  at  (a  +  ,8),  (a  -  &), 

'•■'>^..t..)..r-t.-V;^-        ""' 

11.  Find  the  locus  of  the  pole  of  a  chord  which  subtends  a  right  angle 
at  a  fixed  point  klc. 
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Let  (a  +  ,8),  (b  -  ,9)  be  the  eccentric  angles  at  tbe  extremities  of  the 
chord ;  then  the  eiiuataon  of  tte  circle  ivhici.  has  the  chord  for  diamoter  is 

and  eridenlly  hh  is  a  point  on  this  circle ;  hence 

SU  -t=  -  2  (a  COS  a  cos  B]  S  +  2  (Si  sin  o  cos  B)  A  +  «=  {cos=3  -  sinV) 
Now,  if  3^,  y  be  the  co-ordinates  of  the  pole  of  the  chorJ  joining  (a  +  S], 


ft!  +  i!  _  (2/,^  +  2%  _  o2  +  js)  oos'B  ■ 
r,  eliminaling  a, 


Hence,  eliminating  B,  ire  get 


f~2{!ii:  +  ii/)  +  a^~S'=0,     (717) 


wMoh  represents  a  hyperbola,  a  parabola,  or  an  ellipse,  according  as  the 
point  hk  is  outside  the  auxiliary  circle,  on  it,  or  inside  it. 

12.  The  disonminant  of  this  equation  (717)  is  the  product  of  the  two 
factora 

i=  ft=  -  aU' -  o2*>  and  A'+F- (a'- i=). 

Hence  we  infer  that  the  locus  Vill  break  up  into  two  lines  if  the  co-ordi- 
naf 63  JSi  satisfy  the  equation  of  the  hyperbola.  In  other  words,  if  a  chord 
of  a  hyperbola  subtend  a  right  angle  at  any  fised  point  on  the  curve,  the 
locus  of  its  pole  consists  of  two  right  lines. 

From  the  factor  A'  +  i*  -  (a'  -  i=)  =  0  we  infer  that,  if  tbe  chord  sub- 
tend a  right  angle  at  any  point  on  the  orthoptic  circle,  its  pcJe  will  bo  the 
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Exercises  on  the  Hyperbola. 

1.  The  perpendieular  from  tbe  focua  on  eitlicr  asyraptole  is  equal  to  tho 
Bemiconjugate  diameter. 

2.  If  e,  e'  be  the  eccentricities  of  a  hyperbola  and  its  conjugate,  prove 

!-.  +  7i->-  <"" 

3.  The  equaliojis  of  tie  asymptotes,  with  the  focus  as  origin,  are 

-A--  I™' 

4.  If  SF  bo  parallel  to  an  asymptote;,  P  being  a  point  on  the  eurvo; 


i 


(720] 

5.  If  from  a  point  K  in  the  transverse  axis  a  perpendicular  KL  be  drawn 
to  an.  asyniptotc,  and  a  normal  KMto  the  cnrve,  prove  that  LJIf  is  perpen- 
dicular to  tie  transverse  asis. 

6.  An  ellipse  referred  to  tie  equal  conjugate  diameters  being 


prove  tbat  it  is  eonf  oeal  with  tie  hyperbola 

•,.?lji'.  (Cumioi..)    (721) 

7.  AIeo,  thii  hyperbola  cuts  orthogonaUj  all  conies  passing  tbrough  the 
ends  of  tia  major  and  minor  axes  of  the  ellipse  in  "Ex.  6.    Tbe  genei'al 

a=cos=a  +  ;;'sinSa  =  ^^-^l  [liid.)         (722) 

8.  The  chord  of  contact  of  two  tangents  to  a  hyperbola  is  parallel  to,  and 
half  way  between,  tie  lines  joining  the  intersectione  of  tangents  with  the 
asymptotes. 

0.  The  locus  of  the  centre  of  a  variable  circle  which  malies  given  inter- 
cepts on  two  given  lines  is  a  hyperbola. 
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given  line  tangents  be  dcawn,  t 


=  1. 


-  li 


the  locoB  of  the  intersection  of  their  chords  of  contact  ia  sn  equilateral 
hyperbola. 

11.  If  ^,  if,',  <p",  <p"'  ba  the  parametric  angles  of  four  eoncyelic  points  on 
the  hyperbola  icy  =  k',  prove 

tan  ^  .  tan  ip'.  tan  ip".  tan  ifp"'  =  1.  (723) 

12.  The  prodiiet  of  the  perpendioulara  from  four  ooncyslic  points  of  a 
hyperbola  on  one  asymptote  ia  equal  to  the  product  of  the  perpewliculars  on 
the  other  asymptote. 

13.  If  the  extremities  of  a  chord  of  an  eHipse  which  is  parallel  to  the 
transverse  asie  be  joined  to  the  centre  and  to  one  extremity  of  that  axis,  the 
loeus  of  the  intersection  of  the  joining  lines  ia  a  hyperbola. 

14.  Parallels  drawn  from  any  system  of  points  on  a  hyperbola  to  the 
asymptotes  divide  the  osymptotea  homographically  ;  prove  this,  and  thence 
infer  the  foilowing  theorem  : — 

IC  x',  x",  x'";  y',  y",  y'",  denote  the  distances  of  two  Iriada  of  points  on 
two  lines  given  in  position  from  two  fixed  points  0,  0'  on  these  lines,  prove, 
if  X,  y  he  the  distances  of  two  variable  points  on  the  same  lines  from  0,  0', 
that  X,  y  will  divide  the  lines  homograpHoally  if  the  determinant 


3^'y 


1, 


15.  Prove  that  the  sum  of  the  eccentric  angles  of  four  ooncyclio  points  on 
s  hyperbola  is  21-. 

16.  \ip,p',  5r  be  the  perpendiculars  from  ihe  points  {a-\-  ff),  {a~  li),  and 
the  point  of  intersection  of  their  tangents  on  any  third  tangent  to  the 
hyperbola,  prove 

pp-  =  -^  cos'3.  (725) 

17.  If  a  cii'cle  osculates  the  hyperbola  xy-Ifls.i  the  point  ^,  the  common 
ohord  of  the  circle  and  the  hyperbola  is 

xt&Txtp  +  y  cot  ^  +  i  (tan'rj.  +  cot»  =  0.  (726) 
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18.  A,  B  are  two  fiseii  points  ;  it  from  A  a  perpendicular  ^Pbe  drawtt 
to  the  polar  o£  B  with  respect  to  an  equOatetal  hyperbola,  and  from  B  a 
perpendicular  56  to  the  polar  of  ^  ;  tten,  if  Cbe  tlie  centre, 

CA:AP\:CB:11Q. 

19.  An  ellipse  circumactibea  a  fixed  triangle  so  that  two  of  tho  vetticcB  aro 
at  tho  estremitiea  of  a  pair  of  conjugate  diameters  ;  prove  that  the  loeus  of 
its  centre  is  a  hyperbola. 

20.  The  polar  of  any  point  on  an  asymptote  is  pai-allel  to  that  asymptote. 
31.  The  points  where  any  tangent  meets  the  asymptotes,  and  the  points 

where  the  coiresponding  normal  meets  the  axes,  are  concyclic. 

23.  The  two  foci  and  the  points  of  intersection  of  any  tangent  with  the 
asymptotes  are  concyclio. 

2S.  The  angles  which  the  intercept,  made  hy  the  asymptotes  on  any  tan- 
gent, subtends  at  the  t'oci  are  constant. 

U.  If  f,  P"  he  the  extremities  of  two  conjugato  semidiameters  of  a  hyper- 
bola ;  and  if  8,  S'  he  the  interior  foci  of  the  branches  of  the  hyperbola  and 
iis  conjagate,  on  which  are  the  points  F,  F,  prove  that 

SF-ST^£C-AC.  (727) 

25.  If  an  ellipse  and  a  confocal  hyperbola  intersect  in  any  point  F,  the 
intercepts  on  the  asymptotes  between  the  tangent  at  B  to  the  hyperbola  and 
the  centre  are,  respectively,  equal  to  half  the  sum  and  haM  the  difffirenoe  of 
the  semiases  of  the  ellipse. 

28.  A  hyperbola,  ■whose  eccentricity  is  e,  has  a  focus  at  the  centre  of  the 
circle  i^  +  i/^  =  a'  ;  prove  that  the  envelope  of  the  tangents  to  the  hyperbola 
at  the  points  where  it  meets  the  circle  is  the  hyperbola. 

27.  If  the  chord  of  contact  of  two  tangenla  to  a  parabola  subtends  a  con- 
stant angle  at  the  veitex,  show  that  the  locus  of  their  intersection  is  a 
hyperbola. 

28.  If  two  hyperbolas  have  the  same  asymptotes,  and  if  from  any  point 
in  one  tangents  he  drawn  to  the  other,  the  envelope  of  their  chord  of  con- 
fact  is  a  hyperbola,  having  tho  same  asymptotes. 

29.  If  a  variable  circle  touch  each  branch  of  a  hyperbola  it  subtends  a 
constimt  angle  at  either  focus,  and  makes  intercepts  of  constant  lengths  on 
the  asymptotes. 

30.  Tho  centre  of  mean  position  of  the  points  of  intersection  of  a  circle 
and  an  equilateral  hyperbola  bisects  the  distance  between  their  centres. 
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31.  If  PQ  be  the  cliord  of  an  equilateral  hyperbola  "which  is  Jionnal  at  P, 
prove 

3CP=+  OQ^^PQ^.  (728) 

32.  The  area  of  the  triangle  formed  with  the  asymptotes  by  the  norzool 
of  fhe  hyperhola  ai^  —  j/'  =  o',  at  the  point  I'y',  is 

33.  The  locus  of  the  pole  of  any  tangent  to  tie  circle  whose  dia- 
meter is  the  disfaniiQ  between  the  foci  of  -z~  t,  —^i  'with  respect  to 
-J  -  Tj-  =  1,  is  the  ellipse 

34.  Two  eirolee  described  through  two  points  on  the  same  branch  of  ao 
equilateral  hyperbola,  and  {hrough  the  extreroities  of  any  diameter,  ara 

35.  If  ij>,  ^',  ifp",  ip'"  be  the  parametric  angles  of  four  points  on  an  equi- 
lateral hyperbola,  such  that  either  is  the  orthocenfre  of  the  remaining  three, 

tan  $  tan  ^' tan,^"  tan^'"  +  1  =  0.  (731) 

Hence  tlie  product  of  the  four  abscissce  is  constant. 
36. 'If  the  normal  at  the  point  ^  of  the  hypevhola  a:^  = /c^  meet  it  again 
at  the  point  p',  prove 

tan'  ^  .  tan  ^'  +  1  =  0.  (73!!) 

37.  If  four  points  on.  an  equilateral  hyperbola  he  concycEc,  prove  that 
the  parameiric  angle  of  any  point  and  of  the  orthooentre  of  the  remaining 
points  are  supplemental. 

38.  If  the  osculating  circle  of  an  equilateral  hyperbola,  at  the  point 
ic  angle  is  ^,  meet  it  again  at  the  point  iji,  prove 


tau'^.tau^'  =  l. 

(733) 

39.  If  the  eccentric  angle  of  the  point  (t  tan 

.f,lc 

cot*)bee,  pr 

ove 

cotf  =cose4!eiu. 

40.  If  two  sides  AB,  AC  of  a  fiscd  trian 

gle  b 

e  chords  of  t' 

NO  eqni 

circles,   show  that  the  locus  of  the  second  inti 

Brsect 

ion  of  the  cir< 

equilateial  hyperbola. 
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41.  If  Pi,  Pi,  P-,  tettree  points  of  tie  equilateral  hypei-boln  a:;/ =  l.then — 

(1)  Area  of  triangle        P,  P^P^  =.  *  ^^'  ~  "^^  '^  ~  "^'^  ''^^  ~  ''''^ .    (734) 

(2)  Tte  tanEQiita  at  Pi,  Pi,  P3  form  a  triangle  QiQiQ,  whose  area  is 

(ii  +  3^)  {la  +  13)  (a^3  +  xi) 

(3)  If  the  centi-oid  of  P1P3P3  be  on  an  asymptote,  Q^QiQs  =  iPiPjPa. 

(4)  I£tlieceiitraidofP,Psp3beontlieliypeTl)ok,  Q.QjQs  = -PiP^Pa- 

(Lucas,  Nomelha  Annales,  !87e.) 

42.  If  through  the  summits  of  P]p2p3  be  drawn  parallels  to  the  opposite 
sides  meeting  the  hyperhola  again  in  B\,  S^,  E3,  then 

(1)  S,SiS,  =  ~^^'^'-  ^'l^l'^'ll  '"Pi'^''"  '''''•  (735) 

(2)  If  the  oontroid  of  P] J'jP3  be  on  an  asymptote,  iiiPjJJs  =  -  PiF-iPi- 

(3)  If  the  centroid  of  PiPsP3  be  on  the  curve,  RiRtRi  =  -  SPiPaPa. 

[Ibid.) 

43.  If  through  any  point  S  of  the  hyperbola  be  drawn  parallels  to  the 
Bides  of  P1P3P3  meeting  the  hyperbola  again  in  St,  Si,  Ss,  then 

(1)  S,fi'afi'3  =  - JP1P1P3.  (736) 

(2)  n  fie  centroid  of  Pi  Pj  P-,  be  on  tho  curye  or  on  an  asymptote  so  ia 

the  centroid  of  S1S2S3.     [Hid.) 

44.  Show  that  the  polar  circle  of  the  ti'iangle  formed  by  three  tangents 
to  an  equilateral  hyperbola  toiichea  the  '  Nine-points  Circle '  of  tho  triangle 
formed  by  the  points  of  contact,  at  the  centre  of  the  curve. 

(R.  A.   ROBBBTS.) 

45.  If  two  vertices  of  a  triangle  oireumBoribed  about  an  ellipse  move 
along  confocal  hyperbolic,  prove  that  the  locus  of  the  centre  of  the  inscribed 
circle  ia  a  concentric  ellipse.  {IHi.) 

46.  Two  oiroles,  whose  centres  A,  S  are  points  on  the  transTerse  asis  of 
a  given  ellipse,  have  eai;h  double  contact  with  the  ellipse,  and  intersect  in 
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a  point  F;  if  the  difference  of  the  angles  ABF,  BAF  te  given,  lie  loena  of 
Pia  an  equilateral  hyperbola.  {Ibid.) 

47.  The  oircle  inscribed  in  tlie  fiiangle  formed  by  the  aaymptotea  and 
any  tangent  to  the  ausiliacj  circle  of  a  hyperbola  intersects  the  hyperbola 
in  the  point  where  it  fouches  the  tangent  to  th.©  auxiliary  cirde. 

4S.  The  cirtle  on  GO'  as  diameter  (see  fig.,  §  195)  passes  through  the 
points  where  the  tangent  PTmeeta  fto  asymptotes. 

49.  If  a,  a  be  (he  eccentric  angles  of  two  points  P,  G  on  a  byperhola, 
such  that  lie  noimalat  P  passes  through  the  pole  of  the  normal  at  Q,  prove 

50.  If  ihi-ee  points  on  an  equilateral  hyperbola  be  eoncyelie  wilh  the 
centre,  the  angular  points  ol  the  triangle  formed  by  tangents  at  these  points 
are  coney clic  with  the  centre. 

51.  The  summits  of  a  self- conjugate  triangle  of  an  equilateral  hyper- 
bola are  conoyclio  with  tha  centre. 

52.  P,  Q  ETC  points  on  an  equilateral  hyperbola,  such  that  the  oaeukting 
circle  at  P  passes  through  Q ;  the  locus  of  the  pole  of  FQ  is 

63.  In  tie  same  case  the  envelope  of  PQ  is 

4  (iB  ~  i^yf  -  27i'  («=  +  y^f.  (737) 

54.  The  hyperbola  ~  ~  ^  =  — — —  cuts  orthogonally  all  the  conies 
passing  through  the  eitremities  of  the  axes  of  the  eUipso 

5o.  If  from  any  point  in  the  hyperbola  i'  -  y'  =  «'  +  J'  a  pair  of  tan- 
gents be  drawn  to  the  hyperbola  -3 "  Tj  =  1|  prove  that  the  four  points 
■where  they  cut  lie  aies  are  ooncjclic. 

56.  If  through  the  point  a  on  an  ellipse  a  line  be  drawn  bisecting  the 
angle  formed  by  the  joins  of  a  to  the  point  (a +,8),  («-)3),  prove,  if  n  be 
constant  and  ^  variable,  that  the  locus  of  its  intersection  with  the  join  of 
the  points  {o  +  (3),  (o  —  ;S)  is  a  hyperbola. 
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CHAPTER  VIII. 

MISCELLANEOUS     INVESTIGATIONS. 
SBOiiON  I. — FxsimBs  Ihtersely  Similas. 

205.  Dbf. — If  upon  two  given  lines  AB,  A'B'  le  constructed 
pairs  of  similar  trimgles  {ABC,  A'B'C),  {ABB,  A'B'D'),  SfC, 
meh  that  tits  directions  of  rotation  ABC  and  A'B'C,  ^c,  are  in- 
verse.   The  two  figores  AB  CD A'B'  CD' . . .  tlius  obtained 

are  said  to  be  inversely  similar. 

206.  Double  Podjt  ahd  Double  Lines. 

There  exists  a  point  S  tehich  is  its  own  homologue.  This  is  called 
the  double  point,  or  the  centre  of  similitude.  There  exist  also  two 
lines  SX,  ST  which  a/re  their  own  homolcgues.  They  are  called 
the  double  lines. 

If  the  triangles  SAB,  SA'B'  are  inversely  similar,  and  if  SX 
bisect  the  angle  ASA',  it  also  bisects  the  angle  BSB'.  Hence 
the  line  SX  is  constructed  by  dividing  AA',  BB'  in  parts  pro- 
portional to  8A,  SA',  or  to  AB,  A'B'.  Let  then  A",  B"  be 
points  such  that  AA"IA"A'  =  BB"jB"B'  =  ABjA'B,  S  is  on 
the  line  A"B". 

Similarly,  SFthe  bisector  of  the  exterior  angle  ASA'  passes 
through  points  A'",  £"',  such  that  AA"'/A"'A'  =  BB"'jB"'B' 
=  ABjA'B'. 

It  can  be  proved  directly  that  SX,  BY,  arc  parallel  to  the 
bisectors  of  the  angle  AOA'.  In  fact,  i£  the  parallelograms 
A"ABjr,  A"AB'L  be  constructed,  we  have  BKjB'L  =  AA"jA"A 
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=  £B"l£"B'.     Henoo  the  points  K,  S",  L  are  coffinear  and  we 
have  KB"IB"L  =  A"KIA"L.     Hence  A"B"  is  the  hiseetor  of  the 


angle  KA"L,  and,  thereiore,  parallel  to  the  bisector  o£  A  OA'. 

207.  Since  AA'  is  dmded  in^"  and  A'"  in  the  ratio  AS :  A'S, 
the  circle  on  A"A"'  as  diameter  is  the  locus  of  points  whose 
distances  from  A,  A'  are  in  the  ratio  AS :  A'S,  that  is  in  the 
ratio  of  similitude.  Similarly  the  circle  on  B"S"'  is  the  loons 
of  points  whose  distances  from  B,  B'  are  in  the  ratio  BS  :  B'S', 
or  of  AS :  A'S.  Now,  these  circles  intersect  in  S,  let  S'  he  their 
second  intersection,  then  S'  is  the  douhle  point  of  figures  directly 
similar  deBcrihed  on  AB,  A'B'. 

Cor.  1. — 8'  is  the  focus  of  the  parabola  which  touches  the 
four  lines  AB,  A'B',  AA\  BB'. 
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Por,  since  SX,  SY,  dmdo  AA',  SB'  pioporfionally,  8X,  8Y 
are  two  rectangular  tangents.  Henoe  the  sides  of  tlio  tiiangles 
A"A"'S,  B"B"'S  each  touch  the  parabola,  and  therefore  their 
circTimeiroles  pass  through  the  focna, 

Cor.  2. — B  is  on  the  directrix. 

Cor.  3.— If  the  iigures  on  AB,  A'B'  be  denoted  by  J",,  F^,  it 
is  easy  to  see  that  any  point  P  of  Fi  on  &X  will  have  its  homo- 
logue  of  F3  on  BX,  and  these  points  will  be  on  the  same  sides  of 
B,  and  similar  properties  hold  for  points  on  BY. 

Cor.  4. — The  lines  OS,  OS'  are  harmonic  conjugates  with 
respect  to  the  angle  A  OA'.  For  the  distances  of  B,  S'  to  AB, 
A'B'  arc  in  the  ratio  AB  :  A'B'. 

Cor.  5. — K  two  flgnres  inversely  similar  be  constructed  on 
AA',  BB',  and  S"  be  their  double  point,  then  SS"  passes 
thiongh  the  orthocentres  of  the  triangles  OAA',  OBB',  O'AB, 
O'A'B'. 

Cor.  6. — If  the  figure  ABB' A'  is  cyclic  S'  is  the  projection 
of  its  oircumeentre  on  the  diagonal  00', 

EXEHCISES. 

1.  It  A,  A';  B,  B' \  C,  C  be  three  couples  of  homologous  pointa,  the 
points  which  divide  the  lines  AA',  BB',  CO'  both  interaally  and  estemally 
in  the  ratio  of  similitude  are  situated  on  the  double  linea. 

2.  In  two  figures  inversely  similar,  if  the  line  joining  con'esponding 
points  pass  through  a  given  point  the  looua  of  each  is  an  eq^uilateral  hypor- 

3 .  In  two  figures  inveisely  aimilar,  if  the  line  joining  oorrespornliug  pointa 
be  parallel  to  a  given  line,  the  looua  of  each  is  a  right  line. 

4.  In  two  figures  inversely  similar,  if  the  distance  between  correspond- 
ing points  be  given,  the  loeus  of  each  is  an  ellipse. 

5.  If  the  segment  A'B'  slide  along  tho  line  OA'E,  prove  that  8  describes 
a  light  line. 

6.  If  the  poinU  A'B'  remain  fixed  en  the  Hue  OA'lf,  and  if  OA'B'  tnm 
round  the  point  0,  prove  that  the  point  S  describes  a  circle,  and  that  each 
double  line  passes  through  a  filed  point. 
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7.  11 AISC,  A'B'C"o^  two  triangles  iuyeraelj  eimilar  they  are  octhologiquB, 
tiat  IB,   the  perpendiculars  let   fall 
from  the  eummila  of  one  on  the  sides 
of  the  other  are  conoutreiit. 

Let  5^,  (7JIf  be  two  of  these  lines, 
than  fLe  angle  JJlfC  is  the  supplement 
of  the  angle  B'A'C,  and  tfierefora  the 
supplement  of  BA  C.  Hence  the  point 
jlf  is  on  the  oireumoirole  of  fio  tri-  1 
angle  ABC.  The  perpendicolar  from 
A  on  B'C  meets  the  perpendicular 
from  C  on  A'B'  iu  tl 
Hence  it  paases  through  M. 

8.  In  the  same  manner  parallels  through  A,  B,  C  io  B'C,  O'A',  A'B' 


Seciioit  II. — Pencils  Inyeesely  Esuai. 

208.  Ttco  pencils  (aisd),  [a'Vdil  .  .  .)  m-e  said  to  be  inversely 
equal  whsn  they  are  auperposable  after  one  of  them  h^  been  reversed 
*»  the  plane. 


Two  homoloyous  rays  are  symmetrical  with  respect  to  the  fixed 
direetion  a>,  y ;  these  are  called  the  double  directions  of  the  tieo 
pencils. 

In  fact,  transfcmng  the  pencil  S'  parallel  to  itself  until  the 
point  S'  coincides  with  8,  then  let  x,  y  be  the  bisectors  internal 
and  external  ol  the  angle  aa' ;  it  is  plain  that  h  and  S',  c  and  e' . . . 
■will  be  Bytnmetric  with   respect  to  a:  and  with  respect  to  y. 
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Hence,  when  two  pencils  inversely  equal  are  superposed  witk 
respect  to  their  vertices  they  form  a  pencil  in  involution,  having 
for  double  rays  the  hisectors  of  the  angle  between  any  two  pairs 


GeN13R4TI01J  OS  THE  EQUILSTEEiL  HyTEEBOLA, 

209.  If  two  pencila  be  inversely  equal,  and  have  diSerent  sum- 
mits S,  S';  the  locus  of  the  intersection  of  homologous  rays  is  an 
equilateral  hyperbola  wliose  centre  is  the  middle  point  of  SS',  and 
whose  asymptotes  are  parallel  to  the  double  rays  of  the  pencils. 

If  ^  be  the  interaection  of  two  homologous  rays  it  is  evident 
that  the  difference  of  the  base  angles  of  the  triangle  SS'A  is 
given,  hence  the  locus  of  ^  is  aa  e^nilateral  hyperbola. 


Again,  if  we  construct  the  parallelogram  SAS'A',  SA'  and 
S'A'  are  still  two  homologous  rays  of  the  pencils,  then  the 
point  A'  is  on  the  hyperbola,  but  A,  A'  are  symmetrical  with 
respect  to  0  the  middle  point  of  8S'. 

Lastly,  if  through  8,  S'  we  draw  parallels  to  the  double  direc- 
tion, we  have  two  pairs  of  homologous  raye  which  meet  at 
infinity.  Hence,  the  parallels  to  these  directions  through  the 
centre  0  are  the  asymptotes. 
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Conversely,  being  given  an  equilateral  hyperbola  :  if  from 
the  extremities  of  any  £xed  diameter  lines  bo  drawn  to  any 
variable  point,  we  obtain  two  penoils  inversely  equal. 

Cor. — Any  ohord  8A  and  its  conjugate  diameter  are  equally 
inclined  to  an  asymptote.  In  faot,  if  Mhe  the  middle  point  of 
SA,  OJfis  parallel  to  SU. 

210.  The  locus  of  the  centre  of  au  equilateral  hyperbola  oir- 
oumsorlhed  to  a  triangle  A£  0  is  the  nine-points  circle  of  A£  C. 


For,  if  A',  B',  C  be  the  middle  points  of  the  sides,  and  0  the 
centre  of  the  hyperbola  ;  then  the  lines  OA'  and  B'ff,  OB' 
and  C'A'  are  equally  inclined  to  the  asymptotes.  Then  the 
aagle  B'  OA'  is  either  equal  or  supplemental  to  A'  C'B'.  Hence 
0  is  on  the  circumiercnoe  A'B'C 

Cor. — Every  equilateral  hyperbola  circumscribed  to  a  triangle 
ABC  passes  through  the  orthocentre  II. 

Let  Wha  the  middle  of  AH,  0  the  centre  of  the  hyperbola, 
the  asymptotes  are  parallel  to  the  bisectors  of  the  angle  OA'Ai. 
If  B  be  the  middle  point  of  the  are  A,0,  A'P  is  one  of  the 
bisectors,  and  the  bisector  of  the  angle  OWA^  passes  through  P, 
and  is  perpendicular  to  A'P.  Then  WO  and  WA^  are  equally 
inclined  to  A'P  or  WF,  therefore  AH  is  the  chord  conjugate  to 
the  diameter  OW.     Hence  Hia  on  the  hyperbola. 
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EXEECISES. 

1.  If  a  right-aoEled  triangle  be  mscribed  in  an  equilateral  hyperbola,  the 
perpendioular  from  the  right  angle  on  the  hypotenuse  is  a  tangent  to  tlie 
hyperhola. 

2.  If  A,  B,  C,  S  lie  any  four  points,  the  niue-points  circles  of  the 
triangles  ^5 e,  ABD,  BCD,  CO^  pass  tlirough  a  common  point,  the  centre 
of  the  equilateral  hypevbola  through  A,  -B,  C,  7>. 

3.  An  equilateral  hyperbola  circumsorihed  U>  a  triangle  ABO  outs  the 
ciremncircle  ABO  in  a  fourth  point  J>,  which  is  diametrically  oppodfe  to 
the  orthocentre. 

In  fact,  the  centre  0  of  the  hyperbola  being  on  the  nine-points  circle, 
and  the  orthoeenfce  JT  being  on  the  hyperbola,  the  point  on  the  hyperbola 
diametrically  opposite  to  B"  ia  on  the  oicoumoirole,  Bines  S  h  the  centre  of 
similitude  of  the  two  circles,  and  the  ratio  of  eimilitmie  ia  3. 


4.  Tbe  diameter  of  the  circle  of  curvature  ai  any  point  of  an  equilateral 
hyperbola  is  equal  to  the  portion  of  the  normal  at  the  same  point  inter- 
cepted hy  the  hyperbola. 

5.  A  cirde  cuts  an  eqnilateral  hyperbola  in  four  pointa.  A,  B,  C,  D\  each 
of  these  points  is  diametrically  opposite  on  the  hyperbola  to  the  orthocentre 
of  the  triangle  of  the  remaining  points  (Es.  3).  Hence  if  ,i^C?JJ  be  eon- 
oyolio  points,  the  quaidriUteral  formed  by  the  four  orthooontree  of  the  four 
triangleii  is  the  symetrique  of  ABGI>  with  respect  to  the  centre  of  the 
equilateral  hyperbola  A  BOB. 

6.  Every  circle  which  passes  through  the  ostremities  of  a  diameter  AB 
of  an  equilateral  hyperbola  cuts  the  cuive  at  the  cstreroilies  of  a  diamotar 
CD  of  the  circle.  For  the  orthocentre  of  tho  triangle  ABG  has  for  syme- 
trique the  eitreniity  of  the  diameter  of  the  circle  passing  through  C. 


8.  The  asymptotes  of  an  equilateral  hyperbola  circumscribed  to  a  triangle 
ABC  sxB  the  Simpson's  lines  of  points  diametrically  opposite  on  the  oir- 
oumeircle  ABC  with  respect  to  the  triangle  ABG. 
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H  III.— TwiH  Poi 


s  Zwillinqspdhztb). 


211.  Two  points,  P,  P,  are  called  Twins  with  respect  to  a 
triangle  ^5Cwhen  the  two  pencils  of  rays  i'(-45C),  P'{ABC) 


Twin  points  were  first  considered  liy  A_etzt, 
Gymnasiums  m  MeekUnghamen.     Sohuljahr,  1885,  1886. 
212.  To  coMtruct  the  point  F'  when  P  is  given. 
If  circleB  be  described  around  the  triangle  APC,  BPC,  and  if 


tbeir  symStrique  with  respect  to  the  sides  AC,  .ffC  intersect  in 
P',  P'  is  the  point  required. 

Dem.— Join  AP',  BP,  CP'  and  produce  HP  to  B^.  Then, 
from  the  coastruction  wo  have,  eTidontly,  the  angles  AP'B,, 
ByP'C,  CP'A,  respectively,  equal  to  APB,  BPO,  CPA,  and 
the  pencils  P{ABC),  P'{ABO).     Hence,  &c. 
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Or,  thus  .-^Let  P„  F^,  P,  be  the  sym^triq^ueB  of  P  with  respect 
to  the  sides  5(?,  CA,  AB,  then  P'  is  the  point  common  to  the 
eireles  5CP„,  CAP,,  ABP,. 

Or,  again  :■ — The  peipondiculara  erected  at  the  middle  points 
of  the  lines  FA,  PB,  PC  intersect  two-hy-two  in  three  points, 
Qo.  Qi,,  Qc !  let  C„,  Q'i,  Q\  be  the  sym^triciiieB  of  these  -with 
respect  to  BC,  CA,  AB,  then  the  perpendiculars  from  A,  B,  0 
on  the  sides  of  the  triangle  Q!„Q'i,Q\  intersect  in  F'. 

213.  If  two  points,  V,  V  ha  inverse  mik  respect  to  the  otreum- 
oiroh  of  the  triangle  AJiO,  their  isogonal  conjugates  are  twin  points 
of  the  triangle. 


—By  constroction  the  angle 

CAP-^V'AB,    and    ACP'=V'CB. 


GAP'+ACP'-^V'AB+VCB=ABC-Ar'C=AJFC-AV'C. 
Similarly, 

PCA+OAP^ArC-AWO,  .:  CAP-+ACP'=PCA+OAP. 
Hence  AP'C=  CPA.  Therefore  the  eircuracircle  of  the  tri- 
angle AP'C  is  the  symetriqne  of  the  circumcirole  of  APC  with 
respect  to  AO.  Similarly,  the  cironmcircles  ol  BP'C  sxA  BPG 
are  symetriques  with  respect  to  PC.  Hence  the  proposition  is 
proved. 

214,  Tioin  points,  P,  F'  are  at  the  extremities  of  a  diameter 
of  an  equilateral  kyperhola  cireumserilei  to  the  triangle  ABC. 
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For  the  intersection  of  liomologous  rays  of  the  mverfie  petLCJla 
F{ABC .  ..),  F'iAHO  .  .  .)  generate  an  equilateral  hyperbola. 

Cor. — The  locus  of  the  middle  point  of  twin  pointa  of  a  tri- 
angle is  the  nine-points  circle  of  the  triangle. 

For  the  middle  point  ia  the  centre  of  an  equilateral  hyperbola 
circumecribed  about  the  triangle, 

215.  If  V,  V  le  the  isogonal  eonjagatea  of  the  twinpoints  PP' 
(jesfig.,  §  213),  and  if  the  join  of  V,  V  intersect  the  cireumcircle 
in  W,  W,  the  Simpson's  Uttes  of  TV,  W,  with  respect  to  the 
triangle  AB  C  are  parallel  to  the  double  direction  of  the  pencils 
P{A£0 .  .  .),  P'{ABO  .  .  .).  They  are  also  the  asymptotes  of 
ike  equilateral  hyperbola  ABCPI". 

Dem. — The  iaogonal  transformation  of  the  diameter  VV  is 
the  equilateral  hyperbola  ABCPP'.  The  asymptotic  directions 
are  the  isogonal  conjugates  of  the  points  W,  W,  but  the  Simpson's 
line  of  3^  is  perpendicular  to  the  isogonal  line  A  W,  and  there- 
fore has  the  direction  of  an  asymptote,  and  the  Simpson's  lines 
intersect  on  the  nine-points  circle.     Hence  they  are  the  asymp- 

Cor. — The  fourth  point  common  to  the  hyperbola  and  circle 
ia  the  isogonal  conjugate  of  the  point  at  infinity  on  VV. 

216.  If  a,  /3,  y  be  the  angles  of  a  triangle  whose  sides  are 
partillel  to  the  rays  of  the  pencil  F{ABC),  the  barycentric  co- 
ordinates of  F  are 

l/(cota+ cot^),  l/(cot/3+ cot5),  l/(cot7+cotC). 
Dem.— Let  AF  meet  the  cireumcircle  of  BPO  ia  Q,  then  the 
angles  of  the  triangle  QBO  are  a,  ,3,  y  respectively.  Hence 
the  perpendiculars  from  Q  on  AB,  AC  are  BQ  sin  (j3  +  B), 
CQ  sin  (y  -i-  C) ;  therefore  if  a;,  y,  s  be  the  normal  co-ordinates 
of  F,  we  have 

t/      CQsip(y+(7)  _  Bin^6in[y+  C)  _  ain  (7  (cot  y  + cot  C) 
%''  BQeini/i+B)'  sin y  sin  (^  +  5}  ~  sin  5  (cot  ^  +  cot  £)' 
Hence  if  o,  y9,  y  denote  the  barycentric  co-ordinates  of  F, 
a-.p-.y::  l/(cot  q+ cot  ^)  ;  l/(cot /3 -h  cot-S)  :  l/(coty4-cot  C). 

C73S) 
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For  the  point  P'  we  have 

a' iji' :■/■.:  l/(eota-cot^):  l/(cot|3-eoti?) :  l/(coty-cot  C). 

(739) 


Cor. — The  baryeentric  co-ordinates  F",  V  are 
»'  (cot  A  ±  cot  a),  P  (cot  5  ±  cot  P),  e'  (cot  C  ±  cot  y).      (740) 


I.  To  find  the  locua  of  P  if  the  Brocard  angle  of  the  triangle  BQC  is 
constant. 

Let  rbe  flie  Brocoud  angle  of  BQC.    Then  we  have 

cotji  +  coto  =  A/a,     cot.B  +  cot6  =  A/B,     cot  C+ cot  7  =  A/7. 
Hence  ootai  +  eot  r=  A2  -  ; 

we  have  also     S  cota  col  3  =  2  (a/o  -  cot.^)  [a/B  -  cotS)  =  I, 
oi'  a'  2  ^  -  AS  (cot  Aj^  +  cot  B/a)  =  0  ; 

.-.     A  2  —  -  2  [cot  AiS  +  cot  .5/a)  =  0, 
or  A  2  (IM)  -  COtoJ  2  (I/a)  +  2  cot  Aja  =  0. 
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BliminB.tiDg  \,  we  huTD 

S{<iot«  +  cot  F)/nj3  -  cot  0,  2' (I/a)  +  2  (l/o] .  2  (oofc^/a)  =  0), 

2|^(cot^-cot»)j-2  j^{cotC-cot  F)j  =0.  (74 

ie  transformation  of  a  conic. 


SiiCTioH  IV.^ — TurAnoLBS  DeeivH)  mom  inE  same  Teiawgle. 
217.  The  projections  of  a  point  P  on  the  sides  of  a    triangle 


ABO  are  the  summits  of  a  ifiangh  AiS,Ci,  mlled  ike  pedal  tri- 
angle of  P. 

The  sides  of  the  pedal  triangle  of  P  are  perpendicular  to  the 
linos  joining  the  summits  of  ABC  to  P  the  isogonal  conjugate 
of  P.     {Sequel,  page  165.) 

The  pedal  triangles  of  tLe  isogonal  conjugates  P,  P'  have  the 
same  circnmeircle,  which  is  a  principal  circle  of  a  conic  inscribed 
in  the  triangle  ABC,  and  having  P,  P'  as  foci. 

218.  Th$  laryeentrio  co-ordinates  ofP,  mth  respect  to  its  pedal 
triangle,  are  equal  to  those  of  P'  with  respect  to  ABG. 

In  fact,  if  (if,  y,  a),  (.rj,  y,,  %^  be  the  normal  co-ordinates  of 
P,  P  wltt  respect  to  ABG,  wo  Lave 

A^PB^ :  B^PC^ :  C.P-4. : ;  ay  sin  C :  ys  sin  ^  :  t,x  sin  B 
:  :  sin  Cl{ai~.g^  :  sin  Ajiijfit) :  sin  BUz^Xi) : :  KiO  :  x^a  :  yib. 

219,  The  sides  of  the  pedal  triangle  of  P  are  proportional  to  the 
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products  of  the  opposile  sides  of  the  qua^wngle  PABG.  In  fact, 
AP  is  the  diameter  of  the  circtimcircle  of  the  triangle  PB^Ci, 
Hence  B^  C,  =  AF  sm  A.     Therefore 

_ff,C,  :  CUi  ■■  A,B,  ■.-.a.AP-.h.BP-.e.CP. 

Cor.— The  pedal  triangles  of  eaeh  of  the  points  A,B,C,P  wL\h 
lespect  to  the  tiiangle  formed  by  the  throe  others  are  similar. 

330.  To  find  the  area  of  the  pedal  triangle  of  P. 

Let  a,,  hi,  C|  denote  the  distances  AP,  BP,  CP,  R  the  radins 
of  the  circle  ABC,  we  have  B^  C^  =  e,  sin  A  =  mtftB,  &a. 

=-r-^2'/{aa,+bbi+e(:-,){-aa^+bb,+eo,){aai-bb,+  ceT_){at(,+bbi-eci) 

(742) 
Cor. — The  areas  of  the  pedal  triangles  of  four  points  with 
respect  to  the  triangles  formed  by  the  three  others  are  inversely 
proportional  to  the  squares  of  the  radii  of  the  oircumcircles  of 
the  triangles. 


1.  If  A  denote  the  area  of  the  triangle  ^SC,  7!  its  oircurarflaius,  and  n  the 
powei-  of  F  with  I'eapset  to  the  tiiroumtirclo,  the  area  of  the  pedal  triangle  of 
Pis 

W(4Ji').  (743) 

2.  The  loouB  of  points  whose  pedol  triangles  haye  a  giyen  area  is  a  circle. 
8.  The  pedal  triangles  of  two  points  inveree  with  respect  to  the  circnm- 

okcle  are  inversely  similar.  (Eiehl.) 

AHTiPEiJiL  Triangles. 
221.  If  through  A,  23,   C  we  draw  perpendiculars  to  PA, 
PB,  PC  we  form  a  triangle  A'B'  C  called  the  antipedal  of  P  with 
respect  to  ABC. 


1.  The  antipedal  triangles  of  tuiQ  points  are  inTersely  tdmilar. 

2.  If  Qbethe  syraetriqae  of  Puith  j-Popeot  to  the  eiroimioentre  of  the 
triangle  ABC,  P  and  Q  are  isogonil  Lonjugates  with  jespect  to  the  antipedal 
triangle  of  i". 

3.  There  eaista  an  infinite  number  of  tnangles  drcuniacribed  to  ABG 
similar  to  one  another  and  haying  Pas  their  c  ntre  of  eimilitude,  lie  maximum 
is  the  antipedal  of  P,  and  the  minimum  the  summit  of  the  pencil  Pi^ABO). 
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HiBMOHIC  TEAHSBOHMiTIOH  OP  i  TeIANOLE. 

222.  H  the  lines  PA,  PB,  PC  meet  tte  circle  AB  0  agaia  in 
A.',£',  C,  the  triimgle  A'B'C  is  called  fcte  haimonie  transfor- 
mation oiABC. 


The  polar  of  7*  with  respect  to  the  circle  .45(7  divides  the 
lines  AA',  BB',  GC  harmonically.  Hence  the  triaigles  ABC, 
A'JS'  C  are  in  perspective.  P  is  their  contro,  and  p  its  polar 
with  respect  to  the  circle  their  axis  oi  perspective.  Heace,  in 
starting  from  ABC  we  can  construct  A'B'C,  and  estahlish  a 
correspondence  between  the  triangles  by  joining  P  to  any 
remarkable  point  Q  of  the  figure  ABC,  aad  take  Q'  the  homo- 
logue  of  Q'  such  that  QQ'  is  divided  harmonically  by  P  and  p. 

223.  The  harmonic  tr/msformaiion  A'B'C  of  ABC  uith  re- 
spect to  P  is  similar  to  the  pedal  of  P  witfi  tespeef  to  ABC,  and 
the  homologue  of  P  irt  A'B'C  is  the  isogonal  conjugate  of  P  in  the 
pedal  A^BiCi. 

In  fact,  the  angle  PA^Bi  =  PCA  =  AA  C,  and  PA^Ci 
=  PBA  =  AA'B'.     Hence  B^A.C,  =  B'A'C,  &c. 
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224.  To  calculate  the  sides  and  area  of  the  harmonie  transfor- 
mation of  the  triangle  ABC. 

If  a,  j9,  y  be  the  angles  of  the  peacil  P{ABC)  wo  have 

B'  C  =  2B  sin  B'A'  C  =  2B  sin  {A  +  a). 
Similarly, 

C'A'=2Bdn{B  +  ^),  ^'S'  =  2iJsiii(C+y).        (744) 
Again, 

A'B'C  =  B'A' .  A'C  Bin  B'A'C 

=  2&  sin  {A  +  «.)  sin  (5  +  ^)  sin  (  C  +  y).     (745) 


^.BC  siaA.saiB.e. 


(746) 


225.  The  lines  drawn  through  A',  B',  C,  perpendicular  to 
AA',  BB',  CO', respectively,  lomiatriangle^"^'C" eaUed  the 
polar  reciprocal  of  ABO  with  respect  to  P.  It  is  the  aatipedal 
ot  A'B'C.    Itsanglesaieeq^ual  to  those  of  the  pencil  P  (-45  C^. 


1.  The  area  of  the  triangle  A"S"C"  poUr  ledpracrd  a!  ABC  mth  respect 

2It^  2  8m  a  sm  (B  +  ^)  ein  {0  +  y)lsm  =  ^m  ^  ein  y.  (747) 

2.  If  BbetheeirciimdiaiiietEirof^"B"(r', 

Ssiaosin,8sin7  =  2Jiv'2sm-i.siiia.siii(iJ  +  e)sin(C'+7"j7      (748) 

3.  If  we  faJiB  the  polar  ceoiprooal  A"B"C"  of  .^.BC'  with  respect  to  the 
eymmedian  point  Kai  ABC,  Eis  tlie  focus  of  an  ellipse  touehiog  the  eidea 
of  A"B"0"&.\.  themiddlapointa.  (HadaMAEO.) 

4.  The  oentroid  G  of  ABC  is  the  focim  of  an  ellipse  touching  the  sides  of 
the  pedal  triangle  of  G  ot  their  middle  points  and  also  the  focus  oE  an  ellipse 
touohing  the  sides  of  the  havmonio  transformed  of  G  at  their  middle  points. 

5-8.  If  through  a  fixed  point  we  draw  a  variable  line  cutting  the  sides  of 
a  giyenangleZOrin  the  points  A,  B,  then— (1)  The  licua  of  the  circum- 
centre  of  the  triangle  .4(9£  is  ahypeibola.      (3)  The  locus  of  the  orthooentre 
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is  a  hyperbola.  (3)  The  locus  of  tiie  double  point  of  two  figures  directly 
ainiilar  described  on  OA,  OB  is  a  circle.  (4)  The  locus  of  the  Gjmmedian 
poiat  of  OAB  is  aconio.  (Weuebrq.) 

e.  If  two  eidesyl^jji  (7  of  ft  triangle  be  given  in  position,  and  the  third  aide 
BO  move  in  any  manner,  the  orthoeentre  and  ciroumcentre  describe  figures 
inversely  similar.  (Neobbho.) 

10.  H  two  Terticea  5,  Cof  a  triangle  befixed,  prove  that  the  two  vertices 
A,  A'  of  the  ti-iangles  BOA,  BOA'  which  have  a  common  symmedian  point 
K,  describe  when  K  moves  two  figures  inversely  aimilar, 

[Neubekg  and  SciioniB.} 

11.  If  the  EiiDis  of  the  aijuaresofthe  sides  of  the  pedal  triangle  ofP  be 
given,  the  locns  of  -P  ia  a  circle. 

Let  s,  y,  E  he  the  normal  co-ordinatea  of  P,  and  S'^  the  sum  of  squares. 
Then 

S=  -  2  {z'  +  ji^  +  3=  +  Kji  cos  C+  yi  cos  jJ  +  ffiE  cos  B), 

"      *''"-='"»-'>>{.if3)-="(£^  +  iii^-™'') 

where  01  is  the  Brocard  angle  of  the  triangle  ABO. 

12.  The  locus  of  points  whose  pedal  triangles  have  a  eonafant  Brocard 
angle  risacirelo.  (Schoute.) 

In  fact  the  equation  is 

(n,M  V  +  «i=)MA'=cotr, 

or  3(=:s!n^)2(^)-cOta,S(s-=ain^j  =  2(!/jain^)cotF. 

Hence         {cota  +  cot  F)  2  (j(j  sin^)  =  3  (a!  sin^)  2(3;/ain^).         (760) 

13.  In  a  given  triangle  ABO  can  be  inECrlhcd  an  infinity  of  triangles 
eimilar  to  a  given  triangle  ^i^id.  These  have  the  same  centre  of  aimili- 
tude  S;  the  minimum  is  the  pedal  of  S.  The  envelopes  of  their  sides  are 
parabolse  having  .S  aa  a  common  focus . 

If  S'  be  tie  iaogonal  conjugate  of  S,  the  angles  of  the  pencil  S'{ABO)  are 
equal  to  those  uf  the  triangle  AiBiCi  [see  Twin  points).  Hence  the  hary- 
centric  co-ordinates  of  S  are 

a!i{cotA±aaiA{j,  b'^imtB  ±miB,),   c' (cot  C  +  cot  Ci).     (751) 
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Sbctioh-  v.— Tripolak  Co-obdiitites. 

226.  The  trifolar  eo-ordinates  ofP  are  He  powers  PA'',  PB'',  PC\ 
with  reaped  to  the  three  summits  A,  B,  C,  of  the  iriaitgle  ofrefer- 

Tripolar  co-ordinates  are  a  limiting  case  of  Trioylio  co-ordi- 
nates ia  wHch.  the  position  of  a  point  is  denoted  by  its  powers 
with  respect  to  three  given  circles,  namely  "wb.cn  the  circles  re- 
duce to  pojuta.  Tricyclic  co-ordinates  were  first  employed  \ij 
the  author.     See  "  Bicircular  Qaartics,"  1869. 

227,  Being  given  the  miitml  ratios  X  :  /t,  :  v  of  the  tripoUr 
co-ordinates  of  a  point  P  to  construct  it. 

Let  the  tripolar  co-ordinates  bo  X,  Y,  Z,  then  we  have  the 
systems  of  determinants 

I  X,      Y,     Z  \ 


Hence  the  two  points  common  to  the  coaxal  circles  X/X=  F//i  = 
Z\v  satisfy  the  conditions.  Wow,  tlie  points  X=  0,  F=  0,  and 
the  circle  X/\-  F//i  form  a  coaxal  system  of  which  X=0,  F=0, 
that  is,  the  points  A  and  B  are  the  limiting  points. 

Hence  the  circumcirele  of  the  triangle  ABG,  since  it  passes 
through  A  and  B  cuts  the  circle  X/^  ~  F^'/t  =  0  orthogonally. 
Similarly  it  cuts  the  circles  F/^i  -  Zjv  =  0,  and  Z\v  -  X/\  =  0 
orthogonally.  Therefore  the  two  points  common  to  tho  circles 
X/X  =  Y!ji.=ZIv,  that  is,  the  two  points  whose  tnpolar  co-ordi- 
nates  are  X,  ji,,  v  are  inverse  points  with  respect  to  the  circnm- 
circle  of  tho  triangle  ABC. 

A  pair  of  points  having  tho  same  tripolar  co-ordinates  X/iv 
are  said  by  JTedbekg  to  be  tripolarly  associated.  For  shortness 
■we  shall  call  them  a  tripolar  pair. 

Cor.  1 . — If  P,  Q,  he  a  tripolar  pair,  and  V,  V  the  points  in 
which  the  circuracircle  ABC  intersects  PQ,  then  PQ  are  har- 
monic conjugates  to  V,  V. 
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Cor.  2.— TheHsectoi-Bof  the  angles  P^Q,  PBQ,  POQ  concur 
in  the  points  V,  V. 

228,  The  pedal  -triangles  of  a  tripolar  pair  P,  Q  are  inversely 
similar  {!Eiehl).  The  double  lines  are  the  Simpson's  lines  of  the 
points  T,  V  in  which  PQ  intersects  the  circumcirole  and  the 
double  point  is  on  the  nine-point  eircle  of  ABO.     (ITeubbkg.) 


Dem. — let  the  tripolai-  co-ordinates  of  P,  Q  he  (X/iv),  and 
their  pedal  triaagles  A'B'C,  A"1?'C",  then  the  sides  o£  A'B'C 
are  AP  sin  A,  BP  sin  B,  CP  sin  C ;  hence  they  are  pro- 
portiocal  to  Ai  sin  A,  /li  sin  B,  yi  sin  C,  and  similarly  the  sides 
of  /4"5"C"areproportionaItoA'sin^,  fi' sin  ^,  vS  ain  C.  Hence 
A'B'C,  A"B"C"  are  similar,  and  they  have  different  aspects, 
that  is,  they  are  inversely  similar. 

Again  the  ratio  oi  similitude  is  APIAQ  =  P7jVQ.  "Hence 
the  perpendionlarB  from  Ton  BC,  CA,  AB,  divide  A'A",  B'B", 
(7"  C"  in  the  ratio  of  similitude.  Hence  the  Simpson's  line  of  Fia 
an  axis  of  similitude.    Similarly  the  Simpson's  line  Vis  an  axis  of 
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Bimilitude,  bat  these  intersect  on  the  nine -points  circle.  Heace 
the  double  point  ia  oa  the  rdne-pointa  circle. 

This  point  is  the  middle  of  the  distance  betweea  the  isogonal 
coajagates  of  S'  and  Q. 

Special  Case — If  k :  fi. :  v : :  Ija^ :  1/i' ;  l/u^.  The  quadrangles 
ABCT,  ABCQ,  are  such  that  the  rectangles  ooatained  by  the 
pairs  of  opposite  sides,  are  equal,  tIz,,  AB  .  CP  =  BG .  AP 
=  CA  .  MP.  Hence  itlollows  :^1°.  that  if  apon  any  side  AB 
be  constracted  a  triangle  ABM  directly  similax  to  CMP,  the  tri- 
angle APM  is  equilateral.  2°.  The  pedal  triangle  of  any  of  the 
foui-points.^,B,C,2' with  respect  to  the  triangle  formed  hy  the 
remaining  points  ia  equilateral.  3°.  The  points  P,  Q  are 
centres  from  which  ABC  caa  be  inverted  into  an  equilateral 
triangle. 

T)ss. — The  painis  P,  Q  have  been  called  hy  Neuberg  isodi/namie 
pomti. 

229.  Relation  hetween  trvpola/r  and  normal  co-ordinates. 

Let  !C,  y,  3  be  the  normal  co-ordinates  X,  T,  Zthe  tripolar 


o-ordiiiates  of  P,  then  we  have 

B'C'^APsinCPB', 
r     XsittM=/+^'+22racos^,     rsin'^  =  a= 
£'8in=C=a=  +  /  +  2;w/cosC. 
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Cor.  Since  IX  +  mY  +  nZ=  0  is  tie  general  eq;uatioii  of  a 
circle  cutting  the  circle  ABC  orthogonally,  it  follows  that 

I  («^  +  y'  +  2a^  cos  (7)  +  m  { ?/=  +  a=  +  2ys  COB  J ) 

+  k{3^  +  3;=+2^»cos£)  =  0 
■denotes  a  circle  cutting  ABO  orthogonally.  (753) 

230.  Lucas's  Theorem. — If  A  denotes  the  area  of  the  triangle 
ABC, 

&cosC.  P'+cooBfi.Z-oX+»ScGos^  =  4A^,  (I) 
coos-4.Z+«cobC.  X-hT+alcG<isB  =  A^y,  (2) 
a  cos  5 .  X  +  J  cos  ^  .  Y-  cZ+  ale  cos  C  =  4A3.  (3)       (754) 

To  prove  (1),  let  fall  the  perpendicular  AB;  join  PD,  and 
draw  PJE  perpendicular  to  AB.  Then,  by  Stewart's  theorem 
{Sequel,  5th  edition,  Prop,  is.,  p.  24). 

CB.BP^^-BB.  CP'  =  BC .PB'+  CB .  BB^  +  BB .  CIP, 

or  ft  cos  0.  r+cconB  .Z^a.FB'  +  a.BB.BC. 

Hence 

ScosC.  Y+eco!iB.Z^aX=a.BB.BC~alAP''-PB'') 

=  a.BB.BC~a  (AS'  -  UB")  ^a.BB.BO-a  {AB  -  2s)  AB 

=  4Aj!  +  a  {BB .  BO-Ajy)  =  4Ax  -  ahc  cos  A. 

Hence       6  cob  C .  r+  c  eoa  B  .Z-aX  +  abo  cos  A  =  4Aa;. 

These  eqiaations  enahle  us  to  transform  formula;  from  trilinear 
co-ordinates  into  tripolar  co-ordinates.  Thus,  if  S^  denote  the 
distance  het'ween  two  points  we  have  equatioa  (184) 

V  =  I (a^i  -  ^0' sin  2^  +  (!/i  -  yO' sin  25  +  (s,  - Sa)' siii2 C} 
/{2sin^sin.ffsin  C). 
Hence  we  have  in  tripolar  co-ordinates 
16A'V=Sa'(^i-X)'  +  2|2J(!(r,^r,)(.?i-^',)cos^!.  (75S) 
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231.  In  equation  (274),  if  we  suppose  the  second  system  of 
circles  to  coincide  with  the  first,  and  then  each  to  become  points, 
we  get  for  the  four  points  A,  B,  C,  P  the  following  relations 
where  X=^P',  S 


0,       1 


1, 


1, 


(756) 


li  this  be  expanded  a.nd  reduced  by  the  relations 

0=  +  J=  -  e=  =  2oS  COB  C,  &o., 
e  get 
2,a'X^-'22,abeoiC.XY-Ulo%awsA.X-ta^b^e'^0.     (757) 


EXERCISES. 

1.  If  the  circles  X/\  =  Tin  =  ^Z"  of  }  227  intersect  the  aideB  AS,  BC, 
CA,  of  tte  triangle  of  reference,  respectively,  in  the  pdre  of  points  C,  C'; 
A',  A";  B',  B",  then  the  lines  AA\  BB' ,  CC  intersect  in  tlie  same  point 
S,  and  tie  points  A",  S",  C"  are  upon  the  same  right  line  a,  the  trilinear 
polar  of  S,  tJiebavyoentrio  co-ordinates  of  S  are  1/a,  1/;i,  I/w;  and  the  line 
co-ordinates  of  a, 


2.  The  cenbes  of  the  circles  X\k  =  7jfi  =  £ 
oo-ordinatea  are  \\  ji?,  p^. 

3.  Ifi,i«,  M,ijbe 


right  line  whose 


B,  the  tripolar  equation 

represents  a  circle  when  ( +  iii  4  »     0,  and  a  line  when  I  -i  m-\-  n  =  0. 
i.  The  tripolar  eq^uatLou:  of  a  cirule  passing  through  three  given  poiuts  is 


^, 


7; 


T, 
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5.  The  ti'ipolar  equation  o£  a  line  thcougli  two  given  points  ia 
X,         r,         Z,        11 

X,     r,     z',    I    _ 
X-.    t:   z",   ■    -»■ 

1,  1,  1,        0    I 

S,  If  r+m  +  n  =  0,  prove  that  IX  ^  mT -^  nZ  =  fi  ia  a  diameter  of  the 

7.  The  oquation  of  the  ciioumcircle  ia 

X,         Y,        Z,        1 


(709) 


M  »  eoa  ^  .  Z  +  *  C09  B  .  r  +  «  COS  C .  ^  -  die  =  0, 

The  modulus  of  this  equation  ia    -  iJ/2A. 
8.  The  equation  of  the  circle  on  BC  as  diameter  is 


(761) 
[762) 


or  oS  -  i  cos  C.  r  -  c  COS  £  .  ^  -  ahe  cos  ^  =  0. 

The  modulus  of  thia  equation  ia    —  4a. 
Compare  \  230. 

9.  The  area  of  the  triangle  formed  by  three  points  is 

X',      r,     Z-,     1 

Z",      r",      Z",      1 

4-  16a. 
X",     r",     Z-'\     I 

1,  1,  I,        0 

10 .  The  radical  aiis  of  the  three  circles  X/a  =  Yj^^Z^ 

I    X,        r.       Z   \ 


(764) 
{765) 


Exercises  I-IO  have  been  taken  from  Lucos'a  W 
ionnees  Tripolaires,"  Mathesis,  tome  9,  page  129. 


' '  Sur  les  Cooi- 
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CHAPTER    IX. 

SPECIAL  EELATIONS  OF  CONIC  SECTIONS. 

233.  If  S  :=  0,  8'  =  0  be  th  eqitationa  of  two  ctmes,  thm 
S  -  iS'  =  0  represmts  a  mn>e  pasdt^  througk  evety  point  of 
interseotion  of  the  curves  S  and  i8'. 

This  propodtion  is  a  simple  ease  of  the  evideEt  principle  that 
the  poicts  of  intersection  of  two  enrves  8  and  8'  must  satisfy 
the  equations  8  =  0  and  5'  =  0,  and,  therefore,  must  satisfy  the 
equation  S  -  SS'  =  0.     (Compare  §  30,  Cor.  2.) 

233.    The     following    ai'e    special     eases    of    this   general 

1°.  li  S  =  0  \ie  any  conic,  and  S'  =  0  the  product  of  two 
lines,  8  ~  i^8'  =  0  denotes  a  conio  section  through  the  four 
points,  where  8  is  intersected  by  the  two  lines  denoted  by  S' ; 
for  example,  8  -  h\^  =  0  denotes  a  eonie  passing  through  the 
points  where  8  is  intersected  by  the  lines  a  =  0,  /3  =  0.  Hence, 
if  a,  ^  are  tangents,  8  -  k''aj3  =  0  denotes  a  conic  having  double 
contact  with  S. 

'2°.  If  the  lines  denoted  by  8'  become  indefinitely  near,  S' 
may  he  denoted  by  J7,  where  Z  =  0  represents  a  line ;  then 
8  -  WI?  =  0  denotes  a  conic,  touching  8  in  each  point  where 
L  intersects  8  \  in  other  -nrords,  haying  double  contact  with  8. 
By  giving  different  values  to  S,  we  get  different  conies,  each 
having  double  contact  with  8,  and  having  a  common  chord  of 
contact,  namely  L  =  0.  If  the  line  i  =  0  intersect  8  in  two  real 
points,  8  -  k^L"  -  0  will  have  real  double  contact  with  8.  If 
the  line  Z  meet  8  in  two  imaginary  points — in  other  words,  if 
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it  doe  snot  meet  it  in  real  points — iS— Pi'=Owillliave  imaginary 
double  contact  witli  8,  This  form  of  equation  may  also  be 
written  S*  -  Si  =  0,  or  jSi  +  Hi  =  0 ;  for  eithor  equation  cleared  of 
radicals  gives  8  -  le'L^  =  0.  la  conic  sections  there  are  many 
instances  of  imaginary  double  contact. 

3°.  If  S  =  0  denote  the  product  of  two  lines,  say  MW; 
then  MN  -  l^V'  =  0  will  denote  a  conic,  touching  the  lines 
^  =  0,  TV"  =  0,  and  having  the  line  £  =  0  as  the  chord  of 
contact. 

4°.  By  Bupposing  one  of  the  three  lines  Z,  M,  N  to  be  at 
infinity,  we  get  three  different  cases.  Tb.us  ;  1".  Let  L  be  at 
infinity,  then  L  becomes  a  constant ;  and  if  M,  N  be  real,  the 
equation -3^=  A'i'' -will  denote  a  hyperbola,  of  which  JH",  iVaxe 
the  asymptotes.  2°.  Let  £  be  at  infinity,  and  let  M^  JV  denote 
the  two  conjugate  imagiaaiy  factors  x  +  y  -v^  ~  I,  x  -y  -^  ^l, 
the  equation  MM  =  k''!?  will  represent  a  circle,  Erom  this  it 
follows  that  all  circles  pass  through  the  same  two  imaginary  points 
on  the  line  at  infinity.  For  the  circle  a?  +  jf'  =  r^  passes  through 
the  points  where  the  line  at  infinity  meets  the  lines  le  +  y  -^y^ 
=  0,x-y  ^/~l  =  0,  and  the  circle  (x  -  »)'  +  (^  -  S)=  =  ^ 
passes  through  the  points  where  infinity  meets  the  lines  («  -  a) 
+  (y  - *)  ■/'^  =  0'  («-«)-(;/-*)  v'"-^  =  0,  which,  since 
parallel  lines  meet  at  infinity,  will  be  the  same  points.  8°.  Let 
one  of  the  factors  M,  N  he  a,  constant,  and  let  Z  =  0  denote  a 
finite  line,  the  equation  will  be  of  the  form  px  =  y^,  and  the 
curve  denotes  a  parabola.  Hence  we  have  the  important  theorem 
that  every  parabola  touches  the  line  at  infinity. 

5°.  If  S  =  0  be  the  product  of  two  Hues,  viz.  ay  -  0,  and  S' 
the  product  of  two  others,  namely  ^S  =  0,  then  8  -  kS'  be- 
comes ay  -  kfiS  =  0.  Hence  ay  -  kj3S  =  0  denotes  a  conic 
pawing  through  the  four  points  a,S,  aS,  y8y,  yS  ;  in  other  woids, 
it  denotes  a  circumconic  of  the  quadnlatoral  formed  by  the 
lines  a,  j8,  y,  S,  taken  in  order. 
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234  In  the  equit  on  S  -  Po^  0  f§  233,  1°),  if  tlie 
lines  a  =  0  ^  =  0  mteisect  on  S  th 
curve  s  lajS  0  tmches  S  m  the 
point  a/?  inl  Will  intcise  t  it  in  the 
points  where  the  Imei  a  0^  =  0 
meet  S  igam  Foi  oTidently  the 
LUives  have  two  consecutive  points 
commJu  at  the  inieise  tion  of  the  Imoe 
a  p      ThisiacaUed  eoitict  (ftJefiist   ' 

This  conic  IS  represented  also  hyfthe  eqiation  S- 
if  y  =  0  be  the  tangent  to  &  it  the  p  int  a,8,  and  8  =  0  the 
chord  joinma;  the  point&  wheie  a  /3  me  t  S    g^in. 

Agiiu   if  one  of  the  Imes  a     0    /3  =  0 — aay  a  =  0 — touch  S 

A  the  mteisection  o£  a  ;8  the  seconl 
point  m  wh  ell  a  meets  S  comcilcs 
with    the   point   afi      md   the   uuve 

S  -  l^afi  Will  hive  it  the  point  a^ 
three  consecutive  points  common  with 
S  and  will  intersect  it  la  the  oe  ond 
point  m  wh  oh  ,8  meets  S  The  on 
taf't  of  S  md  t>  7  lyff  m  this  ca  c  is 
calle  1  C01  ta  t  of  tJ^  i,ect»  d  o  det  t  nd  &  -  /  a/=  is  said  to  osm- 
l  te  & 

EXSBOISES, 

'■   (5+g-i)-*(f+?^-i)("+'"'-"'-""'i-°' 

denotes  a  conic  oaoulaticg  the  ellipse  — ^  +  ^  -  1  =  1  at  tlie  point  x'g'.    If 


(S*5-)-K?*S-')(?- 


and  if  we  determine  A  so  that  the  coefficient  of  3^  =  coefficient  of  ;/'■ 
the  osculating  circle  at  x't/'.     See  supra  (783). 
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2.  The  circumconic/(37  -i-  g  ya  +  hag  ia  osouiated  at  tJie  point  a^  by  t]io 
conic  yg^  +ffya  +  US  -1/0  +  go.)  {la  +  m^)  =  0.  (768) 

S.  This  result  holda  for  tangential  equatdona. 

Thua,  if  S  =fp.v  -i  gi/K+  h\ti, 

then  2-(?A+/p)[fe  +  B!ri  =  '>,  (789) 

tepreeeat  u  conic  OBcuIating  S  on  ihe  aide  opposite  the  Bummit  s. 

Lastly — Let  the  lines  a  =  0,  ^  =  0  coincide  with  each  other, 
and  ■with  the  tangent  to  S ;  then  j 

the  product  a^  becomes  a",  and 
the  two  eonios  will  have  four  coa- 
seoutiTe  points  common,  -which 
is  the  highest  order  ol  contact 
that  two  conies  can  have.  This 
is  called  eontaet  of  the  third 
order  ;  and  the  ecinatioiis  of  two  conies  which  have  this  species 
of  contact  will  be  of  the  forme  S  =  0,  S  -  W-i^  =  0,  where  a  is  a 
tangent  to  S.  It  is  evident,  from  §  233,  2°,  that  the  equations 
of  conies  having  double  contact,  are  the  same  in  form,  and  that 
one  changes  into  the  other,  when  the  chord  of  contact  becomes 
a  tangent. 

235,  The  following  examples  will  illnstrate  the  foregoing 
principles  :— If  S  s  ax^  +  2hxy  -\-lf  +  2gx  =  Q,  8-  ¥o.li  =  a'x^ 
+  SA'a^  +  h'y'  +  2g'a:  =  0,  the  lines  a  =  0,  jS  =  0  wiU  be  the  two 
factors  of  the  expression  (aff'-a'ff)  ^  +  i{hg'~h'g)s:y  +  (lff'—h'ff)j/^ 
=  0,  got  by  eliminaticg  the  terms  of  tiie  first  degree.  Now, 
if  one  of  these  lines  coincide  with  the  tangent  at  the  origin,  -we 
must  have  ar  as  a  factor,  which  requires  that  the  coefficient  of  y* 
vanish.  Hence,  if  the  conies  (m^  +  2hxy  +  %'  +  2gx  =  0, 
a!af  +  2A'«y  +  I'p'  +  S^'a;  =  0  osculate  at  the  origin,  bg'  =  I'g. 
Thus,  if  the  circle  x^  +  y^  -v  2xy  cos  oi  -  2rx  sin  oi  =  0  osculate 

ax'  +  2ha»/  +  hy'  4-  2gx  =  0,  we  must  have  j-  =  -  v— . ,  and  this 

is  the  value  of  the  radius  of  curvature  of  S  at  the  origin.    If  the 
condition  hg'  =  b'g  be  fulfilled,  the  fourth  point  common  to  the 
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two  conies  will  he  tlie  point  distinct  from  the  origin,  in  whicli 
tlie  line  (0/  -  a'g)  x-v2  {hg'  ~  k'g)  y  =  0  meet'*  5  This  will  dso 
coincide  with  the  tangent  at  tie  origin  if,  m  addition  to  the 
condition  hff'  =  h'g,  the  coefficients  of  S,  S'  fulfil  the  condition 
Jig'  =  fi'g^  and  the  eoniea  will  have  at  the  ongm,  contact  of  the 
third  order.  TIma  the  parahola  l^x^  +  ibha-y  +  h'g"  +  2hgT  =  0 
has  contact  of  the  third  order  at  the  origin  with  S 

Cor.— The  radius  of  curvature  at  tie  origin  is  the  same 
for  the  conic  a^  +  2iixy  +  5y'  +  2ga:  -  0  as  for  the  parabola 
hg''  +  %gx  =  0. 

236.  If  in  the  equation  8  -  l^L^  =  0  (§  233,  3°)  S  denote  a 
circle,  we  get  the  following  theorem  ; — The  loeus  of  a  point,  such 
that  the  tangent  from  it  to  a  fixed  circle  is  in  a  constant  ratio  to  its 
distance  from  a  fixed  line,  is  a  conic  having  double  oontaet  with  the 
cirele  ;  the  contact  will  be  real  when  the  line  L  cuts  S  ;  imaginary 
when  it  does  not.  In  this  ease,  if  we  suppose  8  to  reduce  to  a 
point,  wo  get,  evidently,  the  focus  and  directrix.  Hence  we 
have  the  following  definition : — The  focus  of  a  conic  is  an  infinite^/ 
small  eirele,  hoeing  imaginary  double  contact  vsith  the  conic,  the 
directrix  heing  the  chord  of  contact. 

Bbf. — A  circle  S  having  double  contact  with  a  conic  is  called 
by  GaiVBs,  a  focal  eirele.    (HERMiinrBiTA,  yoI.  vi.,  1888.) 

237.  If  the  focus  be  made  the  origin,  the  equation  (§g  173, 
188)  is  of  the  form  x''  +  /|=  h^J?,  or  («  +  1/  y^  {a:  -  y  -Z^) 
=  {hLf,  showing  that  the  imaginary  lines  a!  +  y  ./-  1  =  0, 
CE~  y  \/-  1=0  are  tangents  to  the  curve.  But  x  ^  y  ^Z -  I 
=  0,  A  -  y  ^/^  =  0,  are  (§  233,  4°)  the  Imc  from  the  origin 
to  the  cyclic  points  If  wc  denote  these  points  by  /and  /,  we 
see  that  the  joins  of  eithti  focus  to  J  and  J  are  tangents  to 
the  curve  Hence,  all  conjocal  comas  we  tnicribed  in,  the  same 
imagmari/  quadrilateral,  the  six  summits  of  whuh  arc  the  trm 
cyche  points,  the  two  teal  foci,  and  two  imaginary  points  on  th» 
conjugate  at?',  called  A 
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the  tangential  equfltions  of  any  two  conies, 
i  touching 


338.  If 
then  S  -  ^2'  =  0  is  the  tangential  equation  of 
the  four  common  tangents  of  5  and  5', 

In  partieular,  if  for  S'  we  substitute 

X?  +  [i^+y^-2iiv  cosA-2v\  C08  5-2A/ICOS  C=  0=  0, 
which  denotes  the  cyclic  points,  then 

S  -  to  =  0  (770) 

is  the  tangential  equation  (g  237)  of  all  oonics  confoeal  with  2. 

239.  CiECtB  OS  Cubyathei;. — To  construct  the  eirele  of  curm- 
ture  at  awif  point  P  {x'i/)on  a  cmtral  conic. 

Let  QS  be  the  polar  of  P  with  respect  to  the  orthoptic  eirole 
of  the  conic,  and  let  the  normal  at  P  meet  QR  in  S ;  then  M' 


the  symetriijue  of  M  with  respect  to  P  is  the  centre  of  curva- 

Bem. — Let  the  conic  be  an  ellipse  referred  to  OP,  and  the 
tangont  at  P  as  axes ;  then  if  a',  b'  denote  the  semidiameter  CP 
and  its  semieonjugate  the  equation  of  the  ellipse  is  x'/a'^  +  f/^jd'" 
+  Hxfa'  =  0.  Hcnoc,  |  235,  if  p  denote  the  radius  of  curra- 
ture  at  P,  ^we  have  p  =  V'^ja'  sin  tu ;  .-.  a"  +  pa'  sin  <o=  »"  +  i" 
=  a^  +  J'  =  CP  .  CQ,  since  QE  is  tho  polar  of  P  with  respect  to 
the  orthoptic  circle.     Hence  p  sin  <u  =  PQ  ■  .-.  p  =  PR. 
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Cor.  1. — If  p  be  the  porpendiculax  from  tlie  centre  on  the 
tangent  at  P, 

p  =  S'V^  for  /=  a'  sin*).  (771) 

Oor.  2.—/)  =  J"/ai.  (772) 

Oli&rvation. — In  the  ease  of  the  paraliola,  the  orthoptic  circle 
becomes  a  line  (the  directrix),  and  tie  polar  of  a  point  P  with 
respect  to  it  ia  a  parallel  line  twice  as  far  from  P.  Hence  the 
intercept  on  the  normal  at  P  between  the  parabola  and  the 
directrix  is  eq^ual  to  batt  the  radius  of  curvature  at  P.  Com- 
pare §  167. 

240.  To  oonstritet  the  chord  of  osculation  at  P. 

Let  CiV,  NP  be  the  co-ordinates  of  P;  make  CM  =  -  2CJV, 


CL=  -  2NP.     Join  LM,  intersecting  the  ellipse  in  Q ;  then  PQ 
is  the  chord  of  osculation  at  P. 

Dem.— IE  a,  p,  y,  S  be  tie  eccentric  angles  of  four  concyclic 
points  on  an  ellipse  a  +  ;3-l-y+  3  =  0  or  2mir.  Hence,  if  a,  ^,  y 
be  the  points  where  the  circle  osculating  at  P  meet  the  ellipse 
a  =  |8=y;  therefore  S=— 3k.  Hence,  if  X,  Tbe  the  co-ordinates 
of  the  point  where  the  chord  of  osculation  meet  the  ellipse  again, 

Hence  Xjx'  +Tly'  +  2  =  0;  (773) 

and  this  is  evidently  the  equation  of  LM,  if  we  suppose  XT  to 
be  current  co-ordinates.     Hence  the  proposition  is  proved. 
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Cor.  1, — Since  the  circle  o£  curvature  at  P  passes  through  .? 
and  Q  and  has  its  centre  in  the  normal  at  P,  ■we  have  the  fol- 
lowing construction.  Let  the  line  whicli  bisects  TQ  perpendi- 
cniarly  meet  the  normal  in  B ;  then  the  circle  whose  centre  is 
It  and  radius  HP  is  the  circle  of  curFatnre. 

Cor.  2. — The  chord  PQ  is  the  sym^trii^ue  of  the  tangent  at  P 
with  respect  to  the  ellipse. 

Cor.  3.— The  equation  of  PQ  is 

:.COSa/<J-ysina/6  =  eos2a.  (774) 

241.  Through  any  point  ajiin  the  plane  ofaoonie  can  he  d^awn 
fiMT  chords  of  osculation,  and  the  points  of  osculation  on  the  conic 
are  concycUc.  (ITeijbbkg.) 

Dem. — Writing  the  equation  (774)  in  the  form 

«^      jy  _  ^      !^  _ 
a^        5"        a^^  J"        ' 
we  get  by  substituting  a^  for  xy  and  removing  accents, 

^_|'_J  +  ^  =  ^,  (776) 

■which  represents  a  hyperbola  through  the  points  of  osculation. 
Now,  if 

*■(^^>) 

S  +  \M=  0  is  tho  general  cciuation  of  a  conic  passing  through 
the  points.  If  we  put  X  =  <?l{a^  +  h'),  wo  get  after  an  easy 
reduction  the  circle 

«>+j,'-«,-/!,  +  K.-  +  S-)^5  +  ^-  l)-0.    (776) 

Cor.  1. — If  the  circle  whose  diameter  is  the  join  of  the  point 
«;8  to  the  centre,  he  denoted  by  (7,  and  the  polar  of  tho  point 
a/3  by  P,  then  (776)  may  be  written 

C+^(a'  +  i=)P=0.  (777) 

Hence,  the  radical  axis  of  the  circle  through  tho  points  of 
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oseulation  and  the  circle  whose  diameter  is  the  join  of  the  point 
o.^  to  the  centre  is  the  polar  of  the  point  o.^  with  respect  to  the 
ellipse. 

Cor.  2. — If  tiie  point  a^  coincide  with  P  {x'p')  (see  fig. 
g  240),  the  eijTiation  (776)  becomes 

^=+  j,=  „  ^^'  _  y/  +  ^(»^+  6=)(^^/»^  +  j,j,'/6=  -  I)  =0.     (778) 

Hence,  since  this  circle  passes  through  w'y'  it  meets  the  conic 
in  three  other  points,  and  we  have  Stbimee's  Theoeem. 

.Through,  any  point  P  on  a  conic  can  he  described  three  circles  to 
osculate  the  conic  elsewhere,  and  the  points  of  osculation  and  P  are 
eonoyclie. 

Cor.  3. — The  circle  (778)  may  be  written 

.'+/-«--i.<5-f^-l).0.  ("9) 

Hence,  it  passes  througi  the  points  of  interseotioa  of  the  circle 
x^  +  y'  ^  a?  =  0,  that  is  the  circle  on.  the  transverse  axis  with 
^/o^-  yy'jV  -1  =  0,  or  the  symetriqiie  of  the  tangent  at  the 
given  point  with  respect  to  the  transverse  axis.  I  have  called 
(778)  Steiuei-'B  Circle.  The  proof  iu  g  241  is  due  to  Professor 
!N"euherg,  and  the  form  in  (779)  to  F.  PoESsa,  p.t.o.b. 

Cor.  4.^If  the  eccentric  angle  of  Q  be  a,  the  eccentric  angle 
of  P  will  he  cither -ia,  -Ja+120°  or-ia  +  240°.  Hence,  if 
Q  bo  given,  P  ias  three  positions  whose  mean  centre  coincides 
with  the  oentre  of  the  ellipse. 

242.  If  we  compare  the  eijnatiou  of  Steincr's  Circle  (778) 
with  Joachimsthal's  Circle 

m'^f+x^  +  yy'-u  (xx'/d'  +  yy'jh''  +  1 )  =  0,      (549) 
where  u  ^  a^  ^l^ltjy' =P  +  a^hlx', 

we  find  they  will  ho  identical  if  we  change  the  signs  of  x',  y 
and  make  h  -  c^x'jla^,  h  =  -  c^y'j2b'.  Hence,  we  have  tho  fol- 
lowing theorem; — If  from  any  point  P  of  an  ellipse  or  hyperbola 
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he  described  tli/ree  circles  osculating  the  curve,  the  point  diamctrieally 
opposite  to  P  and  the  three  points  of  osculation  are  ikefest  of  fow 
concwrrmt  normals  to  the  ewrve. 

Cor.  1. — If  thiougli  tlie  point  a:'y'  on  an  ellipse  be  deBciibed 
three  osculating  circles,  the  normals  at  the  points  of  osculation 
meet  in  the  point 

a;  =  -c''w'l2a\     y  =  c'y'l2h'.  (780) 

Cor.  2.— If  a^iy,,  x^i/i,  x^y-^  be  the  points  of  osculation  of 
circles  through  afy', 

a;,  +  a:,  +  «3  =  0,     y^  +  y^ -^  y^  =  d,  (781) 

a^x'  =  'kxix^x,,        b^y'=  iyi'j^y^.  (782) 


I.  Prove  the  fcllowing  construction  for  the  centre  of  curvature  at  a 
point  Pof  a  conic.  Let  S  be  the  focus,  G  tie  foot  of  the  normal.  Erec* 
GX at  right  ongles  to  J'fi',  meeting^PinX,  thenXi,  perpendieute  to  <SP, 
meets  FG  produced  in  the  centre  of  curvature. 

3.  Find  the  equation  of  the  circle  of  curvature  at  tte  point  ^  of  r'/a' 

The  co-ordinates  of  the  centre  are  (540)  o=  ooa>/o,  -  ii=da>/^,  and  the 
radius  is  (769)  b'^lab.     Hence,  the  circle  is 

(i  ^  ^coaVW'+  (y  +  c»sin>/S)==  (*'3/«i)^ 
3^'  +  j,=  -  Zd^i^^aja'  +  2<?y-^jjl*  +  a'»  -  2i'»  =  0.  (783) 

3.  Six  esculatitig  circles  of  a  given  conic  caa  be  described  lo  cutaffivat  circle 
DTtliBgonaUg. 

Forth©  condition  thatthe  circle  (783)  cuts  die  circle  s*  +  j''  +  2&42my  +  » 
orthogonally  ia  (254) 

-  2l^x'^ia^  +  2meyyj*  -  {a'=  -  2i'=)  -  m  =  0, 
and  this,  by  nn  easy  reduction,  and  by  omitting  accents,  gives  the  cubic 

lld^i^li^  ~  •imd'ifllhi  ^.Z^  +  Zy^-  (2b!  ^_  sjs  -  n)  =  0,      (784) 
which  outs  the  conic  in  six  points. 

A  partieular  case  of  this  theorem  is  that — Through  any  point  in  the  plame 
of  a  conic  can  be  described  sim  osculating  drclee  of  tin  conic.     A  theorem  first 
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4.  THe  CBntres  of  Uie  six  circles  of  Ex.  3  lie  on  a  conic. 

Expressing  that  the  osculating  circle  whose  centre  ie  aS  and  rEUliiis  r  cuts 
x^  +  y'  +  3ie  +  Imy  +  »  =  0  ovthogonaUy,  we  get 

2la  +  2n!^  +  n  +  a^  +  fl!  -  )■=  =  0.  (1) 

But  from  Ek.  2  we  tfive  n  =  e'cosV/s,      S  =  -  c'  sin=^/S, 

o3  +  ^2-r==  (a! -25=)  cos=f +  (i=-  3fl=)  sin^^i,  (3) 

a'a'  +  **3=  =  c'  (1  -  3  ain=  ^  co9*ip). 

Hence  from  (1)  and  (3]  ive  obtain 

(785) 
which  proyes  the  theorem. 

5.  If  in  (785)  we  put  J  =  -  a',  m^-y",  n  =  a:''  +  y'\  we  get  Mai.et's 
Theobgu,  that  the  centres  of  the  six  osculating  circles  which  paas  through  a 
given  point  ^y'  lie  on  a  conic. 

6.  The  general  equation  of  a  conic  oaculating  the  ellipse  at  the  point  if>, 
and  piissing  through  the  point  of  intersection  of  the  ellipse,  and  osculating 

ffij;'  +  flV  -  »=*'  +  A  (*'  +  y'  -  2eV>xjli^  +  Ic-^y'^ylh*  +  a^ -  lb"-)  =  0. 
(786) 

7.  If  \  =  2a^i^/X  +  i')  in  (786),  we  get  a  hyperhola  whoso  asymptotes  are 
parallel  to  the  equiconjugate  diameters  of  the  ellipse.  The  locus  of  the 
centre  of  this  hyperbola  is 

(2i2:)?  +  (3«j/]?  =  (4«B)S.  (787) 

8.  The  looua  of  the  centre  of  the  conio  (786)  is  the  hyperbola 

xy-  i6in'$.a;-acosi'^.!/  =  0.  (788) 

9.  The  locus  of  the  centre  oi  xy  —  b  sin^  ip  .x  —  a  cos'  ^  .  y  is 

(S=e)3  +  ifiyf  =  {«h)l.  (798) 

10.  The  chord  of  intcrseciion  of  the  ellipse  and  the  hyperbola 
»rj,-iEin!f .r-ocosV.;/  =  0    is    xj^  +  yji/' +  I  =  0.      (790) 

11.  Prove  that  the  envelope  of  (790)  is  the  curve  (789),  and  that  its  point 
of  contact  with  its  euTelcpc  is  the  symetrique  of  thu  centre  of  a:j/  —  b  sin^^.  x 
—  a  cos"  ip.g  =  0  with  respect  to  the  centre  of  the  ellipse. 


y  Google 


RelationB  of  Oomc  Sections. 


12.  Proye  that  tte  fotsl  chord  of  curvature  at  any  point  of  a  conic  ia  equal 

to  the  focal  chord  of  (i,©  conic  parallel  to  the  tangent  at  iJia  point. 

13.  The  power 

of  the  point  fl  on  ai^ja'  +  y^jh'^  -1  =  0,  with  respect  to  the 

circle  osculating  r. 

b,  at  the  point  ^  ia 

4='=ioJ{9  +  3^)siii4(e-,p),                         (791) 

a  009  S,  J  ein  e  in  equation  (783),  which  may  he  written 

3fl  +  y^~2c''c(. 

>flV  ■  ^/»  +  2"^  smV .  W*  -  i  (»''+*')+ ^  oos  2^, 

we  easily  get 

^-. 

a  +  3  cos  2^  -  4  coss ^  COS e  +  4  aiuV  sin  e} 

=  (^{coe=e-c( 

B' *  +  2  oos=  ^  (coa  ^  -  C(«  fl)  -  2  siu^  .J.  (sin  ^  -  sin  e) } 

=  4=^sin^(e  +  3^)aln^^(fl-?.). 

14.  If  «:,  Si,  . 

Ss  be  tlie  osculating  circles  at  a,  0,  7  (Ex.  13),  then  the 

equation  of  the  eo 

nicmajhewritteu 

Sii  +  &5  +  S3I  =  0  .    (E.  A.  EoBEiiTs.)    (793) 

Make  use  of  equation  (791). 

DouEEB  Com  ACT. 

243.  We  have  seen,  ia  §  233,  2°,  tliat  conies  wiiose  equa- 
tions are  of  the  forms  5=0,  S  -  L''  =  0  have  double  contact, 
and  that  i  =  0  is  the  chord  of  contact.  How,  L  may  meet 
S  in  real  coincident  or  imaginary  points.  Hence,  there  are 
three  species  of  double  contact,  via. :  (1)  real  and  distinct  points 
of  contact;  (2)  coincident  points  of  contact,  G&GeAfonr-pointie 
contact  or  kyperoseulation ;  (8)  where  the  points  of  contact  are 
imaginary. 

244.  To  find  the  equation  of  a  conic  homing  double  eontaot  with 
two  given  eonics  S,  S'. 

Let  a,  ;8  be  a  pair  of  common  chords  of  S,  S',  such  that 
S  -  8'  =  aji.     Then  k  being  any  constant, 

leo?  -  2^  (S  +  S')  +  ;S=  =  0  (793) 
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represents  a  conic  having  double  contact  witli  S  and  S'.    Eor  it 
may  bo  written  in  cither  of  the  forms 

{ha.  +  jS)=  -  4jc8  =  0,  {ha  -  Pf  -  4kS'  =  0. 
Since  k  is  of  the  second  degree,  through  any  point  can  he  drawn 
two  conies  having  douhle  contact  with  S  and  S',  for,  substitut- 
ing the  co-ordinates  of  the  point  in  (793),  we  have  a  quadratic 
in  k,  and  Binco  S,  8'  have  three  pairs  of  common  chorda,  there 
are  three  such  systems.  If  one  of  the  conies  S,  8'  be  a  line 
pair,  there  are  only  two  systems  of  touching  conies,  and  if  8,  S' 
both  denote  line  pairs,  there  is  only  one  system. 

Cor.  I. — If  the  conic  (793)  be  denoted  by  C,  we  infer  that 
i:a  +  13,  ha-  ^  are  its  chords  of  contact  with  S,  S' ;  but  these 
form  a  harmonic  pencil  with  a,  ^.  Sence,  if  two  conies  S,  8' 
luwe  each  double  eontact  with  a  third  eonie  G,  their  chords  of  eo^ 
tact  forma  h^-monic  pencil  with  a  pair  of  their  common  chords. 

Cor,  2, — If  8,  S'  each  denote  a  line  pair,  they  form  a  q^ua- 
drilateral  circumscribed  to  C ;  the  lines  a,  j8  wQl  he  its  diagonals, 
and  the  chords  of  contact  the  diagonals  of  any  inscribed  quadri- 
lateral. Smice  the  diagonals  of  any  quadrilateral  circumscribed  to 
a  conic,  and  of  the  corresponding\imcribeA  one,  form  a  harmonic 
pencil. 

245.  If  three  conies  haice  each  double  contact  with  a  fourth,  their 
six  common  chords  form  the  sides  of  a  quadrangle. 

For,  let  the  conies  be  iS  -  L-^,  S  -  Ls\  8  -Li";  then  their 
common  chords  are  three  lino  pairs,  L-^~L^=  0,  L.^  —  L^  =  0, 
Zj^  —  L^  =  0,  which  form  the  fo\ir  triads  of  concurrent  lines 
Z,  =  X^^Zs;     -L^^L^^L^;    -I^  =  Z,  =  Z^;    -Z^  =  L^=Z,. 

(794) 

Cor. — If  S  -  Z^,  8  —  Z^,  S  -  Zs\  each  denote  a  lino  pair, 
they  form  a  circumhexagon  to  S.  The  chorda  of  intersection 
will  be  its  diagonals,  and  we  have  Bhiajjchon's  Theokbm:. 

The  diagonals  connecting  opposite  summits  of  a  circumhexagon 
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246.  If  three  ermus  hate  taek  double  contact   wiih  a  fourth, 
their  twelve  points  of  intersection  he  sm;  hy  siv  on  fom  eomcs. 
Dem. — From  the  identihes 

S\LyL^  +  i,ij  +  ZjX,  s  -8-  Z,=  +  (Z,  4-  Zj)  (Z,+  Z,) 

we  infer  that  the  conic  S  +  LiL^  +  I^Ls  +  Zji,  passes  through 
the  points  o£  intersection  of  S  -  L-^,  S  -  Zs%  with  the  chord 
i]  +  Zj ;  also  throngh  the  points  common  to  S  -  Lj,  5  -  Z3  witli 
Z5  +  Z3,  and  the  points  where  5  -  Zs^,  S  -  L}  meet  the  chord 
Z3  +  Z|,  and  by  obvious  changes  of  sign  we  get  three  other 

EXEBCISES. 

1.  The  general  equation  of  a  conic  haying  double  contact  with 

S  +  i=4-.:ir  =  0    is    S+(Xcosfl  +  ^einfl)'  =  0,         (795) 

2.  The  equation  of  a  conic  toucMng  tlie  sides  of  a  standard  quadrilateral  is 

k^^^  -  A  (o«  +  ^=  -  7=1  +  ^'  =  0.  (796) 

For  the  discriminant  is  the  product  of  the  four  factoi's,  a  ±  ,8  ±  7. 

3.  If  S,  S'  denote  cireles,  and  4  aii)'  constant,  SI  ±  S'i  =  -^/k  denotes  a 
conic  having  double  contact  with  each.  If  S,  S'  denote  point  circles,  this 
giyee  the  vector  property  of  the  foci. 

4.  If  two  conies  have  double  contact,  any  ai'bitrary  conic  fJirongh  the 
points  of  contact  will  meet  them  again  in  points  whose  joining  chorda  inter- 
sect on  the  chord  of  contact. 

The  conicsbeing  written  in  the  forms,  S=0,  S  -  Li^  =  0,  -5  -  XiX2  =  0, 
the  proposition  is  evident. 

6.  If  an  ellipse  touch  the  asymptotes  of  a  hyperbola,  two  of  its  common 
chorda  with  the  hyperbola  are  paxollel  to  the  chord  of  contact,  and  equidis  ■ 
tant  from  it. 

6.  If  a  variable  conic  having  double  contact  with  a  fixed  conic  pass 
througt  two  Cued  points,  the  chord  of  contact  passes  through  one  or  other 
of  two  fixed  points. 
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HypEEOscuiiixioir. 

247.  Jf  the  Urn  L  m  the  equation  8  -  Z^  touch  S,  ihen 
S  -~  L^  =  0  denotes  a  come  having  Jow  pointie  contact  with  S,  or 
as  it  may  he  said,  ht/perosadates  it.  ^Fiedlbe's  TaiNSLiTiOH  op 
SiLMoif,  5th  edition,  page  441. 

Through  every  point  of  a  conic  may  be  described  a  parabola 
ichich  hypcrcseulates  it  at  the  point. 

For,  since  through  any  four  points  may  be  desciibed  two 
parabolffi,  if  tie  points  be  oonsecutiTC,  the  proposition  is  evident. 
One  of  the  parabolse  will,  in  this  case,  be  the  sq[uare  of  the  tmi- 
gent  T^,  the  other  wiU  he  S -- kT^  =  0.  The  condition  that  tHs 
denotes  a  parabola  will  determine  the  value  of  &.  Thus,  for  the 
conio  {a,  h,  c,f,  g,  h)  {x,  y,  I)*  the  tangent  at  x'y'  is 

(m'  +  v  +  ^) «  +  (^'  +  V  +/)!/  +  9^'  -^fy'  +  0  =  0, 

or,  say  Ix  +  w,y  +  n.    Then,  if  S  -  hT''  =  0  be  a  parabola,  we  get 
S  =  («S  -  A^)/(am"  +  bl^-  2hlm). 


More  generally,  through  every  point  on  a  conic  may  he  d 
a  conic  hyperosoulating  it,  and  touohing  a  given  line.  Similarly, 
through  every  point  on  a  conic  may  be  described  an  eijuilateral 
hyperbola  hyperoseulating  it. 


EXEBCISES. 

1.  Find  thfi  equationa  of  tlie  parabola,  and  of  tlie  equilateral  hyperbola 
wMch  hyperosculates  ax'  +  2/tcy  +  bf  +  2j«  =  0  at  the  origin. 

2.  Through  any  two  pointe  in  the  plane  of  a  conie  can  be  described,  four 
conica  to  hyperosuuiate  it. 

3.  If  a  vaiiable  ellipaa  hyperosculalfi  a  fixeil  ellipse  at  the  ostremity  of 
the  minor  aiia  the  locus  of  the  foci  ia  a  cirale  whose  diameter  is  equal  to  the 
radius  of  curvature. 

4.  If  Si,  Si,  Sj  have  coutaet  of  the  first  order  with  each  other  two-by-t\vo, 
and  if  each  hyperoeeulate  S,  the  triangle  formed  by  their  points  of  eontaot 
with  each  other  is  inscribed  in  tie  trianglu  formed  by  tJie  points  of  hyper- 
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osculatiun,  and.  in  perspeotiTe  with,  it,  and  also  in  pGcspeotive  with  liie 
triaaglo  formed  by  tte  tangents  at  the  points  of  kyperosculation .  (Ckofton.) 

Let  Ss  iV  +  fli=,3'  +  hV  -  ^iinofl  -  2mM^  -  Unlya  =  0 

insoiibed  in  the  triangle  of  reference  ba  written  in  the  three  forms 
{la-im^-ny}>-ilmae  =  0,     {in^  +  ny-laf-ii>mBy  =  0, 
(ny  +  la~-  tafi)'  -  inlya, 
then  the  conies  *i,  S3,  Ss  will  be    iS  +  i/'a",    S+im'B^,    5  +  4hV.  i^^peo- 
tively,  and  tiie  proposition  is  evident. 

I'oci. 

248.  We  have  seen  (g  236)  that  a  focus  of  a  conic  is  an 
infinitely  email  circle  having  imaginary  douhle  contact  with 
it.  Hence,  i£  ar'y'  be  a  focus,  the  circle  (  a.)  {y  j)  0 
has  double  contact  with  it,  but  (  ;'")+(  l/)  ^  the  produ  t 
of  the  isotropic  lines  {x  -  «')  {j  j)  0  Thereto  e  ea  h 
of  these  lines  touches  the  con  He  e  to  find  the  foe  of 
{a,  b,  c,  f,  g,  h)  (x,  f,  If  -we  ae  to  fin  i  the  c  nit  n  th  t 
(w  +  ii/)  -{a/  +  i^')  =  0  touohes  t  n  other  v  Is  to  s  bst  ti  to 
1,  *  and  -  (a/  +  i^')  for  \,  /  v  n  tl  e  t  ngent  al  ec[  ition 
{A,B,  C,  F,  6f,  3)  (X,  fi,  vf  =  0  w  got  att  omitting  accents 
equating  real  and  imaginary  parts  to  aero,  equations  which, 
after  a  slight  reduction,  become 

(C«  -  Gf  -  {Cij  -Fy  =  A(a-  i),  (797) 

{Cx-  &){Cy^F)  =  a>.h.  (798) 

when  A  denotes  the  discriminant  of  (»,  h,  e,f,  g,  h)  {x,  y,  Xf. 

Since  the  conies  (797),  (798)  intersect  in  four  points  we  see 
that  eYCry  conic  has  four  foci ;  only  two,  however,  are  real : 
these,  as  we  know,  are  on  the  transvoMe  axis.  The  imaginary 
foci,  called  also  antifoci,  are  on  the  conjugate  axis. 

Graves'  Teteoebm, 
249.  If  two  tangents  he  drwwn  to  an  ellifsefrom  any  point  of  a 
confoeal  ellipse,  the  excess  of  the  sum   of  the  tangents  over  the 
intercepted  arc  of  the  inner  elUpse  w  conatant. 
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Dem.— Let  PS,  PS' ;  QT,  QT  be  tangents  to  the  inner 
ellipse  irom  two  oonaecutiTe  points  PQ  on  tlie  outer  ellipse, 
and  let  PB,  QV 'be  perpendiculars  on  QT,  PS'.     Then,  since 


TM  may  be  regarded  as  the  continuation  ol  ST,  PRS  may  ba 
considered  as  an  isosceles  triangle.      Hence  PS=  ST-i-  TR, 
hut  QT^TS  +  MQ,     .:  PS-QT==ST^RQ; 

similarly,       PS'  -  QT'  =  PV-  S'T'  =  RQ~  S'T' 
(since  the  indniteeimal  triangles  PMQ,  Q  VP  are  equal  in  eTsry 
respect).     Hence,  by  addition, 

{PS  +  PS')  -  {Q.T  --r  QT')  =  ST  -  S' T' =  SS'  -  TT', 
...     8P  +  PS'-88'  =  TQ+ QT'-TT, 
and  the  proposition  is  proved. 

Cor.  1.— H  a  string  of  given  length,  PSWS'P,  held  tight  at 
P,  be  partly  in  contact  with  a  given  ellipse,  and  enclosing  it,  the 
locus  of  P  is  a  oonfocai  ellipse. 

Cor,  2. — If  two  emfocal  paraholce  have  their  axes  in  the  same 
direetion,  and  if  from  any  point  of  the  outer  tangents  he  drawn  to 
the  inner,  the  excess  of  the  sum  of  the  tangents  over  the  intercepted 
mro  is  constant. 

Cor.  8. — If  from  awy  point  of  the  outer  of  two  oonfocai  hyper- 
holce  tangents  he  drawn  to  the  inner,  the  excess  of  the  sum  of  tJte 
tangents  over  the  intersected  arc  is  constant. 
r2 
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M'CTOLiGH's  ANB  Chasles'  Theokem. 

250.  JfiwD  iangenU  PT,  FT'  he  dremn  to  cm  ellipse  from  miy 
point  Pofa  eonfocal  hyperlola,  the  differmce  of  the  ares  TK,  KT' 
into  which  the  hyperlola  divides  the  arc  of  the  ellipse  hetween  the 
points  ofcontaet  is  equal  to  the  differmce  hetween  the  tangents  FT, 
PT'. 

The  proof  is  afl  obvious  modification  of  the  demonstration  of 
Graves'  Tlieoreni. 

Cor.  1. — In  the  same  manner  it  follows  that  if  from  ang  point 
P  of  an  ellipse,  tangents  PT,  PT'  he  drawn  to  the  same  hrtmeh  of 
a  eonfocal  hyperiola,  the  differmee  of  the  ares  TK,  KT'  into  which 
the  eUipse  divides  the  hyperbola  hetween  the  points  of  contact  is 
equal  to  the  difference  hetween  the  tangents  PT,  PT'. 

Cor.  2. — If  two  parabolis  have  a  common  focus  andaxcs  in  oppo- 
site direction,  that  is,  if  theg  md  orthogonally,  and  if  from  any 
point  P  of  either  tangents  he  drawn  to  the  other,  then,  as  hefore,  the 
Mfference  of  the  ares  is  equal  to  the  difference  of  the  tangents. 

251.  FActHiHi's  Theokem. — An  elliptic  guadrant  mm/  he  divided 
into  parts  whose  difference  is  equal  to  the  difference  of  the  semi- 

Draw  tangents  AD,  BD  at  the  extremities  of  the  axes,  and 
through  their  intersection  T>  describe  a  eonfocal  hyperbola,  cut- 
ting the  elliptic  quadrant  AB  in  X  such  that 
AK-  KB^AJ}-I}B  =  a-b. 
Cor.  The  co-ordinates  of  .ff"  are 

1<.V(.  +  S))1,     |i-/(»  +  S)|l.  (799) 

252.  If  a  polygon  circumscribe  a  conic,  and  if  all  the  summits 
hut  one  move  on  confoeal  conies,  the  locus  of  that  summit  will  be 

It  will  he  sufficient  to  prove  this  proposition  in  the  case  of  a 
triangle,  as  the  proof  for  the  triangle  can  be  extended  to  the 
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Let  A£Che  a  triangle  inaoribedia  a  circle  X ;  then  (Sequel  vi., 
sect,  v.,  Prop.  12),  if  tte  envelopes  of  two  sides  of  ABO  be 
coaxal  circles,  the  envelope  of  tlie  third  side  is  a  coaxal  circle. 
Now,  let  0  ho  one  of  the  limiting  points,  and  describe  circles  about 
the  triangles  OAB,  OBC,  OCA  ;  lot  their  centres  be  C',A',S\ 
then  {Sequel  ■71.,  sect,  v..  Prop.  8,  Oor.  4)  the  envelopes  of  these 
circles  are  circles  concentric  with  X,  and  the  loci  of  their  centres 
C,  A',  B'  are  conies  whose  foci  are  0  and  the  centre  of  X ;  that 


19,  they  are  confocal  conies.  Also  since  the  lines  OA,  OB,  OC 
are  bisected  perpendicularly  by  the  sides  of  the  triangle  A'B'C, 
that  triangle  is  oiroumscribed  to  a  conic  whose  foci  are  0  aud 
the  centre  of  X..     Hence  the  proposition  is  proved. 

The  foregoing  demonstration,  without  reciprocation  or  infini- 
tedmalB,  was  first  given  by  the  author  in  a  letter  to  the  late 
Rev.  Professor  Townsend,  p.b.s.,  in  the  year  1858. 


1.  If  a  conic  have  double  contact  with  two  othera  which  have  tha  san 
focus  and  diiectrix,  the  chords  of  oontaot  pass  tirough  the  focus  and  a 
perpendicular  to  each  other. 

2.  From,  any  point  P  on  an  outer  confocal  tangents  are  drawn  fo  ! 
inner  ;  prove  that  tho  conic  through  P,  having  the  points  of  contact  as  foe 
either  hyperoseulatea  the  outer  confocal  or  outs  it  orthogonally. 
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8.  In  the  ease  of  hyperosculation,  Ei.  2,  prove  tiiat  tte  lafus  rsetum  is 

4.  A  conic  is  desistilied  touoliii^  a  flxeii  conic  at  any  point  F  and  passing 
thioogh.  its  foci,  F,  I';  piOTB  that  Hie  pole  of  FF'  'wiit  respect  to  this  oonio 
will  te  on  the  normal  at  F,  and  will  be  the  centre  of  curvature  it  the  conioB 
OBculate. 

6.  If  a  parabola  hate  double  ooutaot  Trith  a  given  ellipse,  and  have  its 
axis  parallel  to  a  given  line,  the  locus  of  its  focua  is  a  hyperbola,  confocal 
■with  the  ellipse,  and  having  one  asymptote  in  the  given  direction. 

6.  If  an  ellipse  have  double  confact  with  each  of  two  confocals,  the  faa- 
gects  at  tKe  points  of  contact  form  a  rectangle. 

7.  If  an  equilateral  hyperbola  hyperoaoulate  a  given  parabola,  tbo  locus 
of  its  centre  is  an  equal  parabola. 

8.  The  centre  of  cui-vature  at  any  point  of  a  conic  is  the  pole  of  the  tan- 
gent at  the  same  point  with  respect  to  a  confocal  passing  through  it. 

9.  Two  parabolje  osculate  a  circle  at  the  same  point  and  meet  it  again  in 
lie  points  F,  P' ',  prove  that  the  anglo  between  their  axes  ia  one-fourth  of 
that  subtended  by  FF'  at  tbe  centre  of  the  circle. 

SmiLAH  Cojjrcs. 
253.  Dee. — Fuio  figwes  Fi,  F^  are  said  to  he  homothetie  when 
radii  vectors  from,  any  point  of  F  are  ^oportional  to  the  iparalM 
vectors  from,  the  homologous  point  of  F^. 

Two  conies  being  given  by  tbeir  general  equations  it  is  re- 
quired to  find  the  conditions  of  being  liomothetic. 

The  equations  of  both  conies  being  referred  to  their  centres  as 
origin,  they  will  be  of  the  foi-ms 

aa?  -y  2hxy  +  h/  =  e,     a'x^  +  ih'xy  +  b'y'  =  c', 
or  in  polar  co-ordinates 

p'  =  ol{a  m^O  +  2h  sin  6  cos  i9  +  S  sin=9), 
p'==  g'j[a' cos'fi  +  2h'  sin  6  cosO  +  h'  sm^9), 

and  m  order  that  the  ratio  p  :  p'  may  be  independent  of  6  it  is 
evident  that  we  must  have 

aja'  ^hjV  =  hlh'.  (800) 


yGoosle 


Special  Relations  of  Conic  Sections.  327 

Cor.  1. — If  two  conies  have  their  highest  terms  the  same 
they  are  homotietie. 

Cor.  2.- — H  one  of  the  common  chords  of  two  conios  he  at 
infinity  they  are  homothetie. 

Cor.  3. — Homothetie  eouics  eannot  intersect  in  more  than  two 
finite  points. 

Cor.  4. — If  S=iO  be  tie  equation  of  a  conic,  S-lcL-Ci  where 
Z  is  a  lino,  denotes  a  homothetie  conic. 

254.  If  the  coaies  be  similar  but  not  homothetie  it  is  plain 
that  if  the  ases  of  co-ordinates  for  one  be  turned  round  through 
a  certain  angle,  the  new  coefficients  a,  h,  h  will  be  proportional 
to  the  old  coefficients  a',  h',  h'.  Suppose  this  done,  and  that 
they  become  M,  kk',  ib';  then  from  the  property  of  invariants, 
we  have  for  rectangular  axes 

(fl  +  5)  =  k{a'  +  I'),     ab-¥  =  h^{a'h'  -  A"). 

Hence,  eliminating  h  the  required  condition  is 

{a,  +  J)V(ai  -  P)  =  Cfl'  +  hjjia'l'  -  A'=).         (801) 

Similarly,  if  the  axes  be  obliiiue, 

(«  +  S-  2A  eoa  to)'/ {ah -  A»)  =  {a'  +  b' -  Ih'  cos  «)')=/ {a'V  -  hP). 
(802) 

Cor.  1. — Similai  conica  have  equal  eeeentri cities. 

Cor.  2. — All  parabolse  are  similar. 

Cor.  3. — If  two  hyperbolas  be  similar,  their  asymptotes  make 
equal  angles. 


1.  n  tiiree  1 

conica  kiTe  two  points  oommo 

in  their  three  commm 

wliicli  do  not  pass  tiirough.  cither  of  these  jioi 

Qts  BJB  concuirent 

2.  If  tiiree 

conios  be  homothetie  their  finite   common  chojds  u 

cimcnit. 

3.  If  three  > 

:onicE  he  homothetie  theic  sis 

.  centres  of  similitude 

opposite  vertici 

23  of  a,  completo  quadrilateral. 
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i.  If  any  lino  out  two  oonoentric  and  komothcfic  conica  the  interoept 
made  on  it  Wwaen  tho  oonios  are  ei^iial. 

5.  If  a  tangent  at  any  point  F  of  the  inner  of  two  concentric  and 
homolhctio  conica  mcpt  the  outer  in  thn  pointa  T,  T,  then  any  clijrd 
of  the  inner  through  F  ia  half  bum  of  the  parallel  chordi  of  tie  outer 
through  T,  T. 

6.  H  A,  A'  be  the  disoriminantB  of  the  equations  of  two  aimilar  conica, 
tten.  A/A'  is  equal  to  the  square  of  the  ratio  of  aimihtude. 

7,  If  two  eq^ual  paraholtc  have  different  vertices  hut  coincident  ases  they 
hyperoBculate  at  infinity. 

8,  If  the  eqnatiOtts  of  two  conica  differ  only  hy  a  constant  they  have 
double  contact  at  infinity.  Hones,  concentric  oircleB,  and  also  coucentrio 
and  homothetio  conica  have  double  contact  at  infinity. 

Pascal's  Theobem. 

255.  The  inUrsectiom  of  three  ^airs  of  opposite  sidee  ofahsxagon 
imeriMm  aeonioliemalim.   {The  FascaPs line  ofiheliexagon.) 

Sem. — Letthesummita  of  the  hexagon  be  denoted  by  1,  2,  3, 
4,  5,  6,  and  their  lines  of  connexion  by  Zij,  X,3,  &c.,  then,  since 
the  conic  circumaoribes  the  quadiilaterals  1234,  4561  its  equa- 
tion, §  233,  5°,  may  be  ■written  in  tho  forms  Zu-Jai  -  -^a^u  =  "i 
-SisAi  -  Afl-^u  =0-  Hence  the  expressions  iiaZ^j-ZisZa],  and 
T-ii  (-£33  -  iss)  are  identical.  Hence  In-iLsi  -  -Zis-^si  =  0  denotes 
two  lines,  but  it  also  denotes  a  conic  ciroumseribed  to  the  qua- 
drilateral whoae  snmmite  are  the  points  1,4;  Ly^ .  La ;  -£31 .  Ln  J 
but  Zh  ia  the  diagonal  throngh  the  summits  1,  4.  Hence 
isa  —  -^56  must  pass  through  the  summits  Zjj .  Zjs ;  Zjj .  Zs,. 
Kow,  Z23  -  Lsn  =  0  denotes  a  line  through  the  intersection  of 
Zjs  and  Zja,  and  we  have  shown  that  this  passes  through  the 
intersection  of  Z^  with  Zu,  and  of  Z^n  with  L^i-  Hence  the 
proposition  is  proved. 

Cor.  1.— The  Pascal's  line  is  L^-^  -  Z^j  =  0. 

Cor.  2. — Pascal's  Theorem  holds  for  each  of  the  sixty  hexagons 
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■wiich  can  be  ionned  by  taking  tte  points  123466  in  diSerent 
orders  of  sequence. 

Cor.  3. — Since  the  conic  circumscribes  tie  quadrilateral  2356 
its  equation  may  be  written  in  the  form  -LisLs^  -  -Eas-^sB  =  0, 
and  its  identity  with.  ^,3X34  -  Iiia^n  gives  -Li^Ln  -  -EssAa  =  -^ 
{ii4  -  Zfs).  Henco  wo  infer  that  the  intersections  of  opposite 
sides  of  the  hexagon  143652  lie  on  the  line  X^  -  isc  ^  0,  and  by 
eorapaiing  the  identities  Zjj .  Zjs—  -ia-Ces  =  0,  and  ZijAi  -  -^sa-^u 
=  0,  we  infer  that  the  opposite  sides  of  163254  lie  on  Z,,  -  I133 
=  0,  but  the  lines  £^  =  1^  =  L^,  are  concurrent.  Hence  we  have 
Steinee's  Theoeem.  The  Paseal's  lines  ef  the  th'ee  hexagons, 
123456,  143652,  l&S254,fortmdbi/  interohcm0ing  the  evennumberi 
2,  4,  6,  are  concurrent. 

Cor.  4. — If  a  hexagon  123466  be  inscribed  in  a  conic,  the  three 
triangles,  each  formed  by  a^aw  of  ofpodte  sides,  *aoA  a*  IiaZts, 
and  the  diagonal  I^  through  the  remaining  points  are  in  perspec- 
tive and  have  a  common  centre  of  perspective.  It  is  easy  to  see  that 
(hig  is  another  statement  of  Stmitee's  Theorem. 

M'C.it's  E5[rBNsioN  OF  Fhubkbsch's  Theoebm. 

256.  If  a  conic  whose  foci  are  collinear  with  the  cireumcentre  be 
inscribed  in  a  triangle,  the  mneiliarg  cirele  of  the  conic  touches  the 
nine-points  circle  of  the  triangle. 

Let  FF'  be  the  foci,  0  the  circumcenti-o,  A',  B',  C  the  middle 
points  of  the  sides,  Mid  let  the  line  FF'  make  angles  Ai,  S„  0, 
with  the  sides  of  ^50.  Now,  if  iS  be  any  circle,  the  condition 
that  it  touch  the  nine-points  circle,  that  is,  the  circumcircle  of 
A'B'C,  is  by  my  extension  of  Ptolemy's  Theorem, 

fl/s;; + s  y:\. + e  y^=  0 

where  S,'  denotes  the  power  of  the  point  A'  with  respect  to  8 ; 
but  if  S  be  the  auxiliary  circle  it  is  the  pedal  circle  of  the 
points  FF\  and  it  is  easy  to  see  that  S,-  =  -  OF.  OF'  oos^A^,  Sea. 
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Hence,  liy  substitution  tlie  condition  of  contact  becomes 
a  cos  A,  +  b  C06B  +  cost  0  oi  the  sumof  thepiojectiOES  of 
tho  sides  of  tlic  tnangle  oi  the  line  FF  zeio  which  is  true. 
Hence,  &c. 

If  we  suppose  FF  to  be  the  intifoci  the  propositioa  becomes 
the  folioiviEg: — ^  fhe  minor  acct/.  of  a  come  itiscribed  m  a 
iriangle  pass  though  the  cvimii  miie  fie  etrcU  des'Jihed  on, 
the  minw  axis  as  diameter  toueket,  the  titepojnU  e-tde  of  the 
triangle. 

This  remaikable  proposition  is  given  by  Mi  M  Cay  tn.  a 
Memoir  on  "  Three  S  miiaz  Fignreb  Tre  isaeho  «  ot  tl  e  Eoyal 
Irish  Academy,  v  1  xxix     1889 


MISCELLANEOTTS  EXERCISES  ON  CHAPTBE  IX. 

1 .  The  cliord  of  curvature  tlivough  the  centre  of  an  ellipse  ia  equal  to 

2*'»/b'.  (803) 

2.  The  focal  chord  of  curratnre  at  any  point  of  a  conie  is  equal  to  tlie 
focal  ohoTd  of  the  eonie  parallel  to  the  tangent  at  the  point. 

3.  The  focal  chord  of  cuiratute  at  any  point  of  a  conic  is  douhle  the  har- 
monic mean  between,  the  focal  radii  of  the  point. 

i.  If  FF'  ho  points  on  eonfocal  ellipeea  having  the  same  eccentric  angle, 
prova  that  the  sum  of  the  tangents  drawn  to  the  inner  from  the  point  F  on 
the  outer  is  equal  to  the  chord  of  the  outer  which  touches  the  inner  at  F". 

5.  If  a  circle  and  a  conic  osculate  at  F,  and  it  the  osculating  tangent  and 
their  common  tangent  intersect  in  Q,  then  a  conic  conf  ocal  to  the  given  conic 
passes  through  the  points  i"  and  Q, 

6.  Find  the  lengths  of  the  axes  of  the  conic  {a,  6,  c,  f,  g,  h)  (x,  y.  If. 
Transferred  to  the  centre  as  origin  this  becomes 

us?  +  Zlixy  +  hy''  -i-  iijC  =  H. 
Now,  if  the  auxiliary  circle  be  a^'  +  jf"  —  !■'  =  0  it  has  double  contact  with 
the  conic.     Hence 

(ar'  +  A/C)  3!=  +  2J,r2  xy  +  {hr"^  +  AfC)  j/'  =  0, 
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wbidi  moBt  be  a  perfect  square.    Henee  the  squares  at  tte  semiasos  are  fie 
roots  of  the  quadratic  in  r^ 

C\i  +  (a  +  S)  CAr''  +  a*  =^  0.  (804) 

7.  If  (a,  b,  e,/,  s,  h)  (a;,  ff,  1)=  =  0  be  an  eUipse,  its  area  is 

ttA/C^.  (805) 

8.  Tlie  locus  of  points  on  a  system  of  confocal  conies,  tlia  osculating 
circles  of  wMcli  pass  tlirongh  a  focns  is  a  circle  of  wHoh  tie  foci  are  inyerse 
points, 

9.  K  a  vaiiablo  conic  hyperoaculato  a  fixed  conie,  and  toucii  ita  dicectrii, 
iKe  diord  of  contact  passes  through,  the  focus  of  the  fixed  conic, 

10.  If  a  Eyatom  of  conica  hayo  a  common  focua  and  dii'cctris,  thelocua  of 
points  whose  osculating  dreles  pass  through  the  focus  is  a  parabola, 

(F,  Pt.ILSEB.) 

11.  If  from  a  fixed  point  0  a  tangent  OTha  drawn  to  one  of  a  system  of 
eonfooal  conies,  and  a  point  F  taien  on  it,  such  that  OF .  OT  is  constant, 
the  locua  of  F  is  an  equilateral  hyperbola.  (J.  Pursek.) 

12.  If  the  base  of  a  triangle  and  ita  vertical  angle  be  given,  the  locus  of 
its  aymmedian  point  is  an  ellipse  having  double  contact  with  the  circum- 
circle. 

13.  If  the  conic  nfl  <=  ky'  touch  the  ciroumcircle  of  the  triangle  of  refe- 
rence, the  point  of  contact  is  on  oae  of  the  symmedian  linea  of  the  triangle. 

14.  If  a  triangle  he  circumscribed  to  a  conic,  and  two  of  its  summits 
move  on  a  confoca!  conie,  the  thii-d  aummit  and  the  point  of  contact  on  tbe 
c^posite  side  lie  on  a  confocal. 

15.  A  circle  touchii^  an  ellipse  passes  tlraugh  its  centre  ;  prove  that  the 
locus  of  the  foot  of  the  perpendicular  from  Ibe  centre  on  the  chord  of  inter- 
section, is  a  concentric  and  homothettc  ellipse. 

16.  If  a  variable  triangle  of  given  speciee  has  its  summits  on  three  lines   ■ 
given  in  position,  show  that  its  cireumeircle  has  double  contact  wifb  a  given 

17.  Given  five  tangents  to  a  conic,  show  how  to  find  their  points  of  con- 
tact.    [Make  use  of  Brianohon's  Theorem.] 

18.  Given  five  points  on  a  conic,  show  how  to  construct  it  by  points. 
[Mate  uae  of  Pascal's  Theorem.] 

19.  Given  five  pointB  onaconic,  ahow  how  to  draw  the  tangenta  at  these 
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20.  If  tte  alternate  sides  of  a  Pascal's  besagon  be  produced  to  meet,  lleir 
points  of  intorseetion  farm  tiie  summita  of  a  Erianolion's  hesagon,  and  if 
the  alteraate  sides  of  aBrianclion's  lieiagon  bo  produced  to  meet,  tteir  points 
of  icteiseotion  form  the  summits  of  a  Pascal's  hexagon. 

21.  It  S  =  0  be  the  equation  of  a  conio,  find  the  aquation  of  a  hoinothetic 
conic  passing  through  three  given  points. 

32.  Pairs  of  tangents  are  drawn  to  a  oonie  iS  parallel  to  piurs  of  conjugate 
diameters  of  a  uonio  S ',  prove  that  iho  locus  of  thair  points  of  intersection 
is  a  conic  homothetic  with  S'. 

23.  A  triangle  is  deacribed  about  a  conic  S,  and  inscribed  in  a  confocal 
conic  S' ;  prove  that  the  osculating  circles  at  the  points  of  contact  of  the  sides 
are  tangential  to  the  fourth  common  tangent  of  S  and  one  of  the  circles 
touching  the  sides.  (E.  A.  Roberts.) 

[Make  use  of  the  theorems  of  the  Exercises  5,  15.  The  method  of  proof 
thus  indicated  is  due  to  Mr.  M'Cay.] 
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CHAPTER     X. 

THE  GENERAL  EQUATION— TRILINE AS  CO-ORDINATES. 

257.  Aeokhold's  Notation.— I°.  In  this  notation,  a  point  is 
denoted  by  a  single  letter,  and  its  trilinoar  co-ordinates  by  the 
same  letter,  with  sufBxes.     Th.ua  tiie  point  x  is  the  point  ■whose 


2°.  The  trilinear  equation  of  a  right  line,  viz.  UiXi+a^Xi 
+  «3«3  =  0,  ia  denoted  by  a,  =  0,  the  x  being  a  suffix  to  a. 

3°.  The  general  eijnation  of  the  m'*  degree  ia  denoted  by 
a^"  =  0  ;  that  is,  by  {aiXi  +  a^x^  +  OjiCa)",  where  after  the  invo- 
lution  a"  is  replaced  by  the  coefficient  of  x"  in  tho  given  equa- 
tion «Oi"'^(ij  by  the  coefficient  of  x^^x^,  &c.  Thus  the  conic 
011*1"  +  <haX^  +  Haass' +  2(?i, a;,a;a  +  SOjaarjiCi  +  20^^X3X1  =  0  is 
denoted  by  {ayXx  +  a^x^  +  1(3*3)')  °^  "/  *=  ^-  -'■t  is  evident  that 
in  this  notation  the  symbols  ai,  Oj,  a^  have  no  meaning  of  them- 
selves for  curves  of  the  second  or  higher  degree,  until  the 
involution  ia  performed. — Saimon's  Algebra,  4th  edition,  p.  314  ; 
Clbbsch,  Theorie  der  Binarm  Algebralfscken  Formm. 

4°.  Any  non- homogeneous  equation  in  two  co-ordinates  may 
be  transformed  into  a  homogeneous  equation  by  the  substitutions 
«i  -^  3^3,  x^  V  x^  for  the  variables  and  the  clearing  of  fractions. 

258,  Several  well-known  results  assume  a  very  simple  form 
when  expressed  in  Akomhoxd's  notation.  "We  shall  merely 
state  them  here,  as  they  present  no  difficulty. 

1°.  JoACHiMKCHAi's  equation  (899),  which  gives  the  ratio 
in  which  the  join  of  the  points  y,  %  is  divided  by  the  conic 
«.'  =  0,  is 

a'^^1ha..a,^l^a,^-^f).  (806) 
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2°.  The  equation  of  the  polar  al  tlie  point »/,  with  respect  to 
o/  =  0,  is 

a,.a,j=  0.  (807} 

3°.  The  condition  that  y  and  z  may  he  conjugate  points  with 
respect  to  a^  =  0,  is 

fl„.«,=  0.  (808) 

4°.  The  equation  of  the  pair  of  tangents,  from  the  point  y  to 

V.«.=  -(«..«„)^=0,  (809) 


DlSOEmiNABT. 

259.  To  find  the  conation  that  a^'~Q  may  represent  a  Kne 

If  a^  =  0  represent  a  line  pair,  thepolaj  of  the  points  1,  0,  0; 
0,  1,  0  ;  0,  0,  1,  with  respect  to  it  will  pass  througli  the  double 
point,  that  is  the  lines  Si,  S3,  S3,  or 

Oii*i+«ii«!i+»i3a;3=0;  th^Xi-i- 021^+ 'hiX3=0  i  «3ia;,+  «asa:3-l-Os3(i;3=0 

aro  concurrent,  and  eliminating  Xi,  a„  x^  we  find  the  required 
discriminant 


(810) 


Def. — The  minors  of  this  determinant  are  denoted  ly  A^,  Ai^, 
&c.  Hence,  A„  At,  &c.,  have  no  mealing  hy  themselves  untU 
the  expreaaions  in  which  they  occur  are  expanded.  This  will 
be  plain  from  §  260- 

Cor.  By  solving  any  two  of  the  equations  Si=0,  Sa  =  0,  83  =  0, 
wc  get  the  co-ordinates  of  the  double  points,  namely, 

«i':ai3':«3'  :  :  A^r-A^i-.Aa  (t  =  1,  2,  8).        (811) 
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Tahgektia.1,  Egpations. 
360.  To  find  the  pole  of  the  line  X^  =  0  witli  respect  to  a^  =  0. 
Let  '■y  bo  the  pole,  then,  the  polar  of  y,  that  is 

a,  .  »j  =  0,  (807) 

must  ho  identical  with  X,  =  0.     Hence,  comparing  ooefRdents, 

(h\y\  +  fsjj'a  +  flJasya  =  ^,      (1) 
From  which,  if  A  denote  the  discriminant,  we  get 

Similaiiy,  Ai/^  =  A^X^,     Ay^  =  A^X^.  (813) 

If  the  line  A,  or  A|«i  +  Ajajj  +  Aj*,  ■=  0  touch  a}  =  0  the  point 
of  contact  will  bo  its  pole,  and  wiU  therefore  be  on  the  fine  and 
Babstituting  in  X^  =  0  the  values  (812),  we  get  the  tangential 
equation,  Tia.,  A' =  0.  (813) 

Cot.  1.  The  timgential  equation  or  the  equation  ia  lino  eo- 
oidiaates  is  obtained  from  that  in  point  co-ordinates  by  writing 
Ay,  Ai,  A3  for  «,,  Oj,  »a,  and  A,,  Aj,  A3  lor  «i,  x^,  aJj. 

Cor.  2. — Since  y  is  the  pole  A,  =  0,  if  A,.  =  0  touch  a,^  =  0  we 
have  Ai^i  +  A^y,  +  Ajji's  =  0  ;  hence,  eliminating  y,,  y^,  ^3  be- 
tween th^  and  the  equations  (1),  we  get  the  tangential  equations 
in  determinant  form,  yia., 


This  determinant  expMided  or  A>,'  =  0  shall  be  denoted  by 
2  =  0.    Hence  S  =  0  is  the  tangential  equation  of  S  =  0. 
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Cor.  8. — If  the  pole  of  tbe  X^  =  0  be  on  tlie  line  /i^  =  0  ■w 
have  fti^i  +  /is«/s  +  iHl/3  =  Oi  and  eliminating  we  get 


,,        fis,        th,         0 

which  expanded  is  equal  to  A)^.A^  =  0.  (^16) 

Hence  ^^  .  ^^  =  0  is  tho  condition  that  the  lines  K,  /*»  niay 
be  conjugate  with  respect  to  the  conic  aj'  =  0. 

Car.  4. — The  differentials  of  A^^^  with  lespect  to  A,,  Aa,  Ag  are 
the  point  co-ordinates  of  the  polo  of  X,  with  respect  to  a,^  =  0, 
just  as  the  diSerentials  of  »,''=  0  with  respect  to  a:/,  a:/,  a^'  are 
the  line  co-ordinates  of  the  polar  of  the  point  a^'  with  respect 


to  a 


=  0. 


261.  To  find  the  equation  of  (he  point  pair  in  which  the  line 
\J  =  0  mterseets  the  eonic  a^  =  0. 

Let  kj'  =  0  be  any  other  line,  then  if  XJ  +  h\J'  touch  a/  =  0 
we  get  substituting  \i'  +  ^X,",  A^'  +  iA/',  A3'+to.a"  for  A„  Aj,  A3 
in  the  tangential  equation  A>,''  +  2JA'^  .  X"^  +  -4^'"  =  0.  Wow, 
since  this  is  a  quadratic  in  7s,  we  soo  that  through  the  intersection 
of  the  lines  A,'  =  0,  Xf  =  0  can  be  drawn  two  tangents  to  a/  =  0, 
but  if  A,'  =  0,  Xr"=Ointersect  on  »;„^  =  0  the  two  tangents  coincide, 
and  the  equation  in  A  is  a  perfect  square.  Hence,  omitting  the 
double  accents,  the  equation  of  the  point  pair  is 
A'=.^/-(Ay.A^7=0. 
Cor. — The  equation  (817)  in  detoi-minant  form  is 
I  "ill  "'lai  A/,  Aj 
1       "asi        "23!        Aj ,        Aj 


(817) 


y  Google 


The  General  Equation — TnKnear  Co-ordinates.      337 

Ohsenatio}i.—Tho  bordered  determinants  (814),  (815),  (818) 
are  written  by  Clebscli 

respectively.     See  Cubic  Transformations,  page  4. 

262.  If  aj'  =  0,  b/  =  0  be  two  Ronics,  it  is  rec[uired  to  find  the 
locus  oi  the  polea  with  respect  to  a,'  =  0,  of  tangents  to  b,'  =  0. 

The  polar  of  the  point  y,  with  respect  to  »,'  =  0,  is 
{a,Xi  +  a^x-i  +  Ojaj)  (liijii  +  0-^^%  +  a^y^  =  0  ; 
or  putting  F,  -  ay^y^  +  Siiy^  +  »iaj/a,  &o. 

And  the  condition  that  this  should  be  tangential  to  h^  =  0  is 
(5ir',  +  .B,rj  +  ArO^  =  0,  or.Bi.'  =  0.         (819) 

263,  In,  the  general  trilimar  equation  aa'  +  2ha^  +  b^  +  2/)3y 
+  2gya  +  (t"  =.  0,  to  explain  the  geometrical  signification  of  the 
vanishing  of  a  coeffietrnt, 

1°.  The  vanishing  of  the  coefficients  of  the  sc[uaTes  of  the 
variables  has  been  folly  explained  in  g  113. 

2°.   When  the  coe^ctents  of  the  products  vanish. 

Suppose  the  coefficient  h,  for  example,  to  vanish,  then  the 
equation  becomes  ao?  +  S/3^  +  cy*  +  2/]8-y  +  2gya  ==  0.  !Now,  this 
will  meet  the  lino  y  =  0  in  the  two  points  where  the  lines 
oa'  +  ijS'  =  0  meet  y  =  0  ;  that  is,  in  two  points  which  ajro 
harmonic  conjugates  to  the  points  where  the  lines  a  =  0,'  y3  =  0, 
meet  y.  Henee  we  have  the  following  theorem  : — If  in  the 
general  eg-aation  the  coefficient  of  the  product  of  ant/  two  variables 
vanish,  the  third  side  of  the  triangle  of  reference  is  ewt  harmonicallg 
by  the  other  sides  and  the  conic. 

Cor.  I. — If  the  coefficients  of  all  the  products  vanish,  each 
side  oi  the  triangle  of  reference  is  cut  harmonically  by  the  conic. 
In  other  words,  the  triangle  of  reference  is  autopolar  with 
respect  to  the  conic. 
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This  may  te  shown  otlierwise.     Let  the  coaio  be 


{ny  +  la)  {ny  -  la)  = 


n'li\ 


Hence  ny  -l-  fx,  «y  -  la  are  tangoats,  and  /3  is  tte  chord  of  con- 
tact, which  proves  the  propositioD. 

Oor.  2. — Any  point  on  tlie  conic  Pr^  +  m^^  -  »^^  -  0  will  be 
common  to  the  lines  denoted  by  the  system  of  d 


1, 


(820) 


each  equated  to  zero,  which  may  be  called  tie  point  </j  on  the 
Cor.  S. — The  equation  of  the  join  of  the  points  ifi  +  tj/' ,  >ji  -  ^' 


la  I 


>, 

«A         »r. 

(*+«, 

ainW  +  n       1, 

(*  -  f ), 

mW-f),       1 

D.V'+«^« 

nt-»yoo,f  .0. 

(821) 


Hence  the  equation  of  the  tangent  at  tie  point  ijr  is 

la  cos  !/•  +  »i(3  sin  i/-  -  wy  =  0.  (822) 

Cor.  i. — The  co-ordinates  of  the  point  of  intersection  of  tan- 
gents at  i/r  +  i/-',  !/■  -  i/,  are 

£2£i,     sin>^     c_os^^  ^g^g^ 

Cor.  5. — The  equation  of  a  conic  referred  to  a  focus  and 
directrix  is  a;^  +  y'  =  (|'v)^  where  y  =  0  denotes  the  directrix. 
Hence  it  is  a  special  case  of 
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EXEHCISES. 

1.  Find  tie  yalues  of  I,  m,  n,  in  order  that  iV  +  m'j3'  +  n'-f  =  0  maj 
represent  a  ciicle. 

Am.  P  =  aiu  1A,    m'  =  An  IB.     m=  =  sin  20. 

2.  If  the  conio  ;'a*  +  m'S'  +  "'t*  =  "  paaaea  through  a  fixed  point,  three 
other  points  on  it  are  determined.  The  points  which  form  with  the  given 
point,  a  standard  quadrangle. 

3.  Find  the  condition  that  the  join  of  the  points  if"  +  ^'>  '^  —  'i'  should 
touch  the  conic  V'a^  +  m'',8'  +  »'V'  =  «. 

P  cos*  *     fli'  sin'  i,     n'  cos'  i' 
Am.   —j^  +  TT^  + ^  =  0.  (824) 

4.  Find  the  co-ordinates  ol  the  pole  o£  the  line  Ai  =  0,  with  respect  to 

the  conio 

From  et(uation  (812)  it  is  seen  that  the  no-ordinatos  of  the  pole  are  the 
differentials  of  the  tangential  equation  of  the  conic,  with  respect  tjj  Ai,  Xj,  \si 
roapeetively.     But  the  tangential  equation  of  the  given  conio  is 

h^i>^3  +  hf^^M  +  's^iAi  =  0. 

Hence  the  required  co-ordinates  are 

«l'  =  hKS  +  '3^2|      *2'  =  ^sAi  +  ^lAs,      ^3    =  llKl  +  ll\l. 

Since  these  remmn  unaltered  when  \iAs^s  are  interchanged  with  hhh,  we 
see  tiat  the  pole  of  Aj  with  respect  to 

is  also  the  pole  of  h  with  respect  to 

VMXi  +  ■/  Mi-i  +  \/\sT3  =  0. 

5.  The  centre  of  the  conic 

■v/ai^i  4-  '/t^i  +  ■v' Aa^s  =  0 
is  the  pole  of  Ai  =  0  with  respect  to  the  conio  which  touches  the  aides  of  the 
triangle  of  relerenee  at  their  middle  points. 

6.  Find  the  locus  of  the  pole  of  Aj  =  0  with  respect  to  tie  conic 

v'to  +  '/'to  +  V'^,  =  0 
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being  given  tliat  the  conic  fulfils  anotiec  conditioo,  suoli  as  to  faraoli  a 
line,  say  L,  —  0. 

Solving  the  equatiooB  in  Ex.  4,  h,  h,  h  are  proportional  to 
Ait^sJ^s'+Asrs'-^iii'),    As  (AjSa' +  ^i«i' -  Asa;/),   As  (Am' +  Xj^s' -  ; 

Now,  if  Li  touch  tie  conic,  we  have 


iccents,  i 

atteri 

ght  line 

A!(A3Sa 

+  MXi 

-Ajia) 

L, 

As  [Am 

+  XiXi  ■ 

-  Aais) 

(325) 

7.  The  triangles  formed  by  three  given  points,  and  their  polars  with 
lEflpect  to  anj  conio,  are  in  perspective. 

Dem. — Let  y,  s,  w,  he  the  angular  points  of  the  original  triangle ;  their 
polars  with  respect  to  Oi'  =  0,  are  ax  .Oy,  Bi  .  a,,  Ox .  a«,  respectively  ; 
and  tte  egualJoo  of  tlie  join  of  y  to  the  intersection  of  tie  polara  of 

{«..  «,)  («,  .  B.)  ~  {«.  .  «„)  (flj,  .  a.)  -  0, 

with  two  similar  equations  for  the  other  lines  of  ^'onneiion ;  and  these, 
when  added,  vanish  identically.     Hence,  &c. 

8.  It  is  required  to  determine  when  the  general  equation 

hb'  +  *,S=  +  fy"  +  2AaS  +  VSy  +  2j(-)o  =  0 
represents  an  ellipse,  a  parabola,  or  a  hyperbola.   If  we  eliminate  y  between 
this  and  the  eqtiation 

which  represents  the  line  at  infinity,  and  if  the  resulting  equation  in  o,  0 
he  the  product  of  two  real  factors,  it  will  be  a  hyperbola ;  if  the  product  of 
two  imaginary  factors,  it  will  be  an  ellipse  ;  and  if  a  perfect  square,  it  will 
ba  a  parabola.  In  this  way  we  Snd  it  to  be  an  ellipse,  a  parabola,  or  a 
byperhola,  according  as 

^sin24  +  B3in=B+Cflin^(7+2J'3in5sinC'+2S'3in(?Bin4  +  2irsin^sin^ 
is  positive,  lero,  or  negative. 
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9.  If  the  condition  of  Ex.  3  bo  fulfilled,  what  is  the  locus  of  the  pole  of 
the  join  of  tie  points  lii  +  ij/',  ^  —  ij/'  f 

Denoting  the  co-ordinates  of  tho  pole  by  a,  i/,  i,  from  equation  (828), 

HeE«!,  from  (824),  we  get 

^+~|-  +  -^  =  0.  (326) 

Thia  conic  is  the  polar  reciprocal  of  I'^a^  +  m'^fP  +  n''y^  =  0,  with  respect 
to  iV  +  !J!'^°  +  ii'7'  =  0.  Henco  the  polai  reciprocal  of  aV+i'B^  + ('7'  =  0, 
wiUi  respect  to  aa^  +  bS^  +  cy'  =  0,  is 

10.  Find  the  condition  that  tho  line  A.a  4-  fiS  +  t^  =  0  will  touch  the 
conic  Pa"  +  irfff'  -  nV  =  0. 

Comparing  \a  +  piR -i-  vy  =  0  with  equation  (822),  and  eliminating  i/^,  we 
get  the  required  condition 


Hence,  if  one  tangent  to  the  conic  Pi^  +  m'B'  =  ji'7^  bo  given,  three 
others  are  determined.  The  given  tangent  and  the  three  others  form  a 
standard  quadrilateral. 

11.  If  the  chord  in  Ex.  3  passes  through  the  point  a',  ff,  7',  the  locus  of 

Pa'a  +  m'ff0  +  n^y'y  =  0.  (329) 

12.  The  locus  of  the  pole  of  any  tang;ent  to  the  conic  Oi',  with  respect 
to  Xi"  +  xt'  +  Ks'  =  0,  is 

A^'  =  0.  (330) 

13.  Find  the  equation  of  the  orthoptic  circle  of  the  conic 

If  iji  +  'fi',  ^-  4'  be  the  parometrio  angles  of  the  points  of  contact  of  two 
rectangular  tangents,  then  the  condition  of  perpendicularity  will  give  ub 
the  required  result,  after  eliminating  1(1,  i|i'  by  means  of  the  co-ordinates  in 
equation  (823),  and  putting  a,  b,  c  for  I',  tn^,  —  n'  ;  thus  we  get 

o(S  +  c)a'  +  *(f+a)j3=-|-c(a  +  *)7H25cco3^.j37  +  2cocos5.7a 

+  23icos(?.n3  =  0.  (831) 
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14.  The  locus  of  tlie  centre  of  a  conic  maeribed  in  tlie  triangle  of  refe- 
rence, and  passing  through  the  circumcentre,  is 

2  -J^IA  (j3  sic  B  +  7  sin  C  -  a  sin  ^)  =  0.  (832) 
16.  If  the  inscribed  conie  pass  through  the  orthocentre,  the  locus  is 

3  Vlan^(^ainS-l-TBinC'-osin^)  =  0.  (833) 

264.  To  discuss  the  equation  a/S  =■  y\ 

This  is  the  special  ease  of  tlie  last  proposition,  when  the 
coefS-cieuts  of  the  products  ^y,  yet  Yanish,  and  also  the  co- 
efficients of  a^  ^.  The  form  of  eijuation  (g  233,  3°)  shows 
that  a,  yS  are  tangonta,  and  y  their  chord  of  contact.  If  in 
the  eqnation  a^  =  y'  we  put  0=7  tan  <^,  ^  =  7  cot  i^,  the  equa- 
tion is  satisfied.  Hence  the  co-ordinates  of  any  point  on  the 
curve  may  be  represented  hy  tan  >jt,  cot  <t,  1.  This  point  will 
he  called  the  point  ^. 

265.  The  eq^uation  of  the  join  of  two  points  0,  <((>'  is  the 
determinant 

n  <j>,      cot  tj>r 

n  ^1,     cot  1^1, 

or + — =y.  (8341 

tan  <l>  +  tan  ^1      cot  ij>  +  cot  <^i 

Cor.  1. — If  tan  <^  +  tan  .^i  be  constant,  the  join  of  the  points 

0,  ^i  passes  through  a  given  point. 

For  writing  the  equation  (834)  in  the  form 

a+  yS  tan  1^  tan  4>i  -  7  (tjm  (^  +  tan  0i)  =  0 

it  represents  a  line  through  the  intersection  of 

a-y  (tan  <jt  +  tan  ^1)  =  0  and  /3=0; 

that  is,    through  a  fised  point  on  j3.     In   like  manner,     if 

cot  <j>  +  cot  ^1  be  given,  it  passes  through  a  fixed  point  on  a ; 

and  if  the  product  tan  -^  .  tan  ^1  be  given,  it  pasaea  through  a 

fixed  point  on  y. 

Cor.  2. — Tlie  tangent  at  the  point  ^  is 

a  cot  ^  +  ,3  tan  0  =  2y.  (835) 
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Cor.  3. — The  timgents  at  if>,  <^i  mteisccfc  on  the  Ime 
Q  -  ,8  tan.  1^  taa  ^i,  got  by  eliminating  y  betwceE.  their  equa- 
tions. Hence,  if  tan  0 .  tan  (fii  be  const^nt,  ttt  tangents  at 
<ji,  (j>^  intersect  on  a  fixed  line  passing  thiough  the  point  afi 
In  like  manner,  it  may  be  sliowa  that  if  tan  ^  +tan  "^i  be  con- 
stant, the  tangents  meet  on  a  fixed  line  passing  through  ya, 
and  if  cot  ^  +  cot  ^i  be  constant,  on  a  fixed  line  through  /ly. 

Cor.  4. — Tho  equation  (834)  may  be  -written  in  the  form 

(a  -  y  tan^J  ~  {j  —  P  tani^)  tan^i  =  0  ; 

or,    say  i  -  Jf  tan  ^|  =  0  ;    and   since  (§  45)   the    anhar- 
monic  ratio  of  the  pencil  of  four  lines  a-  kp,  a-  kij3,  a  -  i^fi, 

{h  ~  &,)  {Ic,  ~Jc)^{k-h)  {h  -  h), 
■we  infer  that  the  anharmonic  ratio  of  the  pencil  of  lines  from 
any  variable  point  of  the  conic  to  the  four  fixed  points  ^,  -^i, 
4.,,  ^,  is 

{tan  ^1  -  tan  ^2)  (tan  ^3  -  tan  ^4)  -f  (tan  ^1  -  tan  -^ia)  (tan  ^j 
-  tan  ^1), 
or       sin  (^1  -  ^)  sin  (^  -  ^4)  -^  sin  (1^,  -  ^3)  sin  ((jSj  -  00. 

(836) 
and  is  therefore  constant. 

The  theorem  just  proved  was  discovered  by  CniSLES,  and 
is  the  funilamental  one  in  his  Seeiions  Coniques,  Paris,  1865. 
On  account  of  its  great  importanto  we  shall  give  another 
proof.  Let  the  quadrilateral  formed  by  the  four  fixed  points 
be  AS  CD,  and  let  0  be  any  variable  point;  then,  if  the 
equations  of  the  sides  ^.B,  BO,  CD,  DA  of  the  quadrilateral 
bo  a,  (3,  y,  0  rtspectively,  the  equation  of  the  conic  (§  238,  5") 
may  bo  written  uy  -  kj3o  =  0;  but  a  being  the  perpendicular 
from  0  on  AB,  we  have 

OA.OS.smAOB 
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with  similar  Talues  for  j3,  y,  &;  and  these  substituted  in  the 

equation  ay  -  A^8  =  0  gire 

sin-JQg.aiii  COD  _,    AB  .  CD 
6m£OG.smA02)  ~     'SCAB' 

The  right-hand  side  of  this  equation  is  constant,  and  tie  left- 
hand  side  is  the  anharmonie  ratio  of  the  pencil  (0 .ABC'D). 
Hence  the  proposition  is  proved.  (See  Sauvion's  Conka, 
p.  240). 

Cor.  6. — The  tangent  at  <}>  intersecte  the  tangent  at  ^i  on 
the  line  o  cot  <^  -  ;ff  tan  ^i  =■  0.  Hence,  as  in  Cor.  4,  we  infer 
that  the  anharmonie  ratio  of  the  four  points,  where  tangents 
at  four  fixed  points  <!>„  i^j,  1^3,  1^4  meet  the  tangent  at  any 
Tariable  point  <l>,  is 

sin  (^1  ~  ^,)  sin  (^,  -  .^4)  ^  sin  (./,,  -  .^3)  sin  {i>,  -  ^,), 
and  is  therefore  independent  of  1^. 

Cor.  6. — If  the  line  Xa  +  y.^  +  vy  touch  the  oonio  at  the 
point  <p,  we  must  have  A,  /i,  v  proportional  to  cot  1^,  tan  ^,  -  2. 
Hence 

4Xft  =  v',  (837) 

which  is  the  tangential  equation  of  the  conic. 

EXEIBCISES. 

1.  The  eo-ordinatas  of  the  point  ot  intersection  of  tangents  at  ip,  ip'  are 
proportional  to  tan  ^  tan  ^',  I,  ^(tan^  +  tan  ^']. 

2.  The  length  of  the  perpendicular  from  the  intoraeotiim  of  tangents  at 
if',  ^"  on  the  tangent  at  ip  is,  putting  (  for  tan  ^,  &o., 

(838) 


3.  If  o3  =  y-f'  be  the  equation  of  a  conii;,  tlie  circle  of  ci 
point  8-j  is 

^J  +  T^  +  2^,  cos  ^  =  ^  ,  (=  sin  B)\i\ 
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4.  If  f,  ^'  bo  two  points  on  a  conic,  such  that  the  ratio  of  tan  ip  :  fan  ^' 
is  constant,  tliB  enyelope  of  their  join,  is  a  conic,  haying  douhle  contact 
■witli  the  given  conic. 

5.  If  the  points  ip,  if  vary  but  bo  sa  that  the  ratio  of  tan  ^  :  tan  ip'  be 
given,  they  divide  the  conic  homograpMoally  [see  Cor.  i). 

Hence,  if  two  conies  hare  double  contact,  any  Taiiable  tangent  to  one 
divides  the  other  homograpHoally.  (TowwaisNB.] 

6.  If  two  vertices  of  a  circumscribed  triangle  move  on.  fixed  lines,  the 
locus  of  the  third  vertex  is  ft  conic  having  double  contact  with  the  given 

For  let  the  points  of  eontttot  be  ^,  ^',  ^"  ;  and  fie  fixed  lines  a  -  /j.^  =  0, 
a-  ft' 8  =  0.  Then  ({  2Sa,  Cm:  3],  tan  ^,  tan  $' =  ^,  tan  ^  .ton  c(i"  = /. 
Hence  the  (angenls  at  f',  ip"  are 

a  tan  ^  +  ^=3  cot  p  =  2^7, 

atnu^^iu'=3cot-jj  =  2/i'7 ; 
and  eliminating  if.  wc  get 

a!3{ji  +  li-f  =  iim-y\  (839) 

7.  Find  the  envelopo  of  tbe  base  of  a  triangle  inscribed  in  a  oonic  and 
whose  two  sides  pass  tbroogh  fixed  points. 


8.  If  /3i!  denote  the  perpendicular  from  the  intersection  of  tangents  al 
^',  ^"  on  the  tangent  ,3,  and  jtib  tbe  perpendicular  on  any  otter  tan^ 
gent;  tlien 


fiia-jSji       Sij.fe      ^li-Bis 
9.  If  a  polygon  of  any  number  of  sides  be  circumscTibed  to  a 
and  if  ip',  iji",  &e.,  be  the  points  of  contact,  and  ip  any  variable  polni 
with  the  notation  of  Ex.  8,  we  have 


(840) 


<u{<--n  .  fa(<"-n  _ 


(841) 


10.  Since  e,s(r  +  r)  =  a^ij,  and  BuC'i")  =  oi!  (Ex.  1),  it  follows  that 
Hence,  from  (841],  we  get 
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Xheokt  op  Envelofes. 

266.  "We  have  seen  (Chapter  II.  Section  in.)  that  if  the 
coeffiGients  in  the  equation  of  a  line  be  connected  by  a  rela- 
tion of  the  first  degree,  the  line  passes  through  a  given  point — 
in  fact,  the  relation  between  tie  coefficients  is  the  equation  of 
the  point  (§  72) ;  and  in  this  Chapter  we  have  shown  that,  if 
the  coefficients  fao  connected  by  a  relation  ot  the  second  degree, 
the  line  will,  in  aU  its  positions,  be  a  tangent  to  a  curve  of  the 
second  degree.  Trom.  these  examples  we  are  led  to  the  follow- 
ing definition  -.—^When  a  right  line  or  a  ourve  moves  aeeorMng  to 
any  law,  the  mrve  leMek  it  touches  in  all  its  positions  is  called  its 
envelope.  The  following  examples  afford  further  illustrations 
of  this  theory,  one  of  the  most  interesting  in  Analytical 
Geometry. 

EXERCISES. 

1.  LetM  +  w  +  I^Olis  theliue,  and  (a,  i,  c,f,g,  h)(\,  /i,  i)=  the  rela- 
tion among  tlie  coefficianta ;  it  is  required  to  find  the  envelope  of  the  line. 
It  appears  at  once  that  the  required  envelope  is  aach  that  two  tangents  can 
be  drawn  to  it  from  any  arbitrary  point.  For,  let  x'y'  be  the  point ; 
finbsfitnta  these  co-ordinates  in  Xm  +  fty  +  1,  and  eliminate  n  between  the 
result  a,nd  the  equation  (a,  b,  e,  f,  g,  h)  {\,  fi,  1)',  and  we  get  a  quadratic 
in  A,  corresponding  to  each  root  of  wbich  can  be  drawn  a  tangent  to  the 
required  envelope.  Now,  if  the  quadratic  have  equal  roots,  the  tangents 
will  coincide,  and  their  point  of  ultimate  intersection  will  be  a  point  on 
the  enrve.  Hence,  forming  the  discriminant  of  the  quadratic  in  A,  and 
removing  the  accents  from  ifg',  we  get  the  required  onyelopc,  viz- 

{A,  S,  C,  F,  G,  E){x,  y.  If  =  0,  (S43] 

where  A,  S,  G,  &e.,  have  the  ueual  meanings. 

2.  Find  the  envelope  of  p'x  +  ny  +  a  =  0.  This  is  the  qaadratie  that 
would  result  if  we  were  solving  hy  the  foregoing]  method  the  problem  of 
finding  the  envelope  of  the  line  Ao:  +  (<y  !-  a  =  0  ;  A,  fi  being  connected  by 
the  relation  h  =  p?.  Hence,  forming  the  discriminant  with  respect  to  fi 
of  the  equation  ii'x  +  /i}/  +  a  =  0,  we  get  the  parabola  s'==  iax. 

Similarly,  we  may  solve  the  more  general  problem  to  find  the  envelope 
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ot  /i'F  +  fiQ  +  It  =  0,  when  F,  Q,  R  denote  curves  of  any  degree,  "via. 
we  get 

0=  =  iFS.  (844) 

3.  I{p,p'  ta  tie  diafaneea  of  two  fixed  points/,/'  from  a  variable  line ; 
then,  if  Ap'  +  2Bpp'  +  Cp"^  =  D  the  envelope  of  the  line  is  a  conic  of  which 
the  line/f  is  an  axis  of  Bjmmetry. 

1°.  If  5^  —  4  JlO  >  0  the  equation  redueea  to  the  form 
{mp  +  Bjj')  {mip  +  mp')  =  H. 

Let  -F,  F'  he  the  points  which  divide  the  distance  jST  in  the  ratios  —  ttjm, 
—  Jii/iH],  and  let  g,  g'  ha  the  distances  of  FF"  to  the  moveable  line.  Then 
the  equation  becomes  gg'  =  E,  and  the  line  onvelopea  an  ellipse  or  hyperbola 
having  F,  F'  as  foci,  according  as  M  is  positive  or  negative.  If  »ii  =  —  bi 
F'  is  at  infinity,  and  the  envelope  ia  a  parabola. 

2°.  If  .B=  — 4ji(7=0  the  equation  becomes  {«!p  +  np'y  =D,  which  corra- 
aponds  to  a  eirele. 

3'.  If  iJ=-4-ie<0,  wecnnwrite(n!p  +  My)(»Mp  +  nij:'')  =2^  where  the 
ratios  m]n,  m]/«i  ai'e  imaginary.  The  imaginary  points  F,  F',  which  divide 
ff  in  the  ratios-  «/(«  -  Ki/im  ace  situated  on  the  minor  axis.  They  are  the 
antifooi  of  the  conic.     In  this  case  wo  can  also  write  the  equation  in  the 

{^p  +  vp}'^  +  (ji'p  +  v}fY  =  D. 

i.  Find  the  envelope  of  the  line  ax  cos  ^  +  Sy  sin  ^  =  ah. 

5.  Find  the  envelope  of  a  line  if  the  sum  of  the  squares  of  perpendioularfl 
let  fall  on  it  from  any  number  of  fixed  points  be  constant. 

Ans.  A  parabola. 

6.  Find  the  envelope  of 

Xji  being  =  c.  Ans,  2,xy  —  e. 

7.  Find  the  envelope  of  a  line  which  maltea  on  the  axes  of  co-ordinate 
intercepts  whose  sum  is  constant. 

8.  If  two  conjugate  diameters  of  an  ellipse  be  given  in  position,  and  the 
sum  of  the  squares  of  its  aies  given  in  magnitude,  prove  that  it  is  inscribed 
in  a  given  quadrilateral. 

S.  Find  the  envelope  of  a  system  of  oonfooal  conies,    let 
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be  one  of  the  oonicB.  Clearing  of  fractions,  and  considerioe  tho  result  ea 
a  quadratic  in  h,  we  find,  by  forming  the  discriminant,  the  product  of  four 
imaginary  lines,  viz. 

c  ±  a;  ±  j;  v'^=  0,  where  e^=  ii'  -  i-.  (816) 

10.  The  envelope  of  the  polar  of  a  given  point,  with  respect  to  a  ayatem 
of  confocal  conies,  isapnraliola  whoae  directrix  is  tliejoinof  the  given  point 
to  the  eenti-e  of  the  confocals, 

11.  If^,^,  (7,  A'jff,  C  he  two  triads  of  ilsed  points  on  two  given  lines 
H,  p.'  two  variahle  points,  one  on  each  line,  find  the  envelope  of  the  join 
of  li,  n',  if  fie  anhariiionio  ratios  (ASCi^),   (A'S'G'ii.')  he  equal, 

12.  Tho  summifs  of  a  triangle  move  along  three  fixed  lines,  and  two  of  the 
sides  pass  through  two  flied  points  ;  find  the  envelope  of  the  third  side. 

13.  If  two  of  the  sides  of  an  inscribed  triangle  of  the  conic  a°  +  fl"  =  v' 
touch  the  conic  no?  +  b$'  =  c-f,  the  envelope  of  the  third  side  is 

(<w  +  ai  -  bcf  a'  +  {ah  +  h-  caf  ,3=  =  (ic  +  M  ~  «*)=  yK     (846) 

11.  If  the  point  sjy  be  the  orthocentre  of  a  triangle  inscribed  in  the 
ellipse  sflja''  +  y'jh''  —  1  =  0,  prove  that  the  envelope  ot  its  aides  is  the  conic 

[a'  +  b-'f  {Ifi"  -  «■=)  !»  +  (tf!  _  !/■=)  f  -  2xYxy} 

+  2  (fl^  +  *')((aV'  +  l^y-"  -  o'):ec'  +  (o'a''  +  iV^  -  >'*)ys'} 

-  (fl'3!'»  +  jy»  -  «■}  [bV»  +  sy'  -  j'j  =  0.  (847) 

15.  If  the  line  Aa:  +  /ly  +  1  =  0  cut  the  conic 

<m3  +  Ih^y  +  kg'  +  2i7X  +  2/j/  +  c  =  0 
in  points  which  subtend  a  right  angle  at  the  origin,  prove 

c  {K'  +  It")  -  2?\  -  2/^  +  (»  +  *)  =  0.  (843) 

16.  If  tangents  be  drawn  to  the  ellipse  x^ja'  +  y^jb''  -  1=  0  at  the  eitre- 
mities  of  a  variable  dianleter  AA',  and  if  a  circle  touching  these  tangents 
touch  the  ellipse  at  a  point  P,  prove  that  the  envelope  of  tlie  chords  .^P,-!'!" 
is  one  or  other  of  the  conies 

«=/«=  +  !/'/*=  -  I/(a  +  *)  =  0, 

:^la^  -  fib"  +l{a-b)  =  0.  (849) 
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CHAPTER  XL 


THEORY    OP    PROJECTION. 


267.  DEV.—Let  0  he  the  origin,  OX,  OY  the  axes  ;  BB',  IP 
{called  the  base  line  and  the  mw. 
HiTB   Une  respectively)    two   lines  Y 
parallel  to  the  axis  of  T.     Then 
let  P  be  any  point  in  the  plane ; 
join  IP,  euttiny  BB'  in  C;  through 
C  draw  CP'  parallel  to  OX,  meet- 
ing OP  produced  in  P".    The  point  o  "^ 
I"  is  called  the  projection  of  P. 

In  the  ordinary  method  of 
treating  projective  properties  of  figures  (see  Cremona,  Elements 
of  Projective  Osometry)  thiee  plaaes  are  rGC[uired  : — (1)  A  plane 
passijig  tluough  the  centre  of  project'  a  (2)  A  paxallel  plane, 
on  "wliich  is  drawn  the  projected  figu  e  (  )  Ihe  plane  of 
the  figure  to  he  projected,  cutting  the  f  m  plan  in  parallel 
lines.  It  will  bo  seen  that  the  meth  d  wh  h  w  have  adopted 
ia  virtually  the  eaoie,  and  that  wh  1      t      li  tlie  student 

from  the  embarrassment  of  having  to     na  de     1  fte  enfc  planes, 
it  has  the  advantage  of  admitting  the  use  of  analysis. 

If  the  co-ordinates  of  P  be  xy,  those  of  P',  «/y',  then  denot- 
ing 0/by  a  and  JSJhy  e,  we  easily  get 


(850) 


a;  =  (i,  a/  will  be  infinite.     Hence  the  projection 
<x  the  line  //'  will  be  at  infinity. 


y  Google 


160  Theory  of  Trojection. 

Cor.  2. — From  (850)  we  get 


(851) 


268.  If  any  line  CD  eut  the  iase  Urn  and  the  infinite  line  in 
the  joints  C,  S  respectively,  its  projection  will  be  a  line  through 
C  parallel  to  OD. 

Xet  the  equation,  of  CD  be 


&  + 


ODis 


2    01 


=  a,  the  equation  of  //' 
Hence  the  equation  of 


or  {la  +  n)  te  +  may  =  0, 

Again,  substituting  in  Ix  +  n^  -hn  the  Talues  in  (850),  we  get, 
after  omitting  accents  and  clearing  of  fractions, 
(&  +  «)«  +  may  +  ne  =  0, 

■which  is  the  equation  of  the  projection  of  CD.  !Now,  siiiCB 
thia  differs  from  the  equation  of  OD  only  by  a  constant,  it  is 
parallel  to  it ;  and  since  it  may  bo  -written  in  the  form 

» (a:  -  a  +  c)  +  «  (!a:  +  my  +  «)  =  0, 
it  passes  through  the  intersection  of  the  lines 

a;  -  a  +  0  =  0  and  ?a;  +  m J/  +  «  =  0  ; 
that  is,  through  the  point  C.     Honce  tho  proposition  is  proved. 

Cor.  1, — Any  two  lines  intersecting  each  other  on  //'  axe 
projected  into  parallel  lines. 

For,  i£  two  lines  pass  through  tho  point  D,  the  projection  of 
each  will  he  parallel  to  OD. 

Cor.  2. — A  line  passing  through  the  origin  is  unaltered  by 
projection. 


y  Google 


Theory  of  Projection.  351 

Cor.  3. — If  four  lines  form  a  pencil,  tlieir  projeetiona  form 
a  pencil  of  the  same  anhaimonic  ratio. 

For,  if  F  be  the  vertex  of  the  pencil,  and  if  its  four  rays 
meet  the  line  //'  in  the  points  A,  JB,  C,  D,  their  projectioas 
will  be  parallel  to  OA,  OS,  00,  OS.  Hence  the  proposition 
is  proved. 

On  account  of  the  invmianee  of  the  anhmmonic  ratio  hp  projec- 
tion, those  properUe$  which  depend  on  anharmonio  ratios  are  called 
PKOJEcrrvB  properties. 

Cor,  4. — Parallel  lines  are  projected  into  concurrent  lines. 

Porthe  'piojectiouoih;+ mt/  +  n=  0  IB  a  {Ix-i-  m}f)+n  {o  +  a)~0 ; 
a  n  he  variable  {In:  +  my  +  «)  =  0  denotes  a  system  of  parallel 
lines,  and  its  projection  a  {Ix  +  my)  +  »  (f  +  :b)  =  0  a  concurrent 
system. 

269.  A  CWV6  of  the  second  degree  is  projected  into  another  curve 
of  the  eecond  degree. 

For,  making  the  substitutions  (850)  in  an  eq^uation  of  any 
degree,  and  clearing  of  fractions,  ife  get  an  equation  of  the  same 
degree. 

Cot.  1. — The  projection  of  a  tangent  to  a  conic  is  a  tangent 
to  its  projection. 

Cor.  2. — The  relations  of  a  pole  and  polar  are  unaltered  by 
projection. 

Cor.  3. — A  system  of  concentric  cirdes  is  projectsd  into  a  system 
of  conies  having  double  contact  with  each  other, 

For,  let  x'  +  J/'  =r'  be  one  of  the  circles  :  by  varying  r  we  get 
a  concentric  system  ;  and  making  the  substitution s^(  8 50),  we  get 
a{x'  +  y')  =  r'  (»  +  x>y,  which,  when  r  varies,  denotes  a  'system 
of  conies  having  double  contact  with  each  other. 

270.  Any  straight  Une  ean  le  projected  to  infinity,  and  at  the 
same  time  any  two  angles  into  given  angles. 
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Let  II'  be  tie  line  to  be  projected  to  inflmty;  SPS,  TQV 
tlie  angles  to  be  projected  into  givea  angles  ; 
say,  for  example,  into  rigbt  angles.  Lot  II 
meet  the  legs  of  tbo  angles  in  the  pairs  of  points 
R,  S;  T,  V.  Upon  US,  TTdeBcribe  semicir- 
cles, lEtersecting  in  0.  Then  0  will  be  the 
required  centre  of  projection,  and  we  can  take  / 
any  line  parallel  to  II'  for  the  base  line  £Ji'. 

If  the  circles  do  not  intersect,  the  point  0 
will  be  imaginary,  in  which  case  imaginary 
lines  in  one  figure  will  be  projected  into  real 
liaes  in  the  other.  Thus  confocal  conies, 
being  inscribed  in  an  imaginary  quadrilateral, 
will  be  projected  into  conies  inscribed  in  a  real 
quadrilateral. 

The  substitutions  for  this  case  are,  for  x,  y,  respectively, 

<^  ay-/-  1 


In.  this  manner  we  get  for  the  four  imaginary  lines  (845),  the 
four  real  lines  c{c-\-  x)  tax  ±  off  =  0,  which  are  the  four  sides 
of  the  quadrilateral  circumscribed  to  the  projection  of  confocals. 

271.  A  system  of  coaxal  circles  is  pryecUi  inlo  a  system,  of 
conios  passing  through  four  points. 

Dem, — Lot  if'  +  ^  +  2&b  -  (i*  =  0  be  a  circle,  irhich,  by  giving 
i:  diSerent  values,  will  represent  a  coaxal  system.  Then,  making 
the  substitutions  (850),  we  get,  after  clearing  of  fractions, 

a^x'^  +  a^y'^  -  (?=  (c  +  xf  +  2kax  {o  +  x)  =  i3, 
or,  say,  S  +  %kLM=  0. 

Hence  the  proposition  is  proved. 

This  may  be  shown  otherwise,  thus  :  a  coaxal  system  of  circles 
have  common  the  two  cyclic  points,  and  the  two  points  where 
they  meet  the  radical  axis,  and  the  projections  of  these  points 
will  be  common  to  the  projections  of  the  circles. 
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272.  Any  conio  S  can  he  projected  into  a  circle  having  for  its 
centre  the  projection  of  any  point  P  in  the  plane  of  the  eonie. 

Dem.— Let  II'  be  the  polar  oi  P  ■with  respect  to  S ;  then 
take  this  for  the  infinite  line  (§  267),  and  let 
Q,  R;  Q',  ^  toe  pairs  o£  conjugate  points 
upon  it  with  respect  to  S ;  upon  QR,  Q'S' 
descrjhe  Bemioircles,  intersecting  in  0.  Now 
talcing  0  for  the  centre  of  projection,  and 
any  line  parallel  to  II'  ioT  the  hase  line  / 
(§  267),  the  lines  PQ,  PS  will  he  projected 
into  lines  parallel  to  OQ,  OR;  that  ia,  into  \ 
rectangnlar  lines.    Similarly,  PQ',  PR'  will 
be  projected  into  another  pair  of  rectan- 
gular lilies.    Hence  the  projection  of  S  will 
be  a  conic,  having  two  pairs  of  rectangular 
coajugate  lines  intersecting  ia  the  projec- 
tion of  P.  In  other  worda,  it  will  be  a  circle,  having  the  projec- 
tion of  P  for  centre. 

273.  Tk«  pencil  formed  by  the  two  legs  ofagiven  angle,  andihe 
imaginary  lines  through  its  vertex:  to  the  cycUe  points  has  a  given 
anhwrraonie  ratio. 

Hem. — Let  the  given  angle  toe  that  formed  hy  the  axes  of 
co-ordinates,  namely,  tu.  Then  the  equation  of  a  point  circle  at 
the  origin  is  a;*  +  y'  —  2«y  cos  ui  =  0 ;  and  the  factors  of  this,  yiz. 
X  -  e^''-'-  y  =  0,  X  ~  e-^'' '^  y  =  0,  axe  the  lines  from  the  origin  to 
the  cyclic  points.  The  anhannonic  ratio  of  the  pencil,  formed 
by  these  lines  and  the  axes,  is  s'"'^',  and  is  therefore  given. 
Hence  the  proposition  ie  proved. 

C<yr. — If  the  axes  he  rectangular  the  pencQ  formed  hy  them, 
and  the  lines  to  tlie  cyclic  points,  is  a  harmonic  pencil.  For, 
putting 

x/2forw,     c^"-'^  =-  1. 
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EXEKCISES. 


1.  Any  qiiadrilatenil  can  be  projected  into  a  square.  For  the  third  diagonal 
(§  270)  may  be  projected  to  infinity,  and  the  remaining  diagonals  and  a  pair 
of  adjacent  eidea  into  pairs  of  rectangular  lines, 

2.  The  diagonal  triangle  of  a  quadiilatoal  is  self-conjugate  with  respect 
to  any  inconic  of  the  quadrilateral.  For  projecting  tlie  qnadrilateral  into  It 
square,  the  intoraection  of  the  diagonals  of  tlie  square  will  evidently  he  the 
centre  of  the  income  of  the  Eqnare,  and  will  be  tie  pole  of  the  line  at  infinity 
with  respect  to  that  conic.  Hence  any  diagonal  of  fie  quadrilateral  is  the 
polar  of  the  inferecctioii  of  the  other  two. 

3.  If  four  chords  of  a  oonio  be  tatigenlB  to  an  inscribed  conic  (haying 
double  contact),  the  anliarmonxc  ratio  of  the  points  of  contact  is  equal  to 
that  of  one  set  of  extremities  of  the  elioi-ds  of  the  outer  conic.  For  the 
conies  may  be  projected  into  concentric  circles,  and  tiie  proposition  is 
evident. 

4.  Any  line  passing  tlirough  a  given  point  in  the  plane  of  a  conic  is  cut 
barmonically  by  the  conic  and  the  polar  of  the  point.  For  the  conic  can 
be  projected  into  a  circle  and  tho  point  into  its  centre  (5  272). 

5.  Any  chord  of  a  conic  touching  an  inscribed  conic  is  out  harmonioally 
at  the  point  of  contact,  and  at  the  point  where  it  meets  the  chord  of  contact 
of  the  two  conies. 

6.  If  two  pairs  of  opposite  sides  of  a  hexagon  inscribed  in  a  circle  be 
parallel,  it  is  easy  to  prove  that  the  third  pair  of  opposite  sides  are  parallel. 
Hence  the  three  pairs  of  opposite  sides  intersect  on  the  line  at  infinity ;  and, 
projecting  tiis,  we  have  a  proof  of  Pascal's  Theorem  for  any  conic. 

7.  Two  tangante  lo  any  circle  are  cut  homographimlly  by  any  variable 
tangent.  For  it  is  easy  to  see  that  the  pencil  formed  by  joining  four  points 
on  one  tangent  to  the  centre  of  the  circle  is  equal  to  the  pencil  formed  by 
joining  their  corresponding  points  to  the  centre.  Hence,  by  projection,  we 
see  that  any  two  fised  tangents  to  a  conic  are  cut  homographically  by  a 
variable  tangent. 

8.  If  two  triangles  be  such  that  the  intersections  of  corresponding  eidts 
are  oollinear,  the  joins  of  corresponding  vertices  are  concurrent.  For,  pro- 
jecting the  lino  of  coHinearity  to  infinity,  the  triangles  wiU  be  homothetio. 

9.  If  a  system  of  chords  of  a  conic  pass  through  a  fixed  point  F,  their 
Kstrendties  divide  the  conio  homographically.    Project  the  conic  into  a 
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circle,  having  the  projectJon  of  T  for  ita  centre,  and.  the  proposition  is 
evident. 

10.  Any  two  conies  can  be  projected  into  circles.  For,  project  one  of 
them  into  a  circle,  and  one  of  their  common  chords  fo  infinity,  then  the 
projection  of  the  other  will  pass  through  the  cyolio  points,  and  therefore  it 
wfll  he  a  circle. 

n.  Any  two  conicB  can  be  projected  into  concentric  conies. 

12.  If  a  system  of  conies  pasfl  throng  four  points,  they  cut  any  ti-ans- 
versal  in  involution. 

For  the  comes  can  be  projected  into  coasal  circles. 

18.  If  two  conies  bs  inscribed  in  a  quadrilateral,  their  eight  points  of 

Project  the  quadrilateral  into  i  squ-iie,  and  the  proposition  i',  evident. 

14.  "What  properties  of  conns  ire  obtained  flora  the  following  by  pro- 
jection?— If  a  vanahle  come  pass  thijugh  four  tied  pomts,  the  locus  of 
ita  centre  is  a  conic  passing  through  the  miJdlti  points  of  the  joins  of  tie 
four  points. 

15.  If  a  chord  of  a  given  oirole  pasfl  throtigh  a  fiied  point,  the  locus  of  its 
middle  point  is  a  circle. 

16.  If  a  variable  conic  be  inscribed  in  a  given  quadrilateral,  the  locus  of 
its  centre  is  a  right  line  bisectJng  the  diagonals  of  the  qnadriliteral. 

17.  The  locus  of  the  point,  where  pai-allel  chorda  of  a  given  conic  are  cut 
in  a  given  ratio,  is  a  conic  having  double  contact  with  the  given  conic. 

18.  If  two  triangles  ASC,  A'B'C  he  self-conjugate  with  respect  to  a 
eonio,  their  aii  summits  lie  on  another  conic. 

Project  the  conic  into  a  circle  and  the  line  SG  to  infinity  ;  then  A,  the 
pole  of  BC,  will  be  the  centre  of  the  circle ;  and  if,  taMng  the  projections 
of  AB,  AC  as  axeB,  x'y',  x"y",  e"V"  ^'^  ths  co-ordinates  of  the  projeo- 
tions  oi  A'i  B',  C,  respectively,  the  equation  of  a  hyperbola  passing  through 
the  projections  of  A',  B',  G',  and  having  its  asymptotes  parallel  to  the 


This  hyperbola  passes  through  the  projections  of  tie  sii  points.    Hunce  the 
proposition  is  proved. 

2  A  2 
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19.  In  the  same  cose  the  six  lioes  forming  the  sides  of  the  two  triangles 
are  tangents  to  a  conic. 

Project,  aa  in  Ex.  18,  and  it  is  easy  to  see  that  the  projections  are  tan- 
gents Xa  a  parabola. 

20.  If  a  conic  be  inscribed  in  a  triangle  the  tiii'ee  lines  througb  ita  eum- 
mits  conjugate  to  the  opposite  sidea  are  concurrent, 

21.  The  point  in  Ex.  20,  the  centre  of  th.e  conic,  and  the  oendoid  of  lie 
triangle  are  collinear. 

22.  Through  a  given  point  ^  of  a  conic  chords  AB,  AG  are  drawn 
parallel  to  conjugate  diameters  of  another  conic  ;  prove  fliat  tlie  chord  BC 
poBses  through  a  given  point. 

274  The  pro]eotion8  of  fu  al  piipeities  aio  always  iinagi 
nary  "For  tbe  ima^iniry  t^ngeIlta  liom  a  foru':  iie  projected 
mto  real  tangents,  and  tlio  CYflie  points  and  the  antitoci  into 
real  pomta  It  will  be  spen  that  all  these  results  follow  ftom 
the  projections  of  tlic  fonr  lines  c  +  «  +  y  \/ -  1  lormmg  an 
imigmaiy  ciicumsuibul  qnidnlateial  t)  i  i  ni     into  foui  leal 


EXERCISES. 

1.  If  a  variable  circle  touch  two  fiied  lines  the  chords  of  contact  are 
parallel.  Hence,  by  projection,  if  a  variable  conic  touch  two  fixed  lines, 
and  pass  through  two  filed  points  J,  /,  tbe  chords  of  contact  are  ooncurient. 

2.  If  a  variable  circle  touch  two  fixed  lines,  the  locus  of  its  centre  is 
a  right  line.  Hence,  it  a  variable  conic  touch  two  fixed  lines,  and  pass 
tiii-ough  two  filed  points  I,  J,  tbe  Iccus  of  the  pole  of  the  chord  IJ  is  a  right 

3.  If  a  variable  circle  pass  through  a  given  point  and  touch  a  given  line, 
the  locus  of  its  centre  is  a  parabola,  having  the  given  point  as  focus. 
Hence,  if  a  circmnconic  ef  a  given  triangle  totich  agicen  line,  the  loci  of  (Ae 
poles  of  the  sides  of  tie  triangle  are  eonies  tnsoriied  «»  !(. 

4.  Two  lines  through  the  focus  of  a  conic  are  cut  by  pairs  of  tangents 
parallel  to  them  in  four  conoyclic  points. 

5.  The  ciccumcircle  of  the  triangle  formed  by  three  tangents  to  a  para- 
bola passes  throngb  tbe  focus.     Hence  t/ie  vertiees  of  two  eirciiinlrianglei  of 
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6.  If  a  oircumtriangle  to  a  given  circle  have  two  sides  fised  and  the 
third  variable,  tte  envelope  lA  its  oiroumoircle  ia  a  oircle.  Hence,  if  a 
clrcumtiiangle  of  a  given  eooio  Iiave  two  sides  fised,  and  tie  third  variable, 
tlie  envelopB  of  a  eonie  paeeing  tbrough  two  fixed  points  I,  J  of  the  former 
conic,  and  through  the  vertices  of  tie  triangle,  is  a  conic  passing  through 
the  two  points  /,  J.  (Peof,  J.  Puksbb.) 

7.  The  locus  of  the  centre  of  a  circle  touching  two  given  circles  is  a 
conic  section,  having  the  centres  of  the  given  circles  aa  foci.  Hence,  if  a 
variable  conic  parsing  through  two  given  points  I,  J  touch  two  given 
conica  also  passing  through  I,  J,  the  locus  of  the  pole  of  the  chord  IJ  with 
respect  to  it  is  a  conic  inscribed  in  the  quadrilateral  formed  by  the  tangents 
to  the  fised  conica  at  the  points  J,  J. 

S.  Through  any  three  points  can  be  desoribed  eis.  conica  to  oaculate  a 

9.  The  poles  of  any  side  of  the  triangle  formed  hy  the  three  points 
in  Ei  8  with  respect  to  the  ais  osculating  conies  lie  on  a  conic 

275  In  piojecting  i  lo&us  leaonbed  by  the  \citox  of  a 
constint  angle  we  eonsdci  the  p>-neil  forme  1  by  ifs  legs 
anl  the  hues  fiom  the  vortex  to  the  cych  pomta  and  it 
followp  from  §  a^B  tl  at  we  get  a  constant  jen  il  Again 
if  the  sum  or  difierenee  of  anfcles  ho  given  we  get  hy  pro 
jection  peneilB  the  product  r  quotient  of  wl  osg  anhinnonic 
ratios  la  constant      This  piojeetion  ib  il-«"iy?  ima^nary 

EXEBCISES. 

1.  Th  ngl  n  1  in  the  same  segment  of  a  circle  is  constant. 
Hence  the  anha  mm  -at  o  of  the  pencil  formed  by  lines  drawn  from  any 
variable  p  in       f   ir  £x  d  points  of  a  conic  ia  constant. 

2.  If  two  tangents  to  a  conic  be  perpendicular  to  each  other  they  inter- 
sect on  the  orthoptic  circle.  Hence  the  locus  of  the  point  of  intersection  of 
tangents  to  a  conic  which  divide  a  given  line  IJ  harmonically  ia  a  conic 
through  the  points  J,  /,  and  the  envelope  of  the  chord  of  contact  is  a  conic 
which  touches  the  tangents  to  the  original  conic  from  I,  /. 

3.  If  two  tangents  tu  a  parabola  be  at  right  angles,  they  intersect  on 
the  direotrii.    Hence  the  locus  of  the  point  of  intersection  of  tangents  to 
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a  conic  which  dividti  h  umonioally  a  yven  line  U  touiJimg  the  conic  is  a 
right  line 

i  If  from  any  point  on  a  circle  two  lines  he  dnwn  foimii^  a  given 
angln,  the  chord  joinrag  theic  other  estreniities  touches  a  conoenttic 
eirde  Hence  if  7  /he  tno  fixed  [omts  on  a  come  F  Q  two  yaciablB 
points,  surh  tliat  the  anharmooit  ratio  of  the  foil  pointa  P,  Q,  I,  J  is 
constant,  the  envelope  oi  JPQir,  \  (.omo 

6.  Project  the  following  propeities  . — 

If  two  tangents  to  a  parabola  include  a  given  angle,  the  iocua  of  thoit 


6  If  two  cue 

angles 

7  Confooal  conios  intersect  at  right  angles. 

8.  If  two  tangents,  one  to  each  of  two  confooals,  ba  at  right  angles,  tha 
locua  of  their  intersectioo  is  a  circle. 

0.  If  a  variable  chord  of  a  conic  subtend  a  right  angle  at  a  fixed  point 
not  on  die  come,  the  em  elope  of  the  ctord  le  a  tonii, 

10  If  a  variable  Ime,  whose  osfremitips  rest  on  the  ciioumferencea  of 
two  gr\en  eontentn  (.irLlci,  '(uLtend  a  right  angle  at  any  given  flied 
point    the  lo  us  of  its  (entie  i-'  a  eiide 

UiLiHiicohAL  PEOJEcnoife 

276.  Iff,  Q  he  two  planes  interseoting  in  a  line  L,  and  inclined 
at  m  angle  6,  and  if  from  all  the  points  Ai,  A^  .  .  .  of  a  figure  Fj 
in  the  plane  P  iierpendicwlm-s  he  drawn  to  thepltme  Q,  meeting  it 
in  the  points  JBi,  5,  .  .  .formit^  a  flgwe  F^,  the  figures  Fi,  F^ 
tire  said  to  he  orthogorudly  related,  F^  is  called  the  projection  of 
Fi,  and  F,  the  inverse  projection  of  F^^;  the  hm  L  ts  called  the 
axis,  and  cos  0  the  modulus  of  pry'ection. 

The  following  are  fundamental  properties  of  oitliugoual  pio- 
jection  ;— 

1".  To  parallel  lines  in  either  figure  coneapond  parallel  lines 
in  the  other. 

2°.  The  ratio  of  parallel  lines  is  unaltered  hy  orthogonal  pro- 
jection. 
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277.  By  supposing  tie  plane  P  to  tiom  rcund  the  aits  imtil 
it  coincides  witt  Q,  the  figures  F„  F  will  ho  reduced  to  one 
plane.  It  is  evident  that  any  two  corresponding  points  will  he 
situated  on  the  same  perpendioular  to  the  axis  at  distances 
which  are  in  the  ratio  1  ;  cos  $.  Hence  if  the  a-^is  of  piojec 
tion  and  a  pei-pendioular  to  it  he  taken  is  axes  of  co  oidimtcs, 
the  equation  of  Fi  can  he  found  from  that  of  F^  hy  writing 
ic,  kp  for  X,  y  where  /,;  =  cos  Q. 


BXEECISES. 

1.  The  line  at  infinity  ia  projected  into  the  line  at  influity.  Fov  tli9 
equation  of  the  liue  at  infinity  is  0;.  it  +  0  . )/  -v  e  =  0,  and  tlic  subelitutiou  of 
§  277  leaves  this  unaltered. 

2.  A  conic  of  any  species  is  projected  into  a  come  of  the  aflme  epeciea. 
For  suppose  the  conic  in  Ji]  to  be  a  hyperbola,  it  meets  infinity  in  two  real 
points.     Hence  its  projeotiou  in  Jj  meets  infinity  in  two  real  points. 

3.  Homothelie  figures  i-emtiin.  liomothetic  after  projcctinn. 


Lhuihee's  Problem. 

278.  To  project  a  given  triangle  Ay  A  ^A^  into  a  triangU  BiS^Bi 
wkieh  shall  be  similar  to  a  given  triangle  C,  C^  C^. 

SoLCTiotr. — The  generality  of  the  problem  will  not  be  lessoned 
by  supposing  the  point  B^  to  coincide  with^i.  On  the  side 
AiAs  of  the  given  triangle  construct  the  triangle  DiA^A^ 
similar  to  0,0^0^,  and  describe  a  cirelo  SA^Di  fJirough  the 
points  AiSi,  and  having  its  centre  on  the  line  A^^. 

Let  the  circle  cut  the  line  A^Ai  in  the  points  S,  8'.  Join 
Ai8,  I>iS ;  let  fall  the  perpendiculars  A^oi,  A^a,  on  Ai8. 
Draw  SM,  making  the  angle  A^SM  equal  to  DiS8',  cutting 
Aiaji,  A^ai  in  the  points  £■!,  £, :  then  AiBiB,  is  tlie  triangle 
required. 
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Dem. — The  triangle  A^SM  is  evidently  similar  to  I>iSS'. 
Therefore  A^S  :  SM:  :  D,S  :  SS';  but  8M:  SB^  : :  SS'  :  SA.,. 
Hence  A^S  :  SS^::  D^S  :  SA^,  and  the  angle  A^8B^  =  B^SA^ 
(const.).  Hence  the  angle  SB^A^^  SA^S,.  Therefore  AiB^B^ 
=  I),A'J-^-  Similarly,  AiB^B^  =  B,A,A^.  Hence  the  triangle 
A,B^3  is  similar  to  DiA^As,  and  therefore  similar  to  CiCiC,. 
(Ci.E.D.) 


If  through  S'  the  line  S'M'  be  draivn  parallel  to  SM,  and  the 
lines  A,Bi,  A^B,  produced  to  meet  it  in  B'^,  B\,  the  triangle 
A,B\B'3  is  the  inverae  projection  of  AyAiA^, 

For  A^B\ :  A^Bj : :  A,S' :  A^M,  that  is  : :  %^, :  a^B-^.  Hence 
the  lino  B'^Ai  is  parallel  to  A-,S,  and  therefore  perpendicular 
to  Ai8'.  Similarly,  A^B'^  is  perpendicular  to  Ai8'.  Hence  the 
triangle  AiB'^B'^  is  the  inverse  projection  AjA^A^  mth  respect 
to  the  axis  ^iS'. 

The  foregoing  solution  is  talien  fi-om  Neuberg,  "  Sur  les  pro- 
jections et  contre-projectionB  d'un  tiiangle  fixe,"  Bnixellcs, 
1890.  It  is  due  to  Gugler,  who  published  it  in  the  2iid 
Edition  TraiU  de  6eom«trie  deaeriptive,  page  103. 
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Cor.  1- — 1£  i^i  be  tie  aymetrique  of  By  with  respect  to  A^A,, 
the  axes  of  projection  are  the  bisectors  of  the  angle  DiAiI)\ 
and  its  supplement. 

Cor.  2. — The  line  A^Bi  is  perpoadicular  to  the  sides  -Bj^a, 
£\B's  of  the  projections.  For  let  AiB,^  intersect  S^Ss  in  P. 
Then  [Euc.  HI.  xsi.]  the  angle  SA,P  =  SS'B,,  and  ^.fi-P 
=  S'SB,  (const.).     Hence  ^,PS  =  8B,S: 

Cor.  3. — The  perpendiculars  A^P,  A,P  of  the  projections 
AAB„  A,B\B's  are   respectively  eijual  to  i(^iA  - -ii^^'i), 

This  follows  fi-ota  Bequel,  Prop,  vni.,  Book  lY. 

(7ot-.  4.— If  the  axes  of  projection  he  given,  hut  the  modulus 
variable,  the  locus  of  summits  of  triangles  similar  to  the  pro- 
jections of  AyA^A^  described  on  the  line  A^^  is  a  circle,  viz. 
the  circle  A^SS',  whose  diameter  88'  is  the  intercept  which  the 
axes  malte  oa  the  line  AiA^.  (Netiberq.) 

Cor.  5.— If  the  modulus  bo  constant  hut  the  axes  variable, 
the  locus  is  a  circle. 

For  let  A'j  be  the  symetrique  of  A,.  Join  SB',,  8'B\,  cut- 
ting AiA\  in  the  points  N,  N'  respectively,  wo  have  cos  6 
=  A,M/A,S'  =  tan  B^SS'I  tan  A,SS'  =  NHjA^IT;  and  since  0 
is  constant  and ^^^ constant,  SNis  constant,  and  JV^is  a  given 
point.  Similarly,  iV'  is  a  given  point,  and  the  circle  WiyiN' 
described  on  If,  N'  as  diameter  is  a  given  circle,  that  is  the  locus 
of  B\  is  a  given  circle.  Ibid.) 

Cor.  6. — The  ciroumcircle  of  the  triangle  A^A^^i  mil  pro- 
ject into  an  ellipse,  whose  axes  will  he  parallel  to  the  axes  of 
■projection  A-^S,  A^8'. 


I .  If  a  circle  te  projeoted  into  am  ellipse,  the  centre  of  the  ellipse  will  bt 
the  projection  of  the  centre  of  the  circle. 

3.  Any  ellipse  touching  the  three  sides  is  touched  by  a  homothetic  ellipsi 
passing  through  the  middle  points  of  its  sides. 

3.  In  the  figure  (5  2T8),  prove  tt at  taii=  je  =  ^iJ>'i/^iDi. 
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4.  The  mi 

isimiim  triangle 

inscribed  in  ar 

L  ellipse  1'  that  who' 

e  centre  of 

gravity  coineidea  with  the 

centre  of  the 

ellipse     P^r 

if  thi 

■  ellipse  be 

projected  [int 

■a  a  circle,  the  ■ 

triangle  most  be  piojeoted  11 

ito  in 

oqmliterai 

triangle. 

5.  The  mi 

nimum  triangle 

^0  an  ellipse  la 

that  whose  sides 

are  bisected  at  the  points  of  contact. 

6.  Any  hyperbola  can  be  projected  into  an  equilateral  hyperbola. 

7.  Two  triangles  orthogonally  related  are  orthologic[uo. 

Suppose  the  triangles  to  be  AiA^J,,  BiSiSi,  fig.  §  278.  Now  the  tri- 
angle  AiA^Ai  and  the  flat  triangle  ^10203  are  evidently  oi-thologiqne,  for 
the  perpendiculara  from  AiAsAa  oa  tbe  sides  olAiatsaa  are  oonourreut  since 
they  meet  at  infinity,  and  the  vertices  of  AiS^Ba  divide  the  distances 
between  oorreapondiuf^  vertices  of  A1A2A3  and  .limsm  in  the  same  ratio. 

8.  The  tangents  to  an  ellipse  at  the  eummits  of  its  masimum  inscribed 
triangle  are  parallel  to  the  opposite  sides  of  the  triangle.  Hence  the  equa- 
tion of  an  eOipae  refeiTOd  to  its  masimum  inscribed  triangle  is 

pyjsijLA  +  ya/sinB  +  cfi/sin  C  =  0.  (852) 

This  is  called  the  Sfeiner  ulUpse  of  the  triangle.  The  contrast  between 
its  equation  and  that  of  the  circumcirole  is  worthy  of  note. 

9.  If  the  triangle  AiAiA^  turn  in  ilB  own  plane  ronnd  the  centre  of  its 
tircumcirole,  and  be  projected  in  all  its  positions  on  a  plane  Q,  all  the  pro- 
jected triangles  will  be  inscribed  in  the  same  ellipse.  Prove  that  if  the 
asea  of  the  ellipse  be  taken  aa  axes  of  co-oi'dinates,  the  co-ordinates  of  the 
points  Bi,  Bi,  Bi  will  be 

j    i  cos  (^1  +  A)       Ik  cos  {^j  +  X)       I    S  cos  (<fis  4  A) 


*li  <h!  ^!  being  constants,  and  A  variable. 

10.  Construct  two  tiiangles  orthogonally  related,  the  Erst  of  which  shall 
be  eqnal  to  a  given  triangle  (187,  and  the  second  similar  to  another  given 
triangle  n'3'7'. 

11.  If  b',  i",  i'"  be  the  semidiameters  of  an  ellipse  parallel  to  the  sides 
of  an  inscribed  triangle,  and  if  a,  b  be  the  semiaxes  of  the  ellipse,  prove 
that  the  circumradius  of  the  triangle  is  b'b"b"'  jkIi.  (M'CuLLiaii.) 
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12.  The  modulus  in  the  figure  ol  j  378  is  given  by  the  equation 

co8fl  +  fleefl  =  2  (oot  ^s  cot  Si  +  cot  Ba  cot  A).       (Noteehg.) 
Cor. — All  equilateral  triangles  in  the  same  plane  are  projected  on  any 
plane  inia  triangles  having  the  same  Bracard  angle. 

Sections  oe  a.  Coke, 
379.  A  coae  of  the  second  degree  is  tte  surfMe  generated  by 
a  variable  liae  pMsing  through  the  circumference  of  a  fixed  circle 
called  the  iase,  and  through  a  fixed  point  not  in  the  plane  of  the 
circle.  The  generating  line,  in  any  of  its  positions,  is  called  an 
ed^e  of  the  cone,  the  fixed  point  its  vertex,  and  the  line  joining 
the  Tertex  to  the  centre  of  the  base  the  axis  of  the  cone. 

The  line  generating  the  cone  heing  produced  indefinitely  hoth  wiiys,  it  is 
evident  that  the  complete  surface  consists  of  two  sheets  united  at  the  vertex, 
and  l]ie  whole  is  considered  only  aa  one  cone,  of  which  the  vertex  ia  a  node 
or  double  point. 

"When  the  axis  of  the  surface  is  at  right  angles  to  the  plane 
of  the  base,  it  is  called  a  right  cone ;  in  other  cases  it  is  obliqm. 

In  the  following  propositions  a  plane  through  the  axis,  per- 
pendicular to  the  plane  of  the  base,  will  be  the  plane  of  refirenoe, 
and  the  sectioES  of  the  cone  will  be  understood  to  be  those  made 
by  planes  at  right  angles  to  the  plane  of  reference. 

280,  Sections  of  a  com  made  hg  parallel  planes  are  similar. 

This  is  evident,  for  the  sections  are  homothetic  with  respect 
to  the  vertex. 

Cor.  I.— Any  line  drawn  through  the  vertex  will  meat  the 
planes  of  two  parallel  sections  in  homologous  points  with  respect 
to  those  sections. 

Cor.  2. — The  sections  made  by  planes  parallel  to  the  base  are 
circles. 

Dbf. — A  section  viltose  plane  intersects  the  plane  of  reference  in 
a  Une  antiparalhl  to  the  diameter  of  the  base  is  called  an  antiparallel 
section. 
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281.  If  an  ohliqw  cone  ABC  he  cut  h/  a  plme  MLF  i 
■antiparalkl  posiUon,  the  seeUon  will  he  a  circle, 

Dem. — Through  any  point  R 
in  EF  draw  a  piano  SLK  par- 
allel tx)  the  base.  Then,  eince 
the  planes  ELF,  ELKaxa  both 
normal  to  the  plane  ABC,  their 
common  section  (Ene.,  XI.  six.), 
.ff J,  is  normal  to  it.  Hence  (Euc,  B^ 
lll.x.%:^y.),RL^=HR.SS:.  But 
from  the  hypottesis,  the  four  points  H,  E,  K,  F&re  concyolic. 
Hence  ER  .RF  =  IIR  .  RS";  therefore  ER.  £F=  RL\  Hence 
the  section  EZFis  a  circle. 

Cor.  1. — Any  sphere  passing  through  the  haee  ol  a  cone  will 
cut  the  cone  again  in  an  antiparallel  section. 

Cor.  2. — If  a  sphere  be  described  about  a  cone,  its  tangent 
plane  at  the  vertex  is  antiparallel  to  the  base. 

282.  Any  section  of  an  ohlique  cone  wHeh  is  not  antiparallel  is 
either  aparahola,  an  ellipse,  or  a  hjfer- 
boh. 

1°.  Let  the  section  he  parallel  to  an 
edge  of  the  cone. 

Let  AN  be  the  intersection  of 
the  section  with  tJie  plane  of  refe- 
rence. Then  since  AN  is  parallel 
to  the  edge  CB,  and  NE  parallel 
to  the  diameter  of  the  base, 
tiiangle  ANE  is  given  in   species. 

Hence  tbe  ratio  of  AN :  NE  is  given ;  and  since  AI)  is  eciual 
to  FN,  the  ratio  of  the  rectmgle  AD .  AN:  FN.  NE  is  given ; 
but  FN.  NE  =  NF'.  Hence  the  ratio  AD .  AN:  RN"  is  given  , 
therefore  FN'  varies  as  AN.     Hence  the  section  is  a  parabola. 

Cor.— It  the  point  Q  be  taken  in  CD,  such  that  -DC  .  DQ 
=  DA^,  then  DQ  =  latus  rectum  of  the  section. 
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2°.  Zei  the  section  cut  all  the  edges  of  ime  sheet  of  t 

Let  A,  5  be  the  [vertices  of  the  p 

aeetioH.  Draw  any  Bection  ^F 
paiallel  to  the  base,  intersecting 
the  former  in  the  points  P,  I". 
Then,  since  the  planes  APB,  SPF 
are  both  normal  to  the  plane  of  re- 
ference, their  common  section  is 
normal  to  it  ;  hence  JVP  is  pei- 
pendicular  to  EF.  Therefore  PiV= 
=  EW.  NF.  ^ 

Again,  from  the  pairs  of  similar  triangles  £4  G,  BNF;ABI), 
ANE,  wo  get 

AB''  -.AG-BB::  AN'.  NB:EN.  NF  or  PIT'. 
Hence  the  ratio  AN .  NB :  PN'^  is  given,  and  therefore  the  locus 
o£  P  is  an  elHpse. 

3°.  Lei  the  plane  ofseetion  -meet  both  sheets  oftJie  cone. 

The  section  in  this  ease  will 
be  a  hyperbola  The  pioot  is 
the  same  is  2° 

Cm  — Theiectangle^i?  BB 
IS  equil  to  the  square  of  the 
conjugate  diameter 

283  If  a  light  cone  erne- 
lopmg  two  spheres  he  cut  hy  a 
plane  touching  loth  of  them, 
the  pomts  of  contiuf  wtll  be 
the  foci  of  the  section 

(Danbbun  and  Qdetelex  ) 

Dem.— Take  any  point  Pm 
the  section,  Joia  CP  meeting 
the  planes  of  contact  in  B,  B'. 

Join  PF,  PF'.      Then  PF.  =  PP,  beins  tangents  to  a 
and  PF'  =  PB'.     Hence  PF+  PF=  BD'  =  distance  on 
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of  the  cone  between  tlie  planes  of  contact.     Hence  PF  ^  PF'  i 
constant,  and  the  proposition  is  proTcd. 

Cor. — The  plane  of  section  intersects  tlie  plaaes  of  contact  ii 
the  directrices  of  the  section. 


1.  The  orthogonal  projection  of  the  sention  APB  on  the  base  of  the  cone 
is  a.  conio  having  a  fccus  at  the  centre  o£  the  base. 

2.  It  the  aeetacm  of  a  cone  by  a  plane  be  a  hyperbola,  prove  that  the 
BEymptotea  are  pamllel  to  the  edges  in  which  the  cone  is  cut  hy  a  piano 
parallel  to  the  sectioa.     (Mate  use  of  {  280 . ) 

3.  It  a  right  cone  enToloping  two  spberoe  be  cut  by  a  plane  which  also 
cuts  the  Bpherea  in  two  cirelea,  the  Eum  or  difference  of  the  tangents  to  the 
circles  from  any  point  in  tie  section  of  the  cone  is  constant. 

4.  If  e  be  the  eccentricity  of  the  conic  in  Ex.  3,  prove  that  it  5  denote 
the  distance  between  the  ceulrea  of  the  circles,  Ey(sum  or  difference  of  tan- 
gents) =  e. 

g.  The  eccentricity  of  any  section  of 
of  the  Bngk  which  the  osis  of  the  C' 


proporfioaal  ti 
makes  with  plane  ot  aecl 


Iheci 
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6.  The  planes  of  coatMt  of  the  spheies  intersect  the  plane  of  tiie  oirclea 
in  lines  wHct  correspond  to  tho  directrix.  That  is,  if  t  bo  tho  tangent  from 
any  point  in  the  oonic,  and^  the  perpendicular  on  the  cmreBpondinE  line, 


7.  The  latua  rectum  of  the  section  is  eqnal  to  twice  the  peipendicalar 
from  the  Tertax  on  the  plane,  multiplied  by  the  tangent  of  half  the  vertical 

8.  If  2"  be  any  point  in  the  circumference  of  the  section,  ptore  tiat  the 
right  cone,  haying  ?'!',  FF,  FOas  edges,  has  the  tangent  at  J  to  the  cur\-e 
forilsasis. 

9.  The  locus  of  the  vertex  of  all  right  cones,  out  of  which  a.  given  oUipse 
can  be  cut,  is  a  byperbola,  having  for  summits  and  foci  the  foci  and  sum- 
mits of  the  ellipse.  The  relation  tetween  tho  ellipse  and  hyperhola  are 
reciprooaL 

10.  If  through  the  vertex  of  an  oblique  cone  standing  on  a  circular  baee 
a  plane  be  drawn  perpendicular  to  one  of  its  edges,  this  plane  ivill  cut  the 
base  in  a  line  whose  envelope  is  a  conic,  having  iJie  fool  of  the  peipendicular 
from  the  vertex  on  the  base  as  focus. 

11.  If  a  right  cone  be  cut  by  a  plane,  the  perpendioulars  from  tie  vertex 
of  the  cone  on  any  tangent  to  the  section,  and  from  the  point  where  tie 
plane  meets  the  axis,  are  in  a  contrary  ratio.  (Neubebo,) 
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THKOllY  OF  HOMOGEAPHIC  DIVIBIDN. 

284.  If  0  1)0  th,o  origin,  and  the  abscissiS  OA,  OB,  the 
roots  of  til  G  0  A  C       B  D 

equation  "■ *~ "~ — --— — -. 

m^  +  1U  +  S  =  0,  anii  Oa,  OiJ  tlio  roots  of  a'x'  +  'i.Kx  +  i'  =  0  f 
then,  if  (7,  i)  he  hannonio  conjugates  to  A,  B, 

ab'  +  a'h  -2hh'  ^Q.  (854) 

Dem. — If  the  ahsoissa  of  C  he  «',  its  polar,  with,  respect  to 
aa?  +  2te  +  h,  Is  aax)/  +  A  (j;  +  a:')  +  i  =  0 ;  and  tho  points 
■whose  abscissffi  are  a:,  x'  will  be  harmonic  oonjugates  with 
respect  to  A,  S,  and  therefore  a^,  a/  will  be  the  roots  of 
o'a:*  +  2A'ar  +  J'  =  0.     Hence 

_2A'    ^^,^s;. 

and,  substituting  in  uxx'  +  7(  (a  +  a;')  +  J  =  0,  we  get 

ah'  +  (j'i  -  2M'  =  0.     Compare  §  42,  Cor.  2. 
Cor.  1. — The  point  pdr  denoted  by 

Axx'  +  _5  (ic  +  «')  +  C  =  0 
are  hamionic  conjugates  to  the  pair 

Aa?  +  IBx  +  C  =  0. 

285.  If  tlie  three  point  pairs 

as?  +  2^  +  J  =  0,     d'a;'  +  Wx  +  5'  =  0,     «'V  +  ih"x  +  S"  =  0 
have  a  common  pair  of  hannonio  conjugates,  the  determinant 
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Sem. — Let  Ax?  +  ZSio  +  ff  =  0  be  the  eommoa  pair  of  har- 
monic  conjugates  :  then  Tve  have  three  equations 

Aa  -  2m  +  bB  =  (l,  &o., 
and  eliminating  A,  R,  Bwc  Rot  (855). 

Cor.  1. — If  the  point  pair  ax''  +  2hx  +  i  =  0  be  harmonic  con- 
jngatea  to 

l/^a,'ar'  +  2k'x  +  h'  =  0  and  to  r^a"af-f-2h"x  +  6"  =  l), 
thoy  are  also  harmonic  conjugates  to  IT-y  Is  P"=  0. 

Cor.  2. — If  the  line  pair  ax''  +  2fey  +  iy*  =  0  be  harmonic 
conjugates  to  the  line  pair  a'x^  +  2k'3^  +  h'y'  -  0,  then 

ab'  +  a'h  ~  2kh'  =  0. 

Cor.  S. — The  line  pairs 

U'i^iix'  +  2kxy  +  hf  =  0,     V^-  all?  +  Ih'xy  +  I'f  =  0 

have  the  line  pair 

[ah'  -  «'A)  ^  +  {(A'  -  a'b)  xy  +  (AS'  -  A'J)  y'  =  0 

as  harmonic  conjugates.  For  eatih  of  the  iormer  line  pairs  fulfil 
with  this  the  conditioJi  of  harmonicism.  The  last  ec^uation  may 
be  written 

dx    Ay       Ay    ax 

Cm-  4, — ^If  the  line  pairs  C=  0,  F=  0,  be  wiitten  in  Ahom- 
Hotn'a  notation  thus, 

(«,«,  +  a^W'^  =  0,     (Si3^i  +  Kxif  =  0, 
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the  condition  that  they  form  a  hai'monic  pencil  is 

{aA-  ihhy=0,  (857) 

where,  aa  usual,  a,,  >h,  ^'^-^  h.a.ve  no  meaning  until  the  multipli- 
cation is  performed. 

286.  If  a/  =  0,  h^'  =  0  he  the  equations  of  two  conks,  it  is 
required  to  find  the  locus  of  a  point  whenee  tangents  to  them  form 
a  harmonie  pencil. 

Let  a:  be  the  point ;  then  if  ji  be  a  point  on  atangent  to  a/  =  0, 
the  equation  of  a  pair  of  tangents  from  «/  to  «i'  =  0  is  got  by 
substituting  the  expressions 

for  Xi,  Xj,  A3  in  the  tangential  equation  A\^  =  "  (|  2fi0,  Cor.  2). 
Hence  the  pair  of  tangents  are — 


Vi, 


=  0; 


(838) 


and  putting  j/a  =  0,  the  pair  of  points,  where  the  tangents  meet 
the  third  side  of  the  triangle  of  reference,  are  given  by  the 
equation 


D  meaning  until  the  multiplication  is 
get  from  the  conic,  h/  =  0, 


where  A„  Ai,  A,  hari 
performed.     Similarly 

I  {£^,  -  S^,)  p,  +  (S^,  -  £,^,)  y,j  =  =  0. 
Hence  (g  285,  Cor.  i)  the  condition  of  harmonieiam  is 
I     A^x  ~  A^Xi,         jljSi  —  A^Xs,     I ' 
B^x-^  -  B^x^j         Bs  «i  -  ^1^3        ~     ' 
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Similarly,  the  envelope  of  X„  whieli  cuts  tlie  conies  a^  =  0, 
i^  —  0  harmonioally,  is 

K,         K       '' 
,         Rj,         a,,       =  0.  (860) 


The  two  conios  (859),  (860)  may  be  called,  respectively,  the 
jiomt  and  Une  harmomc  eoniea  of  »,'  =  0,  h^  =  0.  Their  importance 
in  the  theory  of  a  pair  of  conios  was  noticed  by  Dm.  Salmon 
(  Cambridgi)  ani  Dublin  Math.  Jownal,  vol.  ix.,  p.  30).  They  are 
due  to  STiuHT,  who  published  them  in  1834,  inhia  "ITiimberger 

The  eciiiatioKs  (869),  (860)  expanded  are 

+  2S  {A.^By,  +  ^isSi,  -  A^JS^  -  A-^B,^)  ^A  =  0,     (859') 

5  (flMSaa  +  a,Ai  -  2a-J>^)  K^ 
+  22  (Mi3  +  <hAi  -  Mas  -  Mu)  AjAb  =  0.  (860') 

Cor. — The  point  and  line  harmonic  conies  of  a-^ie^  +  a^x.^ 
+  a^x^  =  0,  and  &|i»i'  +  ij^s*  +  h^ie^  =  0  are,  respectively, 

ajii  [ihK  +  'h^-ij  ^'\    +  ^i'l  ("a^i  +  ifj-Sa)  ^s'  +  «s^s  {'^iK  +  <*2^i)  ^a^  =  Oj 

(861) 
(((j*a  +  a^Ja)  K^  +  (rtjS,  +  «,*,)  X^  +  (oiSj  +  HsSi)  As'  =  0.      (862) 

PllOJEOTITB  Rows. 

287.  Def, — Paira  of  points  X,  X'  whose  ahoissa  x,  af  with 
respeet  to  two fxed  points  0,  0'  on  two  given  lines  L,  Z',  or  whose 
ratios  of  seotionk,  \'  with  respect  to  two  paws  of  fixed  points  0,  Oj 
on  L,  and  0',  0/  on  Z'  satisfy  equations  of  the  first  degree  of  the 

ax'j/  -hx-l'x  +  c=0,  (863) 

«,AA'  -  6,A  -  Ji'X'  +  I!,  =  0  (864) 
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are  $aid  to  mark  pryeciwe  rws  (French,  Ponetuelles  prqjectiv 
German,  FrojeUmsehm  Pmkireihm)  on  L,  L'. 

It  is  necessary  to  show  that  (863),  (864)  arc  consistent.     I 


00,  =  w,    0'  0{  =  <     A  =  XOjXOi  =  ^lix  -  m), 

y  =  X'O-jX'O/  =  x'l{s;  -  m'), 

and  eliminating  x,  nf  hetween  these  and  (863),  we  get  an  equa- 
tion oi  the  form  (864). 

Pryective  rows  ha/oe  a\  to  X  eorrespondenee :  that  is,  to  every 
^int  of  one  row  eorreaponds  one,  and  only  one,  point  of  the  other. 
For  it  is  evident  that  heing  given  the  value  of  either  yariahle  in 
(863)  or  (864),  we  get  only  one  value  of  the  other. 

Cor.  I.— The  equatiom  (863),  (864)  retain  (heir  forms  after 
iramformation  to  new  origins  on  the  lines  Z,  Z'. 

For,  since  the  points  X,  X'  have  a  1  to  1  correspondence  hefore 
transformation,  they  must  have  it  after  transformation. 

Cor.  3.— If  A,  B,  C,  A',  £',  C  be  two  triads  of  fixed  points  on 
two  fixed  lines,  and  X,  X'  variable  points  on  the  same  lines 
fiatisfyingtherelation(^£C'i)  =  (^'^'C'X'),  thenX,  X'  mark 
projective  rows  on  these  lines 

For  it  is  evident  that  X,  X'  have  a  1  to  I  correspondence- 

Ciyr-  8. — A  pencil  ofUnes  marh  profeetive  rows  upon  two  trans- 
'Bsrsals.     In  other  words,  two  perspective  rows  are  projective. 

288.  In  two  profeotive  rows  the  miharmonio  ratio  of  any  four 
points  of  one  is  equal  to  the  anharmonie  ratio  of  the  four  corre- 
s  of  the  other.     In  other  words,  prvfeetim  rows  are 
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Let  AA',  BB',  two  corresponding  point  pairs,  be  taken  as 
origina.  Then  we  liave  X  =  XAjX£,  A'  =  X'A'jX'B'.  Kow,  if 
X  coincide  with  A,  X'  will  coincide  with  A' ;  honoe,  when 
X  =  0,  A'=  0.  Similarly,  if  X  coincide  with  £,  X'  will  with  £', 
and  it  follows  tliat  when  A  =  co,  A'  =  co  ;  hnt  if  A,  A'  he  each  ec[ual 
to  zero  in  [864),weget(;i=0,  and  if  eaehequal  to  infinity,  we  haye 
Oi  =  0.  Therefore,  when  pairs  of  corresponding  points  are  tatcn 
as  origins  the  equation  (864)  becomes  bX  +  h'X'  =0,  or  A  =  ^A'. 
Ifow,  if  CC,  DD'  be  the  corresponding  point  pairs,  wo  have 


CA 

m 

CA' 
=  ''CB" 

and 

BA 
BB 

B'B'' 

Hence 

(ABCD)^ 

{A'B'O'B- 

)■ 

Cor, 

— Two  projective  row 

re  in 

perspeoti- 

when  three 
g  point  pairs  are  in  perspcotivo. 
389.  PoiHTS  WHTCH  CoERBSTONn  TO  Ineznitst.— Suppose  a  X  0, 
the  equation  (863)  can  be  written 

1V3/  —  JUx  »-  Til's/  -i-  fi  =  Q    01  (^  —  m'\  fit'  "  fli)  =  yntu'  —  ft  =  p 

suppose.    Now,  transferring  the  origins  to  points  /,  J,  whose 
ahscissffi  on  L,  L'  are  m'  and  m,  the  new  abscissae  are 

y  =  IX  =  m  -  m',     and  y'  =  JX'  ~  ^  ~  m. 

Hence  ijij'  =  p.     Then  /,  J  are  points  which  correspond  to  in- 
finity.    Eor,  if  )/  =  0,  /  =  o=,  and  if  </'  =  0,  y  ~  00. 

Co*-.— Tho  standai-d  forms  to  which  (863),  (864)  can  be  re- 
duced, arc  yy'  =  p,  (865) 
A  =  hk'.  (866) 
290.  SiMttiK  Hows. — If  a  =  0  in  (863),  the  relation  becomes 
hx-vb'«:'-o  =  0,  that  is  x  =  -l'jb(x' -  ejh'),  or  3;  =  m («'-»), 
and,    transferring  the  origin   0'  to  a  point   which  has  n  for 
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abscissffi,  *  =  rm/'.  Here  tliere  is  a  ooastant  ratio  between  the 
segments  on  Z  tuid  tho  corresponding  segments  onL',  and  when 
j2;  =  a>,  f/  =  os.    Hence  the  points  ^  /are  both  at  infinity. 

Cor.  1. — If  the  points -^  /ho  at  infinity,  the  rows  are  similar. 

Cor.  2. — If  m  =  t  1,  homologous  segments  on  Z,  £'  are  equal. 


UiepointeX,  Z' divide  at.^r,  £rboniogr(iphically.   For,  evidently,  there 
is  a  1  to  1  correspondence. 

2.  If  tifaiigeiitparalleltoBT'out  .^ria  J,  andatangentparalleltojir 
outSrin  J",  tlienthereetangleaZS./X,  lA.JT,  IT.JSa.TB  all  eijuH!. 

3.  Two  fixed  -taagente  to  a  pai'abola  are  divided  proportionally  by  a  variable 
tangent.     For  it  is  easy  to  see  that  the  points  I,  J  are  at  infinity. 

4.  If  IX,  JX'  1)6  parallel  tangents  toaconti'al  conic  /,  J"  being  the  points 
of  contact,  and  if  any  variable  tangent  cuts  tiein  in  X,  X',  then  JX .  JX' 
=  constant. 

Pbojbciive  Pekcels. 

291.  Def. — Tfed  pencils  are  said,  m  relation  to  eaeh  other,  to  he 

projective  when  the  ratios  of  seetion  A,  \'  of  two  homologous  rays 

wit/i  respect  lo  any  origins  of  rays  AB.,  A' B'  satisfy  a  relation  of  the 

fomi  akX'  '  b\-  b'k'  +  e  =  0. 
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In  two  prt^setive  pencik  the  anharmome  ratio  of  any  four  rays 
of  one  is  equal  to  the  mharmonic  ratio  of  the  four  homologous  rays 
of  the  other. 

Dem. — The  preceding  relation  gives  \'  =  {h\  ~  e)/(a\  ~  J'). 
Tfow,  let  (Ai,  A/)  (Aj,  A/)  ,  .  .  (Aj,  Aj')  be  the  ratios  of  section  of 
four  pairs  oi  corresponding  rays.     Then  it  is  easy  to  verify 

VV  -  K'j 
it  suffices  to  replace  X,'  by  {b\,  -  o)j{aXi  -  6'),  &e. 

Cw.  1. — If  two  pencils  lie  euch  that  the  onhamionic  ratio  of 
three  flsecl  rays,  A,  £,  C,  and  a  variable  ray  X  of  one  be  equd  to 
the  anharmonie  i-atio  of  three  fixed  rays,  A',  £',  C,  and  a  variable 
ray  X'  of  the  other.  Then  the  anharmonie  ratio  of  the  pencil 
foi-med  by  X  in  four  different  positions  is  equal  to  that  formed 
by  X'  in  the  corresponding  positions.  Because,  to  a  ray  of  oae 
corresponds  one,  and  only  one,  ray  of  the  other. 

Cor.  2. — Any  two  projective  pencils  are  cut  by  two  trans- 
versals in  projective  rows. 

Cor.  3. — If  two  homographic  pencils  be  such  that  three  pairs 
of  homologous  rays  intersect  in  a  right  line,  then  all  pairs  of 
homologous  rays  intersect  in  a  right  line. 

EXERCISES. 

1 .  Two  pencils  whose  vertices  lie  on  a  conic,  and  ^yh.0BB  coTreaponding 

raya  intersect  on  the  eame  conic  are  eq^ual,  for  tte  rays  have  a  1  to  1  eorro- 


2.  If  four  chords  of  a  conic  pass  through  the  same  point,  the  anharmonie 
ratio  of  four  of  the  points  in  which  these  ohorda  meet  the  conic  ia  eqnal  to 
the  anhatmonio  ratio  of  the  remaining  four  points  in  which  Ihey  meet  it. 
For,  let  Z,  S'  be  the  points  in  which  any  of  the  chords  meets  the  oonio, 
and  let  0,  0'  be  two  fixed  points  on  it.  Join  OX,  O'X' ;  these  will  be  rays 
of  two  pencila,  whoae  vertices  are  0,  0' ,  and  they  evidently  have  a  1  to  1 
eori'espondence. 

3.  If  two  conies  have  double  contact,  the  anharmonie  ratio  of  four  of 
the  points  in  which  any  four  tangents  to  one  meet  the  other  is  equal  to  that 
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ai  the  remainmg  points  in.  wliioli  tlie  BUme  tangents  meet  tie  cutre,  and 
also  the  same  as  tlwt  of  the  points  of  contact.  (Toivnsknu.) 

4.  Maelaimrt' a  Method  nf  Describing  Conies, — The  locus  of  the  vertex  of 
a  variable  triangle  whoee  sidea  pass  tlirongh  thi'ce  fixed  points,  and  whose 
base  angles  move  on  flsed  lines,  is  a  conic. 

5.  Newton's  Method  of  Describing  Conies. — ABCD  ia  a  cyclic  quadri- 
lateral, the  points  A,  Dare  fixed,  and  the  angle  S^  C  is  given  in  magnitude  ; 
then,  if  B  deEcrihe  any  right  line,  or  if  it  describe  !Uij  conic  parsing  through 
the  points  A,  D,  0  will  describe  another  conic  passing  through  A,  D. , 

SnpBKPOSED  Eows. 

292.  Upon  the  same  line  L  we  can  have  pairs  of  points 
X,  X,  -whose  abscisBte  x,  ^  -with  respect  to  two  given  origins 
satisfy  an  equation  of  the  form 


In  this  case  the  rows  are  superposed.  lu  superposed  rows  the 
origins  may  or  may  not  coincide. 

29S.  DoiTBLB  PoiNis. — Double  points  of  superposed  rows  are 
those  in  whieh  conjugate  pointa  coincide.  If  the  origins  0,  0' 
coincide,  then,  for  the  double  points  we  shall  have  x  =  q^,  and 
their  abscissse  are  given  by  the  equation 

ax''ih-vh')x-^c  =  0.  (Ml) 

Hence  there  are  two  double  points,  real  and  distinct,  coincident, 
or  imaginary.  When  they  are  real  and  distinct,  let  them  be 
denoted  by  F,  F'  -  and  let  {A,  A'),  (X,  X)  be  two  corresponding 
point  pairs.  Tbon  (g  288)  we  have  {FF'AX)  =  {FF'A'X'), 
or  (g  39), 

AF    XF  _  A^    X'F_       _    AF   A'F_  _  XF    XF 
AF  ■  XF  "  A'F''  X'F  '    ■'"  AF'  A'P  ~  XF'''  X'F ' 
Hence  {FF'AA')  =  {FF'XX').  (868) 

Therefore  the  anliarmonie  ratio  of  the  doulle  points  and  any 
hoinologoua  point  pairs  is  constani. 
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294.  If  the  double  points  I",  F'  coincide  in  J^,  and  this  be 
taken  as  origin,  the  equation  (867)  -will  have  two  roots  each 
equal  to  zero.  Hence  c  =  0,  J  +  3'  =  0,  and  the  relation  of  pro- 
jectivity  becomes  axx'  -  h(x  -  x)  =  0,  or 

l/;.-lK=l/m.  (869) 

295.  DotiBLE  PoiKTs  rouND  Gbombieioally. — Tlie  following 
geometrical  oonairuction  for  the  doable  points  holds,  whether 
the  origins  do  or  do  not  coincide.  Thus,  let  A,  B,  0  be  three 
points  of  one  system ;  A',  S',  0'  the  corresponding  points  of 
the  other;  then  if  Xbe  the  double  point,  we  have  {XABC) 
=  {XA'B'C) 


XB^XC 

ab'ac^ 


XB'  ^  XC 
A'B''A'C'' 


Hence       XB.XC:  XB'.XC::  AM.  A'C  :  A'B'.  AC. 


e  the  ratio  of  XB .  XC  :  XB' .  XC  is  given,  that  ia, 
the  ratio  of  tangents  from  Xto  circles  described  on  BC  and 
B'C  as  diameters  is  given,  and  X  vrill  be  either  of  the  points  of 
intersection  of  the  line  L,  with  a  ^ven  circle  eoax^  with  the 
circles  on  BC,  B'C. 

Similarly,  we  may  have  two  triads  of  points  on  a  conio 
my  A,  B,  C;  A',  B',  C,  and  require 
to  find  a  point  0,  such  that 
(OABC)  =  (OA'B'C).  This  is 
solved  by  constructing  the  Pascal's 
line  of  the  hexagon  which  they 
form,  as  in  the  diagram.  For  if 
AA'  be  joined,  it  is  evident  ttat  the 
pencils(^'.  OABC),  {A.  OA'B'C) 
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EXERCISES. 

1.  Inscrilje  in  a  conic  section  a  polygou  al!  whose  siSes  \ia,sa  tbrough. 
given  points. 

Soi-OT'iON.— Aaaume  any  arbitrary  point  a  toi  the  vertex  of  the  polygon, 
and  form  a  polygon  whose  sides  pass  through  the  given  points  ;  the  point*', 
where  the  laBt  side  meets  the  conic,  will  not  in  general  coincide  with  a. 
If  we  make  three  such  attempts,  we  get  three  pairs  of  points  n,  o' ;  b,  h' ; 
c,  c' ;  then  a  point  X,  sueh  that  {Kobe)  =  {Xa'b'c')  will  be  the  point 
required. 

2.  In  a  triangle  inscribe  another  triangle  whose  sides  pass  through  given 

396.  Two  projective  pencils  whiek  are  united  at  their  mmmiU 
in  the  same  plane  are  mid  to  be  eoneerdrie  or  superposed.  In 
intersecting  them  Iby  any  trsmsversal,  we  obtain  two  projective 
rows  BQperposed.  These  rows  have  double  points,  real  or 
imaginary,  wliieh  Joined  to  the  common  summit  give  two 
doviile  rays  of  the  pencils. 

iNTOLDTIOTf. 

297.  If  two  et/stems  of  kotnographio points  on  the  smielinehave 
apair  of  corresponding  points  {A,  A')  pemmtable,  then  way  padr 
of  corresponding  points  of  the  systems  are  permutable. 

Dem. — Let  a,  a!  be  the  abscisate  of  A,  A' ;  then,  by  hypo- 
thesis, we  have 

Hence,  by  Bubtraction, 

(J  ,  J')(a  -  a')  =  0,   and  since  a  ><  a\   b  =  *', 
and  the  relation  becomes 

axx'  -b{r.  +  a/)-^e  =  0;  (870) 

and  since  it  is  symmetrical  in  x,  x',  the  points  X,  X'  arc  per- 
mutable. 
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Dbf. — Two  iuperpo&eA  projective  rows  in  which  homologout 
points  we  permutaile  are  said  to  he  in  imohiion. 

298.  Cehtkal  Point  of  Intoldtion.— Supposing fflxO,  SxO, 
the  equation  (870)  maybe  written  ara;'-m(«4-a/)  +  ^  =  0,  or 

{^-m){^-m)^n.  (871) 

■where  n  =  m^  -e'.  Then,  taking  the  point  whose  abscissa  is  nt 
as  origin,  denoting  it  by  0,  0  is  called  the  centi'al  point  of  the 
involution,  and  equation  (871)  gives 

OX.OX'  =  n,  (872) 

n  being  a  constant.  We  see  that  the  central  point  is  that 
which  corresponds  to  infinity  (/or  /)  in  the  general  ease. 

299.  DouBU!  Points  or  Involittion. — When  two  homologous 
points  coincide  in  one,  such  a  point  is  called  a  double  point. 
Now,  if  X,  X'  coincide  in  (872),  we  have  OX  -/i  if  »  >  0, 
there  are  two  double  points,  ■whi:,h  aie  symetnque  with 
respect  to  the  central  point.  In  this  c  'le  homolog  jus  point  pairs 
are  situated  at  the  same  aide  of  the  centnl  point  '»nd  the  mvolu- 
tioa  is  said  to  be  hyperhoUc.  If  »  <  0  the  double  points  ai« 
imaginary,  and  the  involution  is  called  Elliptic 

300.  In  (M  hyperbolic  involution  any  two  hot  oJo/ous  points 
divide  httrmon,iealhj  the  distance  between  the  double  pomti 

Bern. — Let  F,  F'  be  the  double  points,  then  we  have  (872) 
OX .  OX  =  n  wA  OF^  =  OF"  =  n;  .-.  OX.  OX' =  OF';  but 
0  being  the  middle  point  of  FF,  this  equality  indicates  that 
X,  Xf  are  harmonic  conjngates  to  FF'.  Eeciprocally,  all  the 
point  pairs  which  divide  harmonically  a  given  segment  FF" 
belong  to  an  involution. 

Car.  1. — If  three  point  pairs 

ax'+2hx'i-b  =0,    aV  +  2A'«+ J'=  0,    a"x!' +  2k"x  +  b"  =  0 
iorm  an  involution,  they  have  a  common  pair  of  hairaonic  con- 
jugates.    Hence  the  condition  of  involution  is  the  determinant 
(855). 
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Cor.  2.— If  (a,  a'),  {b,  h'),  (e,  i/)  be  the  abscisste  o£  thiet 
lairs  in  iavolution,  then  the  deteiToinant 


Oor.  3. — It  IT=  0,  V=  0  be  the  equations  of  any  two  point 
paire,  then  W-i-  hV  =  0  forms  an  involution  with  Pand  V. 

301.  SrMMExEic  Invoiution. — If  *  =  0,  the  equation  of  invo- 
lition  (870)  reduces  i  (a; +  :b)  c  0  or  (3;-c/2J)  +  (a:'-c/2i)  =  0, 
anl  traUBfeinng  the  ongm  to  the  point  whose  abscissa  is  cj2b. 
Suj  poem^  this  point  E  we  have  HX  +  £X'  =  0,  then  the 
mvolutiOE  18  formed  by  point  j  airs,  which  are  Bym4triques 
with  respect  to  ^  ^  is  a  double  point,  the  second  double 
point  IS  at  inflnitv 

This  mvolntion  having  two  re  1  dDuble  pomti  k  hypoibolic. 

S02  If  two  BUpeiposed  projective  pencils  be  s  ich  that  a  piar 
of  horn  logout  ray  are  peiimitable  then  the  r'^ya  of  every 
homologous  pair  are  permutible  and  the  two  pen  ila  ue  said 
to  be  in  iniolutijn  Iheir  theory  is  leduced  to  that  f  p  mts  in 
involution  by  cuttmg  the  pencils  by  i  transiersal  Pen  lis  in 
mvolutiDn  are  also  divided  into  hypeiloli  and  eliiptii.  The 
f  nnei  has  two  leal  double  rays  which  aie  harmonic  conjugates 
to  any  pair  of  homologous  rays.  As  a  particulai'  case,  we  may 
note  the  involution  formed  by  line  pairs  symmetrical  with 
respect  to  a  fixed  axis  (one  of  the  double  rays,  the  ray  perpen- 
dicular to  this  axis  is  the  second  double  ray).  This  is  isogonal 
irwolutioTi.  The  elliptic  involution  has  two  imaginary  double 
rays.  The  most  remarkable  case  is  orthogonal  involution, 
formed  by  the  sides  of  a  right  angle  turning  round  its  summit. 
If  we  tate  the  sides  of  one  of  these  angles  for  axes  of  co- 
ordinates, the  angular  coefficients  of  two  conjugate  rays  of  the 
involution  satisfy  the  equation  fnm'  +  1  =  0  where  m,  m'  are  ratios 
of  section  relative  to  OX,  0  T.  Hence,  making  m = m,',  the  double 
rays  are  defined  by  to'  +  1  =  0  or  wt  =  i  «'.  Hence,  the  double  rays 
are  the  imaginary  lines  from  0  to  the  cyclic  points. 
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1.  Given  two  homologous  point  pairs  of  an  involution,  show  how  to 
find  the  central  point  and  the  double  points. 

2.  A  system  of  conies  passing  through  four  fisett  pointa  outs  any  Irans- 
vetsfll  in  involution. 

For,  let  S,  S'  be  two  fisad  conies  passing  through  the  points,  then  S  +  hS' 
will  denote  a  vsriable  conic  through  them  ;  and  if  S,  S'  be  given  by  their 
general  equafiona,  then,  if  the  transversal  be  the  axis  of  x,  the  point  pairs 
in  which  they  are  intersected  by  tie  transTersa]  are  given  by  the  equaHouB 

ax^  +  2gx-\-c,  flV  +  2/a:  +  c',  and  ax^  +  2gx-^  c  +  4  (»'a^  + 2/j:  +  c'), 
Hence  (5  300,  Cor.  3),  thoy  arc  in  involution. 

3.  The  three  pairs  of  opposite  sides  of  a  quadrangle  arc  cut  in  involution 
hy  any  transversal. 

i.  Coaxal  circles  arc  cut  in  involution  by  a  transversa] ;  the  points  of 
contact  of  the  circles  of  the  system  which  touch  the  ti'ansversal  being  the 
double  points,  and  the  central  point  that  in  which  the  radical  axis  meets  it. 

5.  A  system  of  conies  having  a  common  self- conjugate  triangle  cut  in 
involution  any  line  passing  through  a  summit  of  the  triangle. 

6.  For  every  two  projective  rows  on  different  lines  there  esist  two  points, 
for  eauh.  of  which  the  rowa  are  iaogonal,  that  is,  the  angles  subtended  by 
one  row  are  r^pectively  equal  b>  those  subtended  by  the  other. 

_  (TOWKSESD.) 

7.  If  Ba',  S5',  cs'  he  three  point  pairs  m  involutjon— 

ab:  be'.ca'  +  a'h.b'c.  <!a=  0,  (ST-l) 

aV.  be .  o'ffl'+  a'b  .  b'o' .  co  =  0.  (875) 

ah  .  b'o'.  ca'+  o'i'.  bc.(fa  =  0.  (376) 

ah .  b'e .  <fa'+  a'b'.  be',  m  =  0.  (877) 

8.  A  common  tangent  to  any  two  of  thi'ee  ciroumconics  of  a  quadrilateral 
is  cut  harmonically  by  the  third. 

9.  Show  that  the  following  are  special  cases  of  Ex.  8  : — 

1°.  If  through  the  intersection  of  common  chords  of  two  conies  a  tangent 
be  drawn  to  one  of  them,  it  is  out  harmonically  by  the  other. 

2°.  If  through  any  point  on  the  chord  of  contact  of  two  tangents  to  a 
conic  a  thii-d  tangent  be  drawn  intersecting  both,  it  is  divided  harmonically 
by  the  tangents  and  the  point  and  chord  of  contact. 
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CHAPTER  XIII. 

THEORY  OF  DUALITY  AND  RECIPROCAL  POLARS. 

303.  It  has  been  seen  in  Chapter  III.  tliat  every  cifcle  has 
two  forms  of  equation,  viz.  trilmea/r  anci  tangenUal.  The  same 
has  been  shown  in  Chapters  IX.  and  5.  to  hold  for  every  conic, 
and  in  fact  it  is  universally  true  for  all  curves.  Conversely 
every  equation  represents  two  distinct  curves,  according  as  it  is 
legarded  m  pointoi  bne  (o-ordmates  Thus,,  in  llv+mjy-\-nj%=% 
if  »,  !/>  a  bs  tnlinear  co  oidmates,  it  reptesPnts  a  conic  i  iicnm- 
srnbed  to  the  triangle  ol  reference,  and  if  they  denote  tan- 
gentiO,  co-ordmatei  it  ib  the  equation  of  an  inscnhed  conic 
It  foUowR  aa  an  mfcicncc  iiom  thi'j  twotold  interpretation  of 
equations,  that  every  tieoi em  which  guei  a  graphn,  property 
of  a  eonio  hts  iinother  relited  theorem  lalled  its  leeiprocal,  and 
that  the  •same  demonstration  proves  both  theoiema  This  two- 
fold mtcipictation  is  tailed  the  piineiple  of  Dmliti/ 

EXEBCISES 

1.  iS-AS'=0  represents  m  point  co-orduJatpa  tte  general  equation,  of 
a  conic  passing  tlii-ough  the  four  pnints  common  to  S  and  &,  and  in  lino 
co-ordinatea  tlie  general  equation  of  a  Lonii,  Inaoiibed  in  the  quadrilateral 
f onaed  b j  the  four  common  tangents  to  ^,  8' . 

2.  ay  -  kRS  =  (I  in  point  eo-oi-dinates  denotes  that  the  wctangles  con- 
tained by  the  perpendicnlais  from  any  point  of  a  conic  on  a  pair  of  opposite 
sides  of  an  inscribed  quadrangle  is  in  a  given  ratio  to  the  rectangle  contained 
by  the  perpendiculars  from  the  same  point  on  aaother  pair.  In  line 
co-ordinates  it  proves  that  the  product  of  the  distances  of  any  tangent  to  a 
conic  from  a  pair  of  opposite  vertices  of  a  circumscribed  quadrilateral  is  in 
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ft  given  ratio  to  the  product  of  the  distances  of  the  same  fangenf  from 
another  pair  of  opposite  vertices. 

8.  Interpret  tlie  tangential  situation  \p  =  kji^. 

i.  If  two  comes  have  each  donbls  contact  with  a  third  conic,  their  poles 
of  contact  and  a,  pair  of  opposite  vertices  of  the  complete  quadrilateral 
formed  by  their  common  tangents  are  collinear,  and  form  a  harmonic  row. 

5.  If  three  conies  have  each  double  contact  -with  a  fourth,  six  of  the 
points  of  intersection  of  common  tangents  form  the  oppoeite  vertices  of  a 
gomplete  quadrilateral,  and  the  remainiug  six  may  be  divided  info  four  aeta 
containing  three  each,  such  that  the  pairs  of  common  tangents  which  inler- 

6.  If  three  conies  touch  the  same  pair  of  lines,  the  iutersectiou  ia  each 
case  of  the  lemaining  pair  of  common  tangents  are  collinear. 

304.  Since  the  coefBcienta  in  the  tangeatial  eijnation  of  a 
conic  occur  in  the  oo-ordinates  of  its  centre,  and  in  the  equations 
of  ita  orthoptic  circle  and  foci,  when  the  tangential  equation  is 
given,  we  can  at  once  write  out  its  orthoptic  circle,  foci,  and 
centre.  Thus  the  tangential  equation  oE  the  enyelope  of  the 
iine,  cutting  hai'nionically  the  conies 

(»,  *, «,  /,  J,  »)  («=,  ii.rf'O  (•',  *',  '■•  f,  /,  *')  {',  </,  1)'  -  0, 

is    (Sii'  +  S'e  -  2/')  X^  +  (tf«'  +  e'a  -  2^-/)  y?  t  («&'  +  h'^  ~  2M'>' 
+  2  ill'  ts'h-  «/  -  «'/)  ^.  +  2  (*/  +  J/  -  V  -  i»  ,\ 
+  2  ifs'  +/>  -  '!>'  -  "'*)  V  -  O- 
The  orthoptic  circle  is 

(«4'+»'»^2«')(i-trt-2(;i/'+j'/-j/-»v)«-2(«*'+y*-«/'-»y)!' 

+  (J/+S'e-2i'  +  rf  +  i>'«-2y/).0.  (878) 


1.  The  locus  of  the  centra  of  a  conic  inscribed  in  a  c]Hadrilateial  i^ 
right  line. 

a.  The  orthoptic  circles  of  conies  inscribed  in  a  quadriliitora!  form 
coaxal  BjEtem. 
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J    liECIPEOCAL    PoT.iJ 


305,  The  principle  of  duality  may  be  also  inferred  from  the 
thcoxy  of  poles  and  polars,  some  propositionB  in  connexion  with 
which  haTe  been  already  given  (§  183). 

Def. — ^  imy  figure  A  he  given,  by  iahmg  the  pole  of  every 
line  and  fhe  polar  of  every  point  in  it  with  respect  to  any  arbi- 
trary  eonie  S,  we  oomtruct  a  newfigwe  B,  which  is  called  the 
polar  reciprocal  of  A  with  respeet  to  8.  The  come  S  is  called 
the  reciprocating  eonie. 


From   the   definition, 


1   have   at   ' 


i  the  following  ! 


'.  For  a  point  on. 
'.  A  tangent  to, 
'.  A  system  of  collinoar 

,  A  pencil  o£  concur- 
rent lines. 

,  A  pair  of  lines  ho- 
mographically      di- 

,  The     join     of     two 

points. 
.  The  locus  of  n  point. 


1°,   A  tangent  to. 

2°,  A  point  on. 

3°.  A  pencil  of  concur- 
rent lines, 

4°.  A  system  of  collinear 
points, 

5°.  Two  pencils  of  homo- 
graphic  lines. 

6".  The  intersection  of 
two  lines, 

V°.  The    envelope    of     a 


806,    The  following 
method ; — 


.  few  theorems    proved   by  tliia 
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SXEROISES. 

1.  Aug  two  fixed  tangents  to  a  conic  are  cut  hoimgrapkkally  hij  mt/ 
variaile  tirngsnt. 

Let  AT,  BT  be  two  fiiad  tangents 
touehing  the  cooio  at  the  points  A,  B ; 
CD  any  variable  tangent  toucling  it  at 
F.  Join  AP,  BP.  Now  AP  ia  the 
polar  of  C,  and  BPniD;  and  if  P  tate 
four  different  positions,  the  point  0  will 
take  four  Eon'esponding  positions,  and  so 
will  J>.  Then  llie  anharmonic  ratio  of 
the  four  posilious  of  0  will  be  equal 
to  tie  anbanmonie  ratio  of  the  peooil  from  A  to  the  four  positioos  of  P. 
Similarly,  tie  anharmonic  ratio  of  the  four  positions  of  I>  will  be  equal  to 
the  anharmonic  ratio  of  the  pencil  from  B  to  the  same  positions  of  P;  bnt 
the  pencils  from  A  and  B  are  equal.  Hence  the  anharmonii;  ratio  of  the 
four  positions  of  C  is  equal  to  the  anharmonic  ratio  of  the  corresponding 
positions  of  D. 

From  the  theorem  just  proved  it  follows,  that  if  two  tines  be  divided  in 
eq«al  anharmonie  ratios  by  four  others,  the  six  lines  are  tangents  to  a  conic. 
And,  more  generally.  If  ttvo  lines  be  divided  homogivphicatly,  the  envelope  of 
the  Join  <(f  eorrespoHding  points  is  a  eonie. 

2.  AHff  four  fixed  tangents  to  a  eonie  are  cut  by  a  variable  tangetii  in 
points  whose  anharmonic  ratio  is  constant. 

Dam.— The  joins  of  the  point  of  contact  of  the  vaciEible  tangent  to  the 
points  of  contact  of  the  fixed  tangents  are  the  polara  of  the  points  of  inter- 
section of  the  variable  tangent  with  the  fixed  ones  ;  but  these  form  a  con- 
stant pencil.    Hence  tie  proposition  is  proved. 

3.  If  a  hexagon  be  desaribed  about  a  conic,  the  Joins  of  opposite  angalar 

For  tlie  cireumhexagon  is  tie  polar  reciprocal  of  the  inhexagon,  and  the 
joins  of  its  opposite  vertices  are  the  polars  of  the  intersection  of  opposite 
aides.     Hence  the  proposition  is  tie  reciprocal  of  Pasoai's  Theorem. 

i.  The  three  pflira  of  points,  in  which  a  tracsversal  meets  three  citcum- 
conics  of  a  quadrilateral,  are  in  involution. 

S.  The  common  tangent  to  any  two  of  three  circumconiea  of  a  quadri- 
lateral ia  cut  harmonically  bj  the  third  conic.  Hence,  if  three  eoaios 
S,  S",  S"  be  insoribEjd  in  a  quadrilatoral ;  and  if  from  F,  a  point  of  inter- 
section of  8,  S',  tangents  he  drawn  to  iS",  these  form  a  harmonic  pencil 
■witi  the  tangents  at  P  to  S,  S'. 


y  Google 


386  Theory  of  Duality  and  Reciprocal  Polars. 

6.  From  Ex.  2  it  follows  that  tiic  iixteroepta  on  any  Tariable  tangent 
to  a  pambola  made  by  three  fixed  tangents  have  a  given  ratio. 

7.  The  reciprocal  of  Ex.  5,  §  30'^  ie^paira  of  tangents  to  a  system  of 
conica  having  a  common  self  conjugate  triangle,  drawn  from  any  point  in 
one  of  its  aides,  form  a  pencil  in.  involution. 

8.  The  six  sides  of  two  iDSeribed  triangles  of  a  conic  are  such  that  any 
two  are  cut  in  equal  anharmomc  latioe  hy  the  remaining  four.  Hence 
they  tonoh  another  OMii'' 

Reoiprocaliy,  if  two  tiiangles  cucumsoi-ibe  a  conic,  the  six  verliceB  lie  on 
anotJier  conic. 

9.  The  locus  of  the  pole  of  a  given  line,  with  respect  to  any  circum- 
conic  of  a  quadrilateral,  is  another  conic.  Hence  the  envelope  of  the  polar 
of  a  given  point,  with  respect  to  a  conic  inscribed  in  a  quadrilateral,  is 


307.  Wlioii  the  reciprocating  conic  is  a  circle,  its  centre  is 
called  the  centre  of  reciprocation.  The  following  results  will 
be  evident  from  a  diagram  : — 

1°.  The  angle  between  any  two  lines  is  equal  or  supple- 
mental to  the  angle  at  tlie  centre  of  reciprocation  subtended  fay 
the  join  of  their  poles. 

2°.  Since  the  nearer  any  line  is  to  the  centre  of  recipro- 
cation the  more  remote  its  pole,  it  is  erideut  that  the  pole  of 
any  line  passing  through  the  centre  must  be  at  inflnity,  and 
in  the  direction  perpendicular  to  the  line  through  the  centre. 
Hence  it  follows,  siace  two  real  tangents  can  be  drawn  from 
any  external  point  0  to  a  conic,  that  the  polar  reciprocal  of 
that  conic  with  respect  to  0  is  a  hyperbola.  Similarly,  the 
polar  reciprocal  of  any  conic  with  respect  to  any  point  on  it 
is  a  parabola,  and  its  polar  reciprocal  with  respect  to  any 
internal  point  is  an  ellipse. 

3°.  If  a  conic  reciprocate  into  a  hyperbola,  the  asymptotes  of 
the  hyperbola  are  perpendicular  to  the  tangents  drawn  from  the 
centre  of  reciprocation  to  the  original  curve. 

4°.  If  a  conic  reciprocato  into  an  equilateral  hyperbola,  the 
locus  of  the  centre  of  reciprooation  is  the  auxiliary  circle. 


y  Google 


Tleo  I    fl)  chty  xii  Eeciprocal  Polar s. 


387 

)°    The  p  Ijr  of  the    entie  of  reoiprooafcion  witlt  respect  to 
aiy  ounn,  wiii  reopiooate  lato   the  centre  of  the  reciprocal 

6°  If  the  oiiginal  eomc  be  a 
ciicle  its  Lcntre  will  reeipioeat« 
lato  the  direotnx 

308  If  0  be  the  enti  -,i 
recipioc^tioii  AhC  the  tn 
angle  of  reference  tor  tnlmew 
CO  orhnates  AffC  its  leci 
piocal  L  the  polar  t  any  point 
F ;  Ai,  Aj,  Aj  perpendiculars  from 
A',  S',C'  ouZ  ;   and  a,,  02,(13  the  B 

trilinear  co-ordinates  of  P;  then  {Seqml,  Tiooklll.,  Prop.  3 
if  OA',  OJ)',  OC  bo  denoted  by  pi,  p^,  p„  we  have 

a,  =  OP.-,  &c. 


Hence,  if  («,  h,  «,  f,  g,  A)(iti,  oj,  a^)'  =  0  be  the  equation  of  any 
conic,  the  equation  of  its  reciprocal  with  respect  to  the  circle 
0  wiU  be 


K  *,«,/,,</, /or 


(879) 


Again,  if  {A,  B,  C,  F,  &,  S){X„  \„  X,y  =  0  be  the  tangential 
equation  of  a  conic,  where  K^,  K,,  k,  denote  perpendieulare  from 
the  angles  A',  B',  C  of  the  triangle  of  reference  on  any  tangent 
Z  to  the  conic  ;  then,  if  x^,  x^,  x^  be  the  trilinear  co-ordinates 
of  0  with  respect  to  the  reciprocal  triangle  ABC,  we  liave 
s>iP\  =  r",  where  r  is  the  radius  of  reciprocation.  Hence,  elimi- 
nating pi  between  this  equation  and 
OP.  A, 
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and  similar  values  foi'  A2,  ^3-     Hence  tlie  transformed  ec|ua- 


{A,B,  C,F,  G,  S)\ 


=  0. 


(880) 


S09.  It  is  required  to  jinA  the  centre  of  reciprocation,  so  that 
the  polar  reoiproeal  of  a  given  triangle  ABC  may  he  similar  to 
another  given  triangle  A'B'C. 

Solution. — On  the  sides  of  ABC  describe  triangles  ji'.5C, 
AB'C,  ABC  similar  to  A'B'C.  The  ciroumcircles  of  these 
ti-iangles  wilt  have  a  comiaou  point  D,  which  will  be  the 
rei[uired  centre. 


Dem. — Let  ^1,  J^i,  E^  be  the  circumcentres  of  the  tiiangies 
A'BC,  AB'C,  ABC.  Join  AD,  BB,  CD.  It  is  easy  to  prore 
that  these  lines  produced  pass  respectively  through  A',  B",  C. 
Join  MiSs,  SjEi,  EiB^.  These  lines  ai'e  respectively  perpen- 
dicular to  AD,  BB,  CD.  Hence  the  angle  E^E^E^  ia  the  sup- 
plement o£  BDC,  and  the  angle  BA'C  is  also  the  supplement 
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oiSDC;  tliereioreSsJE'i-E's  =  -S,i'C.  Similarly,  SAEs  =  A£'0, 
and  E^E^^Ei  =  AC'B.  Henco  tho  triangle  EiE^Et  is  Bimilar  to 
A'B'C. 

Again,  tho  polais  of  the  points  A,  B,  C,  with  respect  to  any 
circle  whose  centre  is  D,  are  perpendiculars  to  AZ),  SD,  CD, 
respectively,  and  therefore  parallel  to  the  sides  of  the  triangle 
EiiEiEi.  Hence  the  reciprocal  of  the  triangle  ^^C  with  respect 
to  D  is  similar  to  A'B'C.  In  like  maimer,  if  the  triangles 
A'BC,  AB'C,  ABC  be  described  inwards,  the  point  of  inter- 
section ly  of  their  circumoiicles  will  bo  another  centre  of 
reciprocation. 

Djsp. — The  triangle  BiE^Es  formed  hy  the  ciroumeentres  is 
called  Ziotinet's  triangle,  after  M.  Lionmbt,  who,  in  the  lifomelUs 
Annates,  1869,^.  528,  made  use  of  a  eatiatruction  similar  to  the 
foregoing  in  solving  Lkuilier's  pr(^'eetion  problem,  %  278. 

Cor. — If  E  he  the  circwmeentre  of  the  triangle  AB  C,  the  points 
JD,  E  are  tsogonal  coryiegates  with  reject  to  LionneVs  triangle. 

For  the  radius  DEi  and  the  perpendicular  from  D  on  BO 
are  isogonals  with  respect  to  the  angle  BI>0.  Hence  the  lines 
DEi  and  EEj  are  isogonals  with  respect  to  the  angle  E^EiE-i, 
whose  sides  are  respectively  perpendicular  to  those  of  BBC. 

310.  If  Lionnet^s  triangle  {last  fig.)  he  moved  parallel  to  itself 
until  the  point  E  eoincides  with  D,  it  mil  in  its  new  position  he  a 
polar  reciproeal  of  ABO  with  respect  to  B. 

Dem. — Since  E  Mid  B  aie  iiogon'il  conjugates  with  respect 
to  the  triangle  EiE^Es,  the  distances  of  E  from  the  sides  aie 
inTcrsely  proportional  to  the  distances  of  D,  ind  therefoie 
inversely  proportional  to  AB,  BD,  CB  Hence  the  piopositun 
is  proved. 

311.  The  barycentric  co  oidinatc;  oi  B  with  respect  to  the 
triangle  ABO  ai-e 

l/(cot^  +  Oot^'),    l/(cot£  +  cot£'),    l/(cot  (7+oot6"). 
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Dem. — ^Wlien  Lionnet'a  triangle  is  placed  aa  in  §  310,  the 
aides  of  ABC  will  be  the  polai's  of  tte  vei-tiees  of  E-iE^M^ 
with  respect  to  D,  and  therefore  the  disfcanoes  of  1)  from 
the  sides  are  proportional  to  XjEEy,  IjEE^,  IjEE,.  Henee 
the  barycentrie  co-ordinates  of  D  with  respect  to  ABC  aro 
iajEE,,  iljEE^,  ^cjEE,.  Now,  if  EE,  intersect -fi (7  in  M, 
we  have  ^iJf^  ^aoot  ^',  ME  =  Jrtcot  ^i.     Hence 

J^i  =  J-a(cot^  +  cot^');  ■"■  i«/-2'^i  =  V(cot^  +  cot-i'). 
Hence  the  proposition  is  proved. 

Similarly,  the  barycentrie  co-ordinates  of  D'  are — 
l/(cot-4-cot-i').  l/(cot£~cot5'),  l/(cot(?-oot(?').     (882) 

EXERCISES. 
1.  The  equation  of  the  eiioumcii'cle  of  the  triimglfl  of  reference  is — 

Now  it  is  aasy  to  spo  that  the  angles  A,B,Coi  the  old  triangle  of  refeienco 
will  be  the  supplenienta  of  the  angles  wHch  the  sides  of  the  new  triangle 
of  reference  subtend  at  the  centre  of  reciprocation.  Hence,  denoting  these 
angles  hy  ih,  ^,  ih,  respeetively,  the  result  of  reciprocation  gives  the  fol- 
lowing theoi'em;— ffioeii  ajBciis  and  a  triatigls  circinasoriled  toaiX>nie,iU 
tangential  equation  is— 

gin  1^1  .  Si.  +  Bin  ij-a  .  ^  +  sin  if 3 .  ^-  =  0.  (883) 

3.  If  a  polygon  of  any  number  of  sides  be  inscribed  in  a  circle,  and  if 
the  angles  which  the  sides  subtend  at  any  point  io  the  eiioumfetencs  be 
denoted  by  ^1,  ^,  ifj,  &e,,  we  fiave  (^  117),  if  01  =  0,  nj  =  0,  aj  =  0, 
Ac,  he  the  standard  equations  of  its  sides,  i  ^^-^  =  0.  Hence,  recipro- 
cating with  respect  to  any  point  in  the  oircumfei'ence,  we  get  the  following 
theorem  : — If  a  polygon  of  any  number  of  sides  eireitmscribe  a  parabola,  and 
if  ^u  "hi  +31  ^''■'  *«  '^^  angles  mHended  at  its  foeus  by  tU  sides  of  Ihs 
polygon,  \i,  Aj,  As,  %e.,  perprndimlars  from  the  eertiees  on  any  tangent, 
pi,  pa,  C3i  $'■!  'Ab  diitaitees  of  the  angular  poinU  from  the  focus,  then 
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3.  In  ec[uat!Oii  (339),  if  we  put  sin  A,  EJn  B,  sin  C  for  n,  *,  a,  the  tan- 
gecrial  equation  of  fliB  oireumoirolfl  of  the  triangle  of  reference  may  be 
written 

an  J  V^M  +  ein  £  y  aT  +  sin  C  t/ a7  -  0. 

Hence,  by  the  foregoing  substitutions,  being  given  a  focus  and  three  tan- 
gents, tUe  equation  of  tlie  conic  is 


♦'7i7*"''»',/5  +  "°*-JS-° 


4.  If  the  foeua  be  one  of  tic  Bioeard  p 
ordiuates  ars^ 


then  the  angles  ij  ■)'  i^  which  the  ai  lea  subtend  at  that  point  aie  tl 
suppleroents  of  the  angles  (,  i  B  respett  yelv  Hen  e  the  equatio: 
of    h     B    ui  d   el  p  e     that    s   the    i       i  I    1    el  i  ae      ho       f ot    a  e    h 


jl+Ji  Jr 


.  If  the  angles  of  o  polygon  circumscribed  to  a  circle  be  denoted  by 
B,  C,  &u.,  and  the  perpendiculars  from  its  angular  points  an  any 
s;ent  to  the  di'cle  by  K\,  x^,  &c,,  we  have 


Hence,  if  a  polygon  of  any  number  of  aides  be  inscribed  in  a  conic ;  and  if 
Si,  ici,  ^3,  &c.,  he  the  perpeudicularB  from  one  of  its  foci  on  the  sides,  and 
^ii  fo  &o.,  the  angles  subtended  at  that  focus  by  the  aides,  we  have 


Dep.  1. — If  through  any  point  be  drawn  three  lines  [i,  m,  a)  parallel  to 
tile  vectors  AD,  BO,  CB  of  a  qnadrimffle  ABCB,  and  \,  fi,  v  parallel  to 
BC,  GA,  AS,  the  peneit  in  invoiution  (&,  iHn,  ns)  is  ealled  the  pem^l 
of  the  i/iiadraiigl^. 
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Def.  n.—Two  pmdranfflea  ABOD,  A'B'CD',  ishioh  are  each  lliat  the 
normal  co^oriinaies  of  H  with  rsipeet  to  ASG  are  inversely  proportimal  to 
the  vectors  from  Tf  to  th^  points  A',  K,  C,  are  said  to  be  inetapolar,  and 
the  points  J),  B'  their  metapoles. 

6.  If  {Ik,  mu,  m)  be  the  pencil  of  a  quadrangle  ABCTJ,  pwve  that 
[\l,  urn,  m)  is  the  penpU  of  a  raetapolar  quadrangle. 

7.  If  two  quadranglea  be  nietapolar,  they  eau  be  plated  so  tliat  corre- 
sponding tiianglee  will  be  reoiproeal  in  foui-  difforont  ways. 

8.  If  the  points  -0,  J/  be  isogonal  conjngatea  with  respect  to  tlie  triangle 
ASC,  and  if  DiSiDi  be  Ihe  pedal  triangle  of  S,  the  quadrai^ea  JiDiJJjOs, 
i>'^£f  areraetapolar. 

9.  If  ABC,  A'BC  be  two  triangles  on  the  same  baae,  and  if  tie  join  of 
A,  A'  meet  the  cireumcirolcs  of  ABC,  A'BC  agatn  in  £,  D',  prove  that  tho 
quadrangles  I/ ABC,  DA'BC  are  motapolar. 

10.  Plaoe  two  pencils  han,  X/tv  so  that  they  shall  be  in  involution. 

11.  Being  giTsn  two  pencils  {him),  {k/xp),  to  conatruot  the  light  angles 
which  correspond  in  the  pencils. 

!2.  Construct  the  recfangukv  rayB  of  e.  poaoil  associated  to  a  quadrangle. 
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RECENT  GEOMETKY. 
Section  I. — On  a.  System  of  Theee  Figitees  Dieeotly  Similar. 


812.  Lot  ^,  B,  C  .  .  .  1)6  a  system  of  points  bolonging  to 
a  figure  F^ ;   on  the  radii  g 

vectores  drawn  from  a 
fixed  centre  0,  taking 
OA",  OB',  00'  .  .  .  such  q 
that  OA'IOA  =  OB'jOB 
=  OC'jOC=  ...^kjk;k,l, 
being  given  lengths,  the 
points^',^,  C,  &c.,  make 
a  new  figure  F'x,  wMoh  is 
homothetic  to  Fi  with  ro- 
epect  to  the  point  0.  Then, 
if  i*',  turn  round  the  point 
0  through  any  given  angle, 
denoting  by  A",  B",  C"  the  new  positions  of  the  points 
A',  B',  C,  and  by  F^,  the  figure  which  they  form,  Fi  and  F^ 
are  two  figures  directly  similar,  having  for  double  point  or  centre 
of  similitude  the  point  0, 

The  double  operation  by  means  of  which  J\  is  transformed 
into  F^  is  called  a  rotation.  It  is  said  to  be  around  the  point  0, 
having  for  its  measure  the  ratio  OA  :  OA". 

313.  Being  given  two  polygons  direcihj  similar,  it  is  required  to 
find  their  double  point. 
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Let   AB,    A'B'   bo  two    Lomologoue    sides    of   the  figures, 
C  theii'  point   of  intersection. 
Through  tlie  two  triads  of  points 
AA'C,    B'BO  describe    circles 
intersecting  mO,  0  is  the  ctonblo   ( 

For,  evidently,  the  triangles 
OAB,  O^'^B' are  directly  BifflQar. 

Tbis  construction  fails  when 
the  homologous  aides  of  the  flgnres  are  two  conseeutiYe  s 
5^,  jIC  of  a  triangle.  In  this  case,  upon  the  lines  5.^,  .4 C 
describe  two  segments  BOA, 
AOC,  touching  jiC,  .4.S  respec- 
tively at  A.  Then  0,  their  second 
intersection,  is  the  double  point, 
for  it  is  evident  that  the  triangles 
BOAjAOCam  dii'eofcly  similar. 

Cor.  l.—O  is  the  focus  of  a 
parabola  touching  AB,  AC  s.t 
the  points  B,  C. 

Cor.  2.— The  distances  of  the 
double  point  from  any  two  homologous  points  or  lines  ai'e  in 
a  given  ratio, 

Gor.  3. — If  AO  he  produced  to  meet  the  circumcircle  of  the 
ti-iangle  ABC  again  in  B,  AO  equal  OB. 

Gor.  4. — Either  Brocard  point  is  the  double  point  of  the  given 
triangle,  and  of  any  of  an  infinite  number  of  directly  similar 
inscribed  triangles. 

For,  let  n  be  a  Brocard  point.  Take  any  point  D  in  BC. 
Describe  circles  about  the  triangles  BBil,  QCJ)  intersecting 
the  sides  BA,  AG  respectively  in  the  points  J'',  E.  Then 
the  triangle  FBE  is  directly  similar  to  ABC. 

IFor  the  angle  BFQ,  is  eq\ial  to  DBQ  =  FAQ  and  FBii  =  FBQ. 
Hence  the  triangle  BQA  is  directly  similar  to  DQF.    Similarly, 
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the  pairs  of  triangles  FaE,  AnC ;  HOD,    CUB  arc  directly 
similar.     Hence  the  proposition  is  proved. 


814.  NoiATiOH, — Let  .^i,  F^,  F^  he  three  directly  similar 
figures,  l„  Ii,  I3  three  corresponding  lengths,  ai  the  angle  of  ro- 
tation of  F,,  -Fj,  os,  cia  the  angles  of  rotation  of  Fs,  Fi  and 
F„  F^  respectively,  Si,  Sj,  S3  the  douhle  points  of  F^,  F^, 
F^  Fj,  and  of  F„  F,.  We  shall  also  denote  by  ( 0  .  AB)  the 
distance  from  the  point  0  to  the  line  AS.  The  triangle  S1S3S3 
formed  by  the  double  points  is  called  tte  triangle  of  similitude 
of  the  figures,  and  its  circumoircle  their  circle  of  similitude. 

In  every  gpstem  of  three  Jigwei  directly  similar  the  triangle 
formed  by  a  y  th  hov  1  g  u  Ine  n  per p  cf  d  leifk  the 
triangle  of  s  Itdeadthlcutftl  t  f  per  pective  is 
the  circle  of        It    7  (Taebt.) 

"Dem. — L  i  a  hthr      hmlguln      f    ming  the 

triangle  A,d  4       Th  n  w   h        (^      C         ) 

(S,.a^)  _  I,      (S, .  fla)  _  k      (Si.  a,)  _  I, 
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Hence  it  followa  that  the  lines  S^A-,,    S^,,    SaA^  cointeraect 
in  a  point  i  whose  distances  from  the  lines  «,,  Oj,  Oj  are  propor- 


tional to  ?i,  ^,  4.  Again,  tte  triangle  AiA^Jt^  being  formeiJ  by 
three  correspondiiig  lines,  its  angles  are  supplements  of  aj,  aj,  a, 
respectively.  Hence  the  angles  AiLA^,  A^LA^,  A^LA,  are 
given,  that  is,  the  angles  SiLSt,  BaLSs,  8sL8i  are  given.  Hence 
the  point  Z  moves  on  three  circles  passing  through  Si  and  S,, 
Sj  and  S3,  S3  and  S,  respectively,  that  is,  it  moves  on  the 
circumcircle  of  the  triangle  S^SA. 

315.  In  every  system  of  three  similm- figwea  there  is  an  infinite 
number  of  triads  of  eoncurrent  homologous  lines;  these  turn  round 
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three  fixed  points  I^,  I^,  /g  o/ihe  airole  of  timilitude,  and  the  locus 
of  their  point  of  eonowrrenoe  is  the  circle  of  similitude.      (Taert.) 

Dem. — Let  L  be  the  centre  of  perspective  of  the  triangle 
iSiSjSb,  and  A^A^A^  formed  by  three  homologous  lines. 
Through  Z  draw  Z/i,  LI^,  LI^  parallel  to  the  sides  of  AyA-^A^^ 
respectively.    These  arc  homologous  lines  for 

(Si  .  i;/j)/(Si  .  Z/a)  =  (5, .  <(0/('S'j .  ffs)  =  4/4,  &e. 
Again,  the  point  /j  is  fixed ;  for  the  angle  "Si-t/,  is  equal  to 
B^A^A^,  which  is  given.     Hence  the  arc  S,/j  is  given,  and  /,  is 
a  given  point.     Similarly,  /j,  ij  are  given  points. 

Dep. — /„  /,,  /a  a/re  called  the  invariable  points,  and  Ijlsli  the 
imwriahle  triangle. 

Cor.  1. — The  invariable  triangle  is  inversely  similai-  to  the 
triangle  formed  by  three  homologous  lines. 

For  the  angle  IJ,!^  =  JjXJi  =  AUUi,  &c. 

C<yr.  2. — The  invariable  points  form  a  system  of  three  corre- 
Bp ending  points. 

For  the  angle  /^S,/,  =  i„  and  SJ^ :  SJ^  -.ik:  k. 

Cor.  3. — The  lines  joining  Z,  I^,  /j  to  any  point  of  the  eirclo 
of  similitude  are  corresponding  lines  of  .Fi,  /"j,  ^j. 

For  they  pass  through  three  homologous  points,  and  malie, 
with  each  other,  angles  equal  to  oi,  oj,  oj,  respectively. 

Cor.  4. — The  triangle  formed  by  any  three  corresponding 
points  is  in  perspective  with  the  invariable  triangle  and  the 
locus  of  the  centre  of  perspective  is  the  circle  of  similitude. 

For  the  joins  of  coiTesponding  vertices  are  corresponding  lines 
through  the  invariable  points. 

Cor.  5. — The  invariable  triangle  and  the  ti'iangle  of  simili- 
tude are  in  perspective.  For  we  have  l^:  h--  fSi/j  :  S^I^  :  : 
{S,.IJ^):iSi.IJi). 

316.  MonuLiB  CiiTADKANOLE. — If  from  apoint  Q  we  drav>  three 
lines  QQi,  QQi,  QQ^  equal  to  h,  k,  l^,  respeetively ,  and  parallel 
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to  miy  three  Jiomohgoue  hnis  nf  F,,  F^,  F.,,  the  figure  QQiQ^Q^  is 
called  the  modular  guadiangle  (IfBtiBEBG.) 

It  ia  evidtnt  fiom  the  conBtiniction  that  the  angles  QiQQsi 
Q^QQi,  Q1QQ2  are  respectively  equal  to  a„  oj,  o^. 

Got.  1. — The  _fyure  formed  by  the  point  L  {jig.^  §  314)  and 
Lt,  Li,  L3,  the  feet  of  perpendiculars  from  it  on  the  sides  of 
the  triangle  AiA^Aa  is  similar  to  the  modaliw  quadrangle. 

Because  the  distances  of  L  from  the  sides  of  the  triangle 
AiA.iAi  are  proportional  to  li,  I3,  I3,  and  the  angles  L^LL^, 
LisLLy,  LyLL^  ai-e  respectively  equal  to  a,,  a,,  oj, 

Gor.  2. — The  pedal  triangle  M^M^M^  of  L  with  respect  to 
LiLJii  is  easily  seen  to  he  inversely  eimilar  to  SiSaSj.  Hence 
thepedal  triangle  of  Q  with  respect  to  Q1Q1Q3  is  inversely  similar 
to  the  triangle  of  similitude. 

Cor.  3. — The  antipedal  triangle  of  Q  with  respect  to  QiQ^Qi 
is  similar  to  the  triangle  formed  by  any  three  corresponding 
lines  of  F^,  F^,  F3. 

For  the  antipodal  of  Z  witli  respect  to  X,Z,Li  is  the  triangle 

317.  If  P„ -P,,  Ps  he  a  triad  of  homologous  points  of  F„  F^,  F-,; 
^1,  |M2,  /is  the  areas  of  the  triangles  Q,QQi,  QsQQi,  QiQQ^  of  the 
modular  quadrangle.  The  mean  centre  ofP,,  Pi,  P%for  the  system 
ofmiiltiples  ni,  /ij,  m  is  a  fixed  point.  (Nebbbes.) 

Dem. — Let  Si,  fij,  R3  be  another  triad  of  homologous  points, 
divide  PiP^,  S-jSi  iu  the  ratio  /is ;  /i^  in  the  points  P4,  S, ; 
draw  PilT,  i'jF equal  .and  parallel  to  P-sK^  and  PsEi,  respec- 
tively. Join  ^a^T,  B3K  Now  we  have  ^^7;  S^r  :  i/ij:^  : : 
iJjffi :  iJaSi.  Hence  the  line  UF  passes  thi-ough  S^.  Again, 
in  the  modular  quadrangle  we  can  suppose  QQi,  QQs,  QQi  to  be 
equal  and  parallel  to  PiBi,  P^Rt,  PsSat  respectively.  Hence 
the  triangle  PiWis  equal  in  every  respect  to  QQtQ,.  Hence, 
i£  we  pi-oduce  Q^Q  to  meet  QiQs  in  Q,,  it  follows  that  P^Sj  is 
equal  aud  parallel  to  QQ,.  Therefore  P,S,  and  P^Ri  arc 
parallel,  and  the  lines  P,P„  R^Ri  intersect  in  a  point  B,  such 
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that  each  is  drndocl  in  _D  iu  the  ratio  QQi  -.QQ,.     Hoiite  J)  is 


the  mean  centre  of  the  triads  of  points  P,,  Pj,  Pj ;  Pi,  P,,  P3 
for  the  multiples  fii,  (t^,  i>^. 
Bet  —I)  h  called  the  s 


318  Z'i  S'l  if  the  poitit  of  F^  which  corresponds  to  81,  con- 
etdefed  as  a  point  mj  F3  and  F^;  S'j  the  point  of  F3,  which  cor- 
responds to  S,  tn  F,  and  F^  ;  and  S'a,  the  point  of  F^  which 
eurresponds  to  S3  m  F^  and  F^.  Thm  the  lines  SiS\,  S,S's,  S^S'^ 
are  concurrent. 

In  fact  J)  is  the  mean  centre  of  S\,  Si,  Si  for  the  multiples 
/ii,  l>^<  /la-  Therefore  i>  is  a  point  on  SiS'i,  which  it  divides  in 
the  ratio  ^ui :  /la  +  /13.    SimOarly,  it  is  a  point  oe  S^S'i  and  SjS'j. 

Or  thus— -Bj  hypothesis  the  three  points  8\,  Si,  S,  are  homo- 
logous points.  Hence  the  lines  S\I„  8,1^,  Sils  joining  them  to 
the  invatiahle  points  are  concurrent.  Hence  the  points  S'l,  D,  8^ 
(flg.,  §  314)  are  collinear.  Similarly,  S'j,  J),  Sj  ai'e  collinear, 
and  S\,  D,  S,  ate  collinear. 

Dee.— rA*  points  S',,  S\,  S'j  are  called  the  adjoint  points, 
and  the  triangles  S'lSsS^,  SiS'^S^,  Si6'2(S"a  amxex  triangles. 
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K  triangles  are  directly  si; 


Dem. — TkB  points  S'„ 
n  E„  and  to  S,,  S„   S'a 


*Var  to  the  modular 
(Smm.) 


in  Fi  correspond  to  Si,  S\,  S, 
Hence  the  triajiglcs  S,S'jSa, 


S,S,S'-,  are  sin  ihi  t>  QQ  Q-,  Theiefoie  thp  a  J  8,S,D  is 
eqa.B.1  to  S1S3O  md  tie  ci  imuicl  of  tJic  tnan^le  SAS'^ 
passes  through  1)  Similarly  the  ciicumcircles  of  the  triangles 
S'lSsSs,  S,&  &3  passes  through  i)  Let  -E  ^  ^,  be  the  cir- 
cumcentres  of  the  annex  triangles.  Then,  as  they  form  a  triad 
of  homologous  points,  the  triangles  Si^s^,  S^^S,,  SsSi-2^  are 
directly  similar  to  the  triangles  QQiQi,  QQ3Q1,  QQiQi,  hut  the 
lines  SiD,  A'jZt,  8,1)  are  perpendicular  to  S^s,  U^Ei,  JS^Si 
at  their  middle  points.  Hence  the  triangles  DS^Hs,  I>S^„ 
DE^E^  are  inversely  similar  to  QQ^Q^,  QQ^Qi,  QQ^Q^.  There- 
fore the  triangle  EiE^Ej  is  inversely  similar  to  S'lSjSa.  Hence 
S'lSA  ia  directly  similai  to  Q^QA- 
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Cor. — The  lines  S,S'„  SjS'a,  S^S'^  are  respectively  the  doubles 
of  the  altitudes  of  the  triangle  SiEiE^. 

For  D8\  is  bisected  by  tiie  perpendicular  from  ^,  oa  it,  and 
Si2)  is  bisected  by  E^B,. 

Dbf, —  We  shall  ctiU  the  cirov,meirehs  of  the  annex  triangles 
Ajihex  Circles,  and  the  triangle  formed  hg  their  centres  Lionnbt's 
Teiakqlb.  Compare  §  309,  Def.,  and  the  circumcirele  of 
Idonnefs  triangle  Lionnbi's  CincrB. 

320.  The  triangle  formed  h/  (mg  three  homohgom  points  P^, 
Pi,  Ps  is  orthohgique  with  Idonnefs  triangle  jEiE^E^.    (Neitbehs.) 

Dem. — Let  the  barycentric  co-ordinates  of  Pi  with  respect 
to  the  triangle  S'AS^  be  A,,  Aj,  Ag,  then  the  barycentric  eo- 
ordiaates  of  Pj  with  respect  to  SiS'^S^  and  of  P^  with  respect  to 


SAS'i  are  Xi,  Aj,  \.  Again,  join  iS'iPi,  and  produce  to  meet 
S^Ss  in  XT.  Join  US^,  and  draw  P,P  parallel  to  S\Si  meeting 
PSi  in  P.  Then  it  is  easy  to  see  that  the  barycentric  co- 
38  of  P  with  respect  to  SiSjSs  are  A„  Aj,  \.     Similarly, 
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it  may  be  provec!  tKat  tlie  parallel  through  P^  to  S'A,  and 
through  P3  to  S'aSa,  pass  through  the  point,  whose  haryeeutrie 
co-oi-diaates  with  respect  to  Si&A  a^e  \,  \,  X3.  Hence  the  three 
parallels  are  concurrent,  but  these  paiallols  are  perpendiculax  to 
the  sides  of  MyJE^Es,     Hence  the  propositioii  is  proved. 

Cor.  I. — The  figures  F^,  F^,  F3  are  projectively  related  to  a 
fourth  figure  F. 

For  when  P^  describes  Fi,  P  will  describe  F,  which  will  be 
the  projection  of  each  of  the  figures  F„  F-^,  F^. 

Cor.  2. — The  invariable  triangle  is  tho  reciprocal  of  Lionnbt's 
triangle. 

For  the  perpendiculars  from  P  on  the  sides  of  BiJE^Ei  are  the 
halves  of  the  lines  8,D,  8^,  S^P,  respectively,  and  these  are 
proportional  to  the  reciprocals  of  PIi,  Pis,  PI3,  respectively. 

321.  The  triangle  formed  hy  my  three  corresponding  points  is 
similar  to  the  pedal  triangle  of  miy  of  these  points  with  respect  to 
the  corresponding  Annex  triangle. 

Dem. — Let  the  perpendicular  co-ordinates  of  P,  -with  respect 
to  iS'iSaSj  be  a^i,  y^,  »; ;  those  of  P^  with  respect  to  SiS'^S,, 
«j,  g^,  Hi,  and  of  P3  with  respect  to  SiSsS's  be  a^,  ys,  Bj.  Now 
from  similar  triangles  we  have 

S\S,  :  P,P::  {S\.SA):xi, 
but  S'lSi  =  2  (£^| .  .£^^3)  Cor.,  §  319. 

Hence  2  (F, .  F^F,)  :  {S\ .  S^)  :  :  P,P  :  3;,. 

Similarly,         2{F^.F,F,):  (5',  .  8^8,)  :  :  P^P  :  g^; 
but  from  similar  triangles, 

iS',.S,S,):{S,.S,S\)::g,:y, 
Hence  (Euc.  V.  xxit,), 

2  {F^ .  F,F,)  :  (S3 .  S^S'O  ■.-.P.P:  y,. 
But  since  the  triangles  E^F^Ei,  &iSA  are  similar, 

{Ey.E.^t)  ■■  {S'l.SA)  ::  {E,.E^t)  :  {S^.8^S\). 
Hence  PiP :  a^i  : ;  P-^P  :  g^,  aad  similarly  aa  P^P  :  Si,  and  the 
proposition  ia  proved. 
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Coi-.—The  ratios  P^P  :  «„  P^P  :  ^j,  i'ji' :  ssj  are  given.  For 
eacli  is  equal  to  the  ratio  of  any  side  of  EiHi,Mi  to  half  the 
homologous  side  of  S'lSiS^.  Ihe  proposition  just  proveii  affords 
immediate  solution  of  a  lai-ge  niimlier  of  propositions.  The 
following  Eire  a  few  instances  :— 

1°,  Jf  three  homologous  points  he  eolUnear,  their  loei  are  the 
annex  eireles. 

For  the  foet  of  the  perpendiculars  from  each  on  the  sides  of 
Its  annex  triangle  are  collinear. 

2°.  If  the  Brociwd  cmgle  of  the  trimale  fot  med  by  thee  homolo- 
gims  points  he  gwm,  their  loci  are  &chootb  aretes  of  the  eorre- 
sponding  Annexe  triangles. 

S°.  If  the  area  of  the  triangle  formed  ly  thee  homoh/ruipomts 
he  given,  the  loms  of  each  is  a  circle. 

For  the  area  of  the  pedal  triangle  of  each  point  with  respect 
to  its  annex  triangle  is  given. 

The  maximwn  triangle  formed  by  three  homologous  points  is 
LionneVs  triangle  EiE-iE,. 

4°.  If  the  angle  P^P^P^  of  the  triangle  formed  bg  three  homolo- 
gous points  be  given,  the  locus  of  P^  is  a  circle  passing  throwgh  the 
points  S^ .  Sa- 

5°.  If  the  sum  of  the  sguares  of  the  sides  of  the  triangle  formed 
by  three  homologous  points  be  given,  the  locus  ofeaeh  is  a  circle. 

In  each  of  the  foregoing  cases  the  locus  of  the  point  P  is  an 
ellipse. 

6°.  If  Pi,  i*,,  Ps  be  homologous  points,  P",,  A,  P's,  th^ir  inverses 
•with  respect  to  the  annex  eireles,  ike  triangles  P^P^P^,  P'^P'^P'^, 
are  imiersely  eimilar.  D  is  their  double  point,  and  if  P^P"^  inter- 
sect its  Annex  circle  in  the  points  V,  V,  DV,  BV  are  their  douMe 
lines.  (M'Cir.) 

For  if  P^,  P'l  be  inverse  points  -with  respect  to  the  annex 
circle   S'lS^Ss,    their    pedal    triangles    ai'e  inversely  similar. 
Hence  P1F3P3,  P'iP'iP')  are  inversely  similar. 
2b2 
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1°.  The  trimtgle  I\I'sI'3  formed  hy  the  inverses  of  the  imariable 
points  with  respect  to  the  Annex  eircles  is  directly  similar  to  the 
triangle  formei  hy  arty  three  corresponding  Unee.  {Hid.) 

8°,  The  anticornplementavy  of  I'll'sl',  is  a  triangle  {sag  ABU) 
formed  by  three  corresponding  lines,  and  the  middle  points  of  its 
sides  are  homologous  points  ofFi,  F^,  F3.  The  perpendiculars  to 
the  sides  of  ABO  at  I'l,  I'^,  1%,  or  at  their  middle  points  are  con- 
citrrent  homologous  Unes.  Hence  they  pass  through  the  invariable 
points,  and  interseet  on  the  circle  of  similitude.  Memo  the  ortho- 
centre  of  l'iI':J\  is  a  point  on  the  circle  of  similitude.        {Ibid.) 

EXEBOI8ES.0' 

1 .  The  invariable  triangle  is  ortliologique  with,  that  formed  by  any  three 
correBponding  lines, 

2.  If  eorreaponding  ciTclea  of  Fi,  Fi,  Fa  be  oonconttic  with  the  annes 
circles,  ciiolee  cutting  them  orthogonally  form  a  coaial  systeni ,  of  which 
the  director  point  is  a  limiting  point.  (M'Civ.) 

3.  If  the  figures  F\,  F^,  F3  be  equal,  the  director  point  is  the  oiroura- 
centre  ol  Lioimet'a  triangle,  and  lie  orthooentre  of  the  triangle  of  simili- 

4.  In  the  same  taeo,  fho  aones  triangles  are  the  symetriques  of  llie 
triangle  of  Bimilitude  witi  reapeot  ta  its  eiiiea. 

lines  be  drawn  parallel  to 
{le  of  constant  irea 
6-10.  If  the  dii    t     p      t  h      n  the  circumference  of  Lionnet  a  circle, 
then — 1°.  The  doubl   p  int  cell  near.     2".  The  invanable  points  are 

at  infinity.  3°.  Th  t  gl  J  7  J'3  coincides  with  Liomiet's  tnangle. 
4°.  The  adjoint  po  nts  are  th  ymfitriquea  of  D  with  respect  to  the  tri- 
angle .^BC,  the  anti  npl  m  t  ry  of  Konnct's  triangle.  5°.  If  the  line 
SASi  cut  the  aid      i  AS  glea  A\  B\  C",  and  li  be  the  oircum- 

radius  of  ABC,  the  radii  of  the  anaei  cii'clcs  are 

ScosA;    JicosS',    ScoaC. 


•  Theae  Exercises  have  been  selected  chiefly  from  Hbubeeq  "  Sur  le 
projections  et  contm-proieotions."     Eruielles,  1890. 
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11-J7.  If  the  points  Si,  &,  Sa  rpmaia  flied,  BtJe  fiie  director  point 
J)  is  at  infinity  in  a  given  direction  8,  then — 1°.  The  linsa  through. 
Si,  iSs,  Si  parallel  to  S  out  the  circle  of  eunihtude  m  tiie  invariahle  points. 
2°.  j"i  +  ^!  +  ^3  =  0.  3°-  Every  hne  parallel  to  B  meets  the  sides  of  the 
triangle  of  siiniUtude  in  three  corresponding  pomte.  4°.  The  triangle 
formed  hy  tiree  corresponding  lines  is  aimalar  to  the  triangle  of  Bimilitude. 


S".  It  Is  inscribed  in  tlie  triangle  of  similitude.  Ii°.  THe  adjoint  points 
are  the  intersections  of  the  aide  of  SifiaSs  with  the  parallels  iSi7|,  iSj/j, 
Sih.     T.  The  annex  triangles  reduce  to  flat  triangles  S'lSji^,   SiS'jSj, 

18-33.  If  from  any  point  P  of  a  line  d  perpendiciilara  be  drawn  to  the 
aides  of  a  fixed  triangle  ZiZ-iZz,  their  feet  mark  three  homologous  rows  of 
pointa  which  may  he  regarded  as  making  parts  oi  tliree  directly  similar 
figures  Fi,  Fi,  Fi,  then — 1°.  The  feet  of  perpendiculars  from  the  summits 
of  ZiZiZi  on  the  line  d  are  the  double  pointa  ^i,  fi'j,  S3  of  the  system. 
2°.  The  triangle  Z\Z-^i  is  similar  to  Lionnet's  tiianglc.  3°.  The  invariable 
points  are  at  infinity  on  the  perpendiculars  of  Z\ZtZi.  4.  The  director 
point  S  is  the  point  common  to  perpendiculars  from  Si,  8%,  Ss  on  the  sides 
of  Z1Z3Z1.     5".  If  d  intersect  the  oircumoircle  of  ZiZiZi  in  the  pointa 
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V,  V",  the  Simeon's  lines  of  V,  V  with  respect  to  ZiZ^Z^  pass  through  D. 


6°,  If  rf  be  a  diameter  of  iJie  eircumcircle  of  Z\ZiZs,  B  will  be  on  its 
nine-poinfa  circle. 

^4.  If  P],  Pj  be  homologouis  points  of  directly  similar  figures  F^,  -Fj,  and 
if  through  any  fixed  point  S  a  line  Sp  be  drawn  equal  and  parallel  to  i'l-Pa, 
the  loeuB  of  ji  is  a  figure  similar  to  Fi,  Fi. 

25.  If  PiQtRi,  PiChSi  be  two  triangles  dii'cctly  similar,  and  H  through 
any  point  S,  be  drawn  lines  Sp,  Sq,  Si;  respectively  equal,  and  parallel  to 
-Pi-Ps,  QiQa,  SiSi-,  the  triangle  pqr  is  siniilar  fo  the  given  triangle. 

26.  Being  given  Lionnet's  triangle  of  three  similar  figures,  then  any 
triangle  PiPiPa  whose  summits  are  three  homologous  points,  is  only  altered 
in  position  by  the  change  of  position  of  the  director  point. 

27.  If  J'l,  Ps,  Ps  be  a  triad  of  homologous  points  of  three  similar  rows, 
and  if  upon  a  fixed  baae  a  triangle  similar  to  PiPiFi  be  deacribed,  the  locue 
of  the  free  summit  is  a  circle. 

Sectioh  II. — Thboet  of  Hakmohic  Chords. 

822.  If  A'B'  li  a  chord  of  givm  length  inscribed  in  a  cirole  Z, 

S  a,  given  point,  then  if  the  lines  A'S,  S'S  intersect  the  circle 
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(^aVw  in  AS,  a  point  KieaUeA  the  symmedian  point)    can  I 
found,  such  that  the  ratio  {E.  AB)jAB  is  cmstant. 

Soi..' — Let  AB,  A'Jl'  procluoed  meet  in  T,    and  intersect  i 


li^\ 

n-y^ 

^~^x\ 

'~~~~>^VX\ 

k 

/  /^ 

C,  C,  tte  line  joining  S  to  ttc  centre  0.  Through  P  draw 
FS\  the  polar  of  jS,  then  K,  tho  harmonic  conjugate  of  0  with 
respect  to  8,  S',  h  the  point  requii-ed. 

Dem.— Since  the  pencils  P{SCS'C'),  P(SX/S'0)  ai'e  har- 

2/SS'  =  l/«C+  1/56"=  i/sr-f  IjSO, 

.-.  (SJT-  SC)I{SK.  SC)  =  {SC  -  SO)j{SC"  .  SO). 
Hence 

KClSC-.OC'jSC'::  SJT  S:  0. 
Therefore 

{K.  AB)I{S  .AB):{0.  A'B')I{S  .  A'B') :  :  SE:  SO. 
But 

(8  .  AB)  :  {S  .  A'B') : :  AB  ■  A'B'. 
Hence 

{K.  AB)!AB  :  ( 0 .  A'li')!A'B' :  :  SK:  SO. 

But  tho  three  last  terms  of  this  proportion  are  given,  theteforo 
the  first  is  given. 
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Cor.  1. — If  tho  points  A,  B  be  joined  t>  S',  and  p 
meet  ^  again  in  ji",  £",  these  points  are  tlie  'lyniotiiijubs  of 
A',  £'  with  reapeot  to  SS' 

Cw.  2. — If  the  chord  A'B'  tike  diffieient  positions  m  the 
circle,  its  extremities  will  divide  the  oulIo  homo^iphically 
Hence  the  coiTesponding  poaitinns  of  .A,  B  will  be  homographie 
Hence  we  have  the  following  theorem  : — 

If  the  extremities  of  a  chord  of  a  eirele  divide  it  homograpMeall^, 
there  *'«  affixed  point  in  its  plane  such  that  its  perpendieultxr  Ms- 
tancefrom  the  chord  bears  a  constant  ratio  to  its  length. 

Dbe. — The  points  S,  S'  are  called  the  centres  of  inversion. 

323.  Bkocaed  Ellipse. — Since  A'B'  is  a  chord  of  constant 


length,  its  envelope  is  a  circle  concentric  with  Z  Hence  tho 
envelope  of  AB  is  an  ellipse,  called  the  Brocard  ElKpse ;  its  foci 
are  found  as  follows  ; — 

Let  S^be  the  aymmedian  point,  0  the  centre  of  Z,  npon  Off" 
as  diameter  describe  a  circle.  (This  is  called  tho  Broeard  Circle.) 
Draw  0/ perpendicular  to  AB,  cutting  the  Brocard  Circle  in  I, 
Join  AI,  BI,  cutting  tho  Brocard  Circle  in  O,  O' ;  these  are 
given  points,  and  are  the  required  foci. 
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Dem.— Since  the  ratio  {K .  AS)IAB  is  given,  tho  ratio 
IJ:  AB,  therefore  the  ratio  IJ :  JB  is  given.  Hence  the  angles 
JIB,  JBJwe  givea.  Hence  the  angle  OIQ,  is  given.  Hence  O 
is  a  given  point.  From  1)  draw  QJf  perpendicular  to  AB. 
Now,  since  the  triangle  ilBMis  given  in  species,  and  B  moves 
on  a  given  circle,  the  point  M  describea  a  fixed  circle.  This 
will  be  the  pedal  circle  of  the  conic,  which  ia  the  envelope  of 
AB.     Hence  O  is  a  foeua.     Similarly,  O'  is  a  focns. 

Dbf. — £1,  Ji'  are  called  the  Brooard  points  of  the  system^  and 
either  hase  angle  of  the  isoseeles  triangle  lAB  its  Broeard  angle. 

Cor.  1.— If  tho  angle  which  A'B'  (flg.,  g  322)  subtends  at 
the  eentro  be  denoted  by  2a,  the  distance  OK  by  S,  and  the 
Broeard  angle  by  <u,  then 

tan^  ui .  tan' «  =  1  -  3^5'-  (S88) 

Dem.— From  the  pioof  of  §  322, 

{K.  AB)jAB :  ( 0 .  A'B')IA'B' :  :  SK:  SO. 
But 

{K.AB)IAB  =  I  tan  «>,     ( t) .  A'B')IA'B'  =  i  cot  a. 
Hence 

tan«.tano  =  SKI  SO. 

Again,  since  the  points  0,  iT (fig.,  §  322)  are  harmonic  con- 
jugates with  respect  to  S,  S',  and  S,  S'  are  inverse  points  with 
respect  to  Z',  it  is  easy  to  see  that 

SK^jSO'  =  1  -  PjB?.    Hence  tan' «. .  tan'  a  =  1  -  SViP. 

Cor.  2.—  8'  =  S'(1  ~tan'a.tan=u)).  (889) 

Cor.  S.^Since  the  loons  of  M  is  the  auxiliary  circle  of  the 
Broeard  ellipse,  the  radius  of  the  auxiliary  circle  is  R  sin  <o, 
that  is,  the  transverse  asis  of  the  ellipse  is  25  sin  la,  also  the 
distance  OQ'  between  the  fooi  is  equal  to  S  sin  2(o,  that  is, 


~  R\/{\  -taii'a.tan^(o)si 
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Hence  the  equation  of  the  Brocard  ellipse  referred  to  its  asea  ia 
ar^sin'w  +  y'cos'a  =  B'sin'm.  (890) 

Cor.  4. — If  the  lines  Oil,  OO'  meet  the  circle  ^  in  the  points 
V,  V,  the  ciord  VV  ia  equal  to  the  major  axis  of  the  ellipse. 
324.  If  0  ho  the  circumcentre,  S,  S,  the  centres  of  inversion, 
OS:  OS,  : :  cos («.  -  a) :  cos (w  +  a).  (891) 


Setn. — Since  S,  Si  aie  the  limiting  points  of  the  circles  Z,  X, 
the  radical  axis  hiseots  SS,  in  Q,  hut  the  radical  axis  is  the 
inverse  of  X  with  respect  to  Z.  Hence  OQ  =  It'jS,  and  since 
S,  is  a  limiting  point  QS^  =  0(^  -  £?.     Hence 

QS,"  =,  ^" (iP  -  8=)/S=  .■•  eSi  =  5Man a.  tan o>/S. 
Hence 

OS  =  .ffi' (14  tan  a  tan  a.)/S,      OS,  =  .S'(I  -  tan  a  tainu)/@. 
Therefore  OS :  OS, : :  cos  (w  -  a) :  cos  {<o  +  a). 

Cor.  1.— The  angle         5,08=  2a.  (892) 

i'or,  join  012,  and  produce  it  to  meet  the  radical  axis  in  L. 
Join  LS,  ZS,.     Now, 

Q8j  =  S?  tan  a  .  tan  m/S 
Again,  since  the  radical  ax. 


:  OQ  tan  a  tan  m  =  QL  tan  a. 
is  the  inverse  of  X  with  respect 
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to  Z,  -we  have  OH  .  OX  =  ie=  =  OS  .  OS^.     Hence  tlie  points 
S,  L,  n,  S,  are  concycUc.    Hence  tlie  angle  SS^S  =  BJjS  =  2a. 

Cor.  2. — If  the  Hues  SO,,  8Q'  meet  the  Brocard  circle  again 
in  the  points  F,  T,  the  angle  TOT  =  2a. 

On)-.  3. — The  directrix  of  the  Broeard  ellipsB  passes  through 
the  point  Z. 

Cor.  4. — The  major  axis  :  minor : :  OZ:  ZS. 
Habmobio  POLYeONS. 

325.  If  thecliord^'-B'(g323)l)ethesideof  a  regular  polygon 
of  n  sides,  AB  -will  be  a  aide  o£  a  cyoHc  polygon  of  n  sides, 
iaTing  a  point  K  in  its  plane,  such  that  its  distances  from 
the  sides  are  proportional  to  the  sides,  such  a  polygon  is,  for 
reasons  that  will  appear  further  on,  called  a,  harmmtie  polygon. 
Hence  we  have  tie  following  theorem  : — If  any  pomt  S  m  the 
plane  of  a  eircle  he  Joined  to  the  summits  of  an  inscribed  regular 
polygon,  the  joining  lines  will  cut  the  mrele  again  in  the  summits 
of  a  hwrmonie  polygon. 

From  §§  322-324,  it  is  seen  that  every  harmonic  polygon 
has  a  symmediau  point,  a  Brocard  circle,  two  Brocard  points, 
a  Brocard  ellipse,  a  Brocard  angle  and  two  centres  of  inversion, 
viz.  the  points  S,  S„  which  are  the  limiting  points  of  the  cir- 
cum circle  and  Brocard  circle. 

326.  If  A^,  Aj  .  .  .  A„-±  he  the  summits  of  a  harmonic  polygon 
of  w  sides,  the  chords  AiA„.i .  A^An-i,  Sj-c,  are  concwrent. 

Deia. — Let  if  be  the  symmedian  point.  Join  A^,  and  pro- 
duce it  to  meet  the  ciroumcircle  in  A^  Th  n  n  th  p  p  n, 
dieulars  from  ^on  the  chords  A^A^^,  A  A  a,  pj  tnlt 
the  chords,  the  points  Ai^,  A\  are  harm  n  nj  t  w  th 
respect  to  A^„  A^.    Hence  the  line  A  A     \  thr  ugh  the 

pole  of  A^A'a,     Similarly,  AiA^s  pa        thr     gh  th    p  1      f 
A^A'a,  &c.     Hence  the  proposition  is  p  ov  1 

327.  If  a,  ,8,  y,  Sfc,  he  the  equations  of  the  sides  of  the  harmonic 
polygon,  a,  i,  e,  ^c,  their  lengths,  then  the  polar  line  of  E loith 
respect  to  the  polygon  is  Sa/a  =  0, 
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Dem. — Throagh  K  draw  any  line  cutting  tlie  aides  of  tlie 


polygon  in  the  points  .Si,  ii,  .  .  .  and  on  it  take  a  point  R,  such 
that  njKR  =  IjKRi  +  IjKR^ ...     The  locus  of  R  ia  Tequired. 

Let  K  be  talen  as  origin,  then  if  p,  p',  p"  . .  .  be  the  perpen- 
dicnlars  from  iTon  «,  (S,  y  . . .  and  if  KR  make  an  angiefl  with 
the  axis  of  x,  we  have 

llXR,  =  <iOB($-o.)lp,  l/^A=cos(^-/3)//,  &e. 
ISow,  denoting  ^R  by  p,  we  have  by  liypotheaia, 


{^R, 


-  ^=  0,  or  2 


and  aince  K  is  the  symmedian  point,  p,  p',  p"  are  proportional 
to  a,  h,  e.  .  .  .     Hence 

2a/»  =  0.  (893) 
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323.  The  polar  of  K  with  respect  to  the  cireumcircU  is  aho  the 
polar  of  Kwiik  respect  to  the  harmonie polygon. 

Dem.— Let  a  be  the  pole  of  the  chord  A^A'a  with  respect  to 
the  circle-  Ttea  a  is  a  point  on  Sa/a  =  0.  For,  join  .ffa,  and 
ii  M  he  even,  tlic  sides  may  be  distrihuted  in  pairs,  eucli  that 
^and  a  are  harmonic  conjugates  with  respect  to  the  points  in 
which  each  pair  are  cutbyXa.  Hence  1/Xff,  + l/^.S„  =  2/iE'it, 
l/.ffKs  +  llKR,^i  =  2jEa,  &o. ;  and  if  «  be  odd,  the  intercept 
made  by  one  of  the  sides  on  Ka  is  oc[ual  to  Ko..  Hence 
S  (V-ffSj)  =  njKa.  Henco  a  is  a  point  on  the  line  Sa/a  =  0. 
Similarly,  the  pole  with  respect  to  ti.o  circle  of  the  line  joining 
the  point  K  to  each  vortex  of  the  polygon,  is  a  point  on 
Sa/in  =  0.     Hence  S'is  the  pole  of  3a/o  =  0  with  respect  to  the 

Cor.  1. — The  circle  is  the  polar  conic  of  K  with  respect  to 
the  polygon. 

Cor.  2. — If  a  radins  vector  through  S  cut  the  sides  of  the 
polygon  as  in  §  327,  and  a  point  he  taken  on  it,  such  that 


\e:m,    er] 


--0, 


the  locns  of  R  contains  the  circumeirele  as  a  factor. 

It  may  be  proved,  as  in  §  327,  that  the  locus  of  R  is  Sa/a  =  0. 
This,  which  is  a  curve  of  the  (w-1)  degree,  contains  the  circum- 
eirele as  a  factor.     {See  §  117.) 

329.  If  through  the  symmedian  point  of  a  harmonio  polygon  a 
parallel  he  drawn  to  the  tangent  at  any  of  its  vertices,  the  intercept 
on  it  between  the  symmedian  point  and  where  it  meets  either  side 
through  the  vertex  is  eomimt. 

Dem. — Let  AR  be  a  side  of  the  polygon,  AT  the  tangent, 
iTFthe  parallel,  produce  AE  to  meet  the  circle  in  A'.  Join 
A'S,  and  draw  iTX   perpendicular  to  AS.     Kow,  wc  have 
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KVIS  =  2KXJAB  =  ta 
constant. 


a  TAB=!ii-a.AA'B  =  ABj2E.     Hence 
w;   .-.  EU=Rtwa.     Hence  KU'm 


Cor. — If  tie  polygon  be  one  of  n  s. 
g  to  U,  and  these  Trill  h 


Idea,  there  will  l)e  2»  points 
e  coney olic. 

330.  Ifth$  symmediwn  lines  of  a  hwrmonio  polygon  he  divided 
n  a  given  ratio  in  ihe  points  A",  B"  . . . ,  and  through  these  points 


parallels  he  drawn  to  the  tangents  at  the  summits,  eaeh  parallel 
meeting  the  tu-o  sides  passing  through  the  corresponding  summit, 
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all  the  points  of  intersection  we  eoneyclie,  and  taken  alternately 
form  the  summits  of  two  polyyona  similar  to  the  original. 

Sem. — ^Lct  the  ratio  be  I :  m.  Join  A  0,  OK.  Draw  A"  0' 
parallel  to  AO,  and  A"  XI'  parallel  to  tie  tangent  at  A.  Then 
we  tavG  &A!'=  lRl{l\m),  A" V=inKUj{Um)  =  mS, tm<,>l{l+m) 
(§  329).  But  O'U"  =  0'A"'-i-A"U'^  =  £^(P-imHBii'<.>)l(l-i-mf. 
Hence  O'U'  is  constant. 

Again,  if  JS"V  he  parallel  to  the  tangent  at  £,  the  triangle 
0'B"V  is  in  every  respect  equal  to  0'A"U'.  Honce  the  angle 
JT'O'Fiaeq^ualto^O^.  Hence  the  points  U\V' .  .  .  are  the 
eummits  of  a  polygon  similar  to  that  formed  by  the  points 

A,B It   is   oTident  that,  proceeding  in  the  opposite 

direction  from  A,  -we  get  another  harmonic  polygon.  Hence 
the  proposition  is  proved. 

If  the  ratio  I :  m  vaiy,  the  point  0'  will  move  along  OK,  and 
to  each  position  of  it  will  correspond  a  circle  intersecting  the 
sides  of  the  polygon  ABC  ...  in  points  which  form  the  sum- 
mits oiE  two  harmonic  inscribed  polygons.  This  system  of  circles 
is  called  the  Tucker' a  Circles  of  the  Polygon. 

Cor.  1. — If  ^  be  an  angle  determined  by  the  relation  /  tan  Q 
=  Mt3n(ii,  the  corresponding  "Tucker's  Circle"  intersects  the 
sides  of  the  polygon  at  angles  eij-iaUo  {A-B),  {£-0),  {G-O) 
....  respectively, 

For  tan  6  =  w  tan  lojl  =  A"l7'j  O'A"  =  tan  A"0'U'.  Hence 
6  -A"0'U'.  Again,  denoting  the  angles  subtended  by  the 
sides  AB,  BC  ....  of  the  polygon  at  any  point  of  its  cireum- 
circle  by^,-B.  . .  .,  and  drawing  0'5  perpendicular  to  AB,  we 
have  the  angle  A"0'B.  =  A"U'A,  which  Is  evidently  equal 
to  A.  Hence  JJ'ffR  =  A  -  6,  and  the  circle  whose  centre  is 
0'  and  radius  O'U'  cuts  AB  at  angle  equal  to  A  -9. 

Cor.  2. — The  perpendiculars  from  the  centre  of  a  "Tucker 
Circle"  on  the  sides  are  proportional  to  cos(-4  —  6),  oos(B-&), 
&c.,  and  the  intercepts  they  make  on  the  sides  to  sin  (A  ~  Q), 
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gai{£  -  6)  ..  .  .     la  the  special  case,  that  the  polygon  reduce 
to  a  triangle,  these  results  will  ho  found  important. 

Cor.  8. — If  0  be  cbanged  to  90°  +  0,  the  perpendiculars  are 

proportional  to  sia  (-4  -  6),  sin  {B~0) 

Cor.  4.— It  Jig  denote  the  radius  of  "  Tucker's  Cirole," 

Ee  =  Edno>lsm{$  +  .^).  (894) 

Cor.  5, — The  centres  of  similitude  of  the  origLna,l  polygon 
and  the  two  inscribed  polygons  are  the  Erocard  points  of  the 
polygon. 

331.  If  from  th  eweumcmtre  of  a  harmonic  polygon  perpm- 
iieulara  le  drawn  to  its  ndes,  the  inteneetiom  with  the  Brocord 
circle  are  the  invariable  points  of  similar  figwe^  described  on  its 
sides. 

Dem.— Let^B,  fig.,  §  S23,  be  one  of  the  sides,  Othe  circum- 
centre,  OJthe  perpendicular  intersecting  the  Erocard  circle  in  I, 
J  is  one  of  the  invariable  points.  For  the  polygon  and  the 
figure  formed  by  the  I  points  are  doubly  in  perspective,  the 
centre  of  perspective  being  the  Erocard  points :  and  this  is  the 
property  of  the  invariable  points. 

332.  Jf  through  th^  vertices  of  a  harmonie  polygon  lines  be 
drawn  making  equal  angles  with  the  sides,  and  in  the  same  direc- 
tion of  rotation,  the  centre  of  nmilit-ade  of  the  original  polygon  and 
thai  formed  by  these  lines  is  a  Broeard  point  of  each. 

Thus,  if  DFE  fig ,  §  31 3,  Cor  4  (foi  aimpli  ity  we  take 
tnanfjles,  but  the  proof  is  genera,!),  be  the  origmil  triangle, 
BAG  that  firmed  by  lines  cc[ually  mr lined  to  the  sides, 
then  O  js  the  centre  of  similitude 

333  If  figuies  directly  simiJat  be  desotihed  on  tki.  sid  •:  t  a 
harmontc  poh/jon,  eiery  system  of  honiohgnm  pouits  las  on  thii 
first  pedal  of  a  come. 
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Dem. — Let  S  (7  be  one  of  the  aides  of  the  polygon,  A'  a  point 
of  the  system  ■which  belongs  to  the  figure  on  £0,  Jthe  corre- 
spoading  inyaiiable  point.  B'ow,  since  the  figure  formed  by  the 
system  of  points  corresponding  to  A',  and  that  formed  by  the 
invariable  points,  are  in  perspective,  and  have  their  centre  of 
perspootive  on  the  Broeard  circle  of  the  polygon,  if  we  join  lA', 
cutting  the  Broeard  circle  in  P,  all  the  lines  corresponding  to 
lA'  pass  through  P.     Join  A'£,  A'C,  and  draw  IL,  -PJ/'perpen- 


dicular  to  A'B.  Now,  the  quadrilateral  IBA'C  is  one  of  a 
system  of  similar  qiiadrilaterals.  Hence  the  ratio  of  IL  :  lA', 
and  therefore  the  ratio  of  PM:  PA'  will  be  the  same  in  all. 
Again,  since  B A'  anil  its  homologous  lines  are  equally  inclined 
to  the  sides  of  a  harmonic  polygon,  they  form  the  sides  of 
another  harmonic  polygon.  Hence  they  enyolop  a  conic  (the 
Erocard  ellipse  of  the  polygon  they  form).  Therefore  M  and 
Its  homologous  points  lie  on  the  pedal  of  an  ellipse.  Hence  A' 
and  its  homologous  points  lie  on  the  pedal  of  a  similar  elHpse, 


1.  If  F\,  Ft,  Fi  be  three  similar  polygone,  eacli  forniBd  by  li 
lines  of  a  given  harmotiio  polygon.  Then,  since -Fi,  fi,  -fs  form  a  ayatsm  of 
three  similar  figures,  they  have  three  invariable  points,  and  since  they  are 
harmonic  polygons,  eaeli  has  a  symraedian  point  ;  prove  that  the  latter 
pointa  ooiuuide  with  tie  foimer. 
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2.  FroTs  that  An  centres  of  similitude  of  flgurea  dtrectlj  similar  d( 
on  tlie  consecutive  sidsa  of  &  barmanic  polygon,  form  tlie  summits  of  ano- 
ther harmonic  polygon,  (Tarry.) 

3.  If  AA',  BE',  CG'  he  lioraologous  segments  of  three  similar  figures, 
whoso  estromities  ^,  B',  B,  G',  O,  A'  are  ooncyclio,  prove  that  the  Brianohon 
point  of  the  hexagon  formed  ly  lie  tangents  at  tkese  points  is  the  sym- 
median  point  of  the  three  chords. 

4.  In  the  same  case,  the  feet  of  the  perpendiculars  from  the  circumcciitrs 
on  the  Btianchon  chords  are  the  double  points  of  the  three  similar  figures. 

5.  In  every  aystom  of  three  similar  figures,  F\,  Fi,  Fi,  there  esista  an 
infi.nito  numher  of  homologous  segments,  AA',  BB',  GC,  whose  eitremi- 
ties  are  concyclic,  and  the  locus  of  tho  ciroumqcntre  of  the  extremiLiea  is 
the  circle  of  similitude  of  Fi  ,Fi,  Fi. 

6.  In  the  same  case  tho  envelopes  of  the  segments  AA',  BB',  CC  are 
pavabolie,  whose  foui  are  collinear,  and  whose  directrices  are  concurrent. 

7.  la  every  system  of  three  similar  figures  there  exists  an  infinite  numher 
of  triads  of  corresponding  circles  which  have  tie  same  radical  axis. 

8.  ProTB  that  tie  envelope  of  the  radical  axis  (in  Ek.  7)  is  a  patahola 
whose  focus  is  the  point  common  to  tie  directrices  in  Es.  6,  and  whose 
directrix  is  the  line  o£  collinearity  of  the  fooi  in  Ei.  6. 

Sbctioit  III. — The  TitiiHGiB. 

334.  Triangles  being  particular  eases  of  harmonic  polygons, 
tlieir  geometry  may  be  inferred  from  that  of  the  polygon,  bat, 
on  account  of  its  great  importance,  we  give  a  separate  diseizaaion. 

The  parallels  to  the  sides  of  a  triangle  through  its  symntedian 
point  meet  the  sides  in  six  coney eUo  joints.  (Lbmoihe.) 

Dem.— Let  the  parallels  be  DE',  EF',  FB' ;  join  MB',  SF', 
FE'.  Kow,  since  AFKE'  is  a  parallelogram,  ^.fi"bisccts  FE'. 
Hence,  FE'  is  antiparallel  to  ^C;  similarly,  J}F'  is  antiparaliel 
to  AC.  Therefore  the  angles  AFE',  £F'J)  are  equal,  and 
E'F=  F'J).  In  like  manner  E'F=  B'E.  Again,  if  0  bo  the 
cireumcentre,  OA  is  perpendicular  to  E'F.  Hcnco  the  perpen- 
dicular to  FE'  at  its  middle  point  bisects  OK,  and  it  is  et^y  to 
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sec  tlaat  the  middle  point  oi  OjTis  equally  distant  from  the  s 
points,  FE'EiyBF'.     Hence  the  proposition  is  proyed. 


Dbp. — The  eirele  through  the  points  DF' i»  ealledthe'Lsis.oTss, 

CiECLB,    and  the  hexagon  of  wMeh   the^  are  the  summits,    the 
Lbmoij^e  Hexagon  of  the  triangle. 

Cor.  1. — If  liaes  through  the  angles  of  a  triangle  ABC, 
and  through  a  Broeaid  point,  meet  the  cireumciicle  again  in 
A',  B',  C,  the  figure  AB'OA'EC  is  a  Lemoine  hesagon. 

Cor.  2. — If  a  triangle  AiB^Ct  be  homothetie  with  ABC,  the 
symmedian  point  of  ABC  heing  the  homothsito  centre,  andifthe 
sides  ofAiBiCj,  produced  if  necessary,  meet  those  of  ABC  m  the 
points  B,  E' ;  E,F'\  F,  Bf.     These  eim  points  are  concyelie. 

Prom  the  hypothesis  it  is  evident  that  the  lines  AK,  BE,  OE 
hisect  FE',  DF',  FIf.  Hence,  as  in  §  334,  the  six  points  ai'o 
coney  clio. 

Def, — The  eircles  got,  as  in  this  Cor.,  when  the  triangle  A^B^C^ 
varies,  are  called  the  Tpckbb's  Cibcliis  of  the  triangle  ABC. 
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The  15rocaed  Ellipse. 
335.  To  find  the  trilimar  equation  of  the  Broca/ri  Ellipse. 


Let  B  be  the  centre  of  inversion,  A'B'C  the  equilateral 
triangle  of  whose  eummits  the  points  A,  B,  C  are  the  inverses, 
D'  the  middle  point  of  A'C.  Join  Siy  intersecting  .liCin  B. 
Then  (§  823)  JD  is  the  point  of  contact  of  ^C  with  tie  Brocard 
Ellipse.  Now,  in  the  triangle  SA'C,  AC  i&  antiparallel  to 
A'C,  and  SB'  is  the  median  of  SA'C.  Hence,  SB  is  the 
symmedian  of  SAC  .-.  AD:  BC::  SA' :  SC  Again,  from 
the  pairs  of  similar  triangles,  SAB,  SB' A',  SOB,  SB'C  we 
have  SA:  AB  :  :  SB'  :  B'A' ;  SO :  CB  :  :  SB" :  B'C,  bnt 
B'A'  =  B'C.  Hence  SA:  AB  :  :  SO  :  CB.  Therefore  AB^ : 
BC:  :  AB :  BC.     Honce  (D .  AB)IAB  =  {B  .  BG)IBC. 

Therefore,  if  a,  ^,  7  be  the  equations  of  the  sides  of  the  tri- 
angle ABC,  and  a,  i,  e  their  lengths,  the  equation  of  SB  is 
yjo  -  aja  =  0.     Hence  the  equation  of  the  Brooard  ellipse  is 

•^/S  +  v/wst-Zy^-o-  (895) 
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Cor.  1. — The  reciprocal  of  the  Broeard  ellipse  with  respect  to 
the  conic  a'  +  /3'  +  /  =  0  is  l/a<i+  1/Sj3  +  1/(7  =  0,  which  we 
shall  see  is  the  Steiner  ellipse. 

Cor.  2. — The  directrices  of  the  Broeard  ellipse  are 
Biii^oosC'.a+BiiiOco8^.y8  +  sin^.co8  5.y=0,     (896) 
cos  5  sin  0 .  a  +  cos  C .  sin  ^  .  /5  +  cos  ^  sin  5  .  7  =  0.     (897) 
886.  To  find  the  equation  of  the  Ttioier's  Circles. 
From  the  hypothesis,  it  is  evident  that  the  equations  of  the 

sides  of  the  homothetic  triangle  (g  334,  Cor.  2)  A^ByCi  are  ot 

the  forma 

a  -  ;:»  =  0,     /i-M=0,     y-he  =  0. 

Hence  a/5y  -{a-  ha)  (yS  -  hh)  (y  -  Ic)  =  0, 

or  {ajiy  +  hya.  +  caP)  -  h  {aby  +  ica  +  ca^)  +  k'ah  =  0       (898) 

is  the  required  equation. 

Cor. — The  emelofe  of  Tuelter'a  Circle  is  iM  Broeard  HUipae. 

For  the  discriminant  with  respect  to  S  oi  the  equation  (893) 
is  an  equation  of  which  •/aja  +  v  jijb  +  -v/y/f  =  0  is  the  norm. 

337.  Let  figures  directly  similar  i^„  F^,  Fs,  be  described  on 
the  sides  £C,  CA,  AB  of  tie  triangle  ABC,  and  Si  be  the 
double  point  of  F^,  F^  •  S^  of  F^,  F, ;  and  S3  of  F„  F^.  Then,  since 
ABC  is  a  triangle  formed  by  throe  corresponding  lines,  and 
SiS^S,  the  triangle  of  similitude,  ABC  and  S.S^S^  are  (§  315) 
in  perspective.  The  centre  of  perspective  i"  is  such  that  its 
distances  from  the  sides  of  ABC  are  proportional  to  correspond- 
ing lines  of  jP,,  Ft,  Fs,  and  therefore  proportional  to  the  sides 
of  ABC,  Hence  it  is  the  symmedian  point,  and  from  the 
demonstration  of  §  315  we  see  that  the  parallels  to  the  sides  of 
ABC,  drawn  through  S',  meet  the  circle  of  similitude  S1S3S1 
in  the  invariable  points  Ii,  /j,  I3. 
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Observation. — The  apocial  case  of  thiee  similar  figures  here 
considered  lieing  that  which  was  firet  studied,  the  circle  of 
similitude,  the  inYariable  triangle,  and  the  triangle  of  similitude 
are  named,  respectively,  The  Broeard  Ctrele,  First  Broemri 
Triangle,  and  Second  Broca/rd  Triangle,  rfter  M,  H.  Brocard, 
who  first  inYestigated  their  properties. 


Cor.  1. — The  invariable  triangle  Iilila  is  triply  in  perspective 
with  ABC. 

For,  since  F^,  F^,  F,  are  described  on  the  aides  of  ABO, 
£,  C,  A  are  homologous  points  o£  these  figures.  Konce  the 
lines  5/1,  C/j,  AI^  (§  315)  are  concurrent,  and  meet  on  the 
circle  of  similitude,  Similai-Iy,  CI,,  AI^,  BI^  meet  oa  the 
circle  of  similitude.     Again,  since  the  Lcmoine  circle  (§  334) 
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and  tlie  Brocard  circle  are  eonceiitric,  and  the  line  KIi  inter- 
sects them,  the  intercept  F'1^  =  KjE:.  Hence  the  lines  AI^,  AK 
are  isotomie  conjugates  with  respect  to  B  C.  Similarly,  BI^,  BK 
are  iaofcomic  conjugates  with  respect  to  CM,  and  C/3,  CK  with. 
respect  to  AB.     Hence  Aly,  BI^,  CI^  are  concurrent. 

Got.  2.— The  two  first  centres  of  perspective  arc  the  Brocard 
points  otABO. 

Cor.  3. — The  haryeentric  co-ordinatea  of  the  three  centres  of 
perspective  are 

111         I,     \,     1         \;    I,     I.       (899) 


h^     e''     «^'      c"'     a?'     b^'      a^'    i 
Cor.  4. — The  centre  of  perspective  of  the  triangle  formed  hy 
any  three  corresponding  lines  of  i^„  i^j,  F3,  and  Brocard's  second 
triangle,  is  the  symmcdian  point  of  tie  former. 


IT  IV. 

3S8.  Besides  the  Brocard  circle  and  ellipse,  Lcmoine's  and 
Tucker's  circles,  &c.,  other  circles  and  conies  have  come  into 
prominence  in  connexion  "with  recent  Geometry,  We  shall  in 
this  section  give  some  account  of  the  most  interesting  of  these. 

ITETTBEnG'S  ClKCLES, 

Owen  the  base  BC  of  a  triangle  ABC  and  its  Brocar A  angle, 
to  find  the  locus  of  the  vertex. 

Let  x/,  y',  e'  be  the  perpendiculars  from  the  symmedian  point 
on  the  sides.  Then  tan  u.  =  S/c'/u  =  Sy'/i  =  2«'/o=  45'/(ff=  +  J=  +  c^), 
where  S  denotes  the  area  of  the  triangle;  .■.  cot(i)=(a'+5'  +  e')/4S. 
How,  let  Af  he  the  middle  point  of  the  base,  and  talcing  AiC 
and  the  pirpendicuLir  through  Ai  as  axes,  if  x,  y  be  the 
CO  onlmates  of  A,  we  get  a"  +  S=  +  e=  =  2«=  +  2^'  +  3a=/2  and 
AS  =  2a'j      Hence 

X  -i  y  -  ay  Lot  «>  +  3«V4  =  0  (900) 

15  the  locus  reiiQUcd      It  is  i  lUed  the  Nevherg  circle  of  tlie 
triangle,  fiom  the  nimi,  of  the  distinguished  Geometer  who  first 


y  Google 


484 


Recent  Geometry. 


showed  its  importancD.     We  shall  denote  ita  centre  by  JV„. 
the  same  manner,  taking  the  sides  CA,  AB,  as  the  c 
bases  of  equi-Brocardian  triangles,  we  get  two  other  Neuberg 
circles  Ni,  JV„,  respectively. 


Cor.  1. — Tangenta  from  5  or  C  to  the  circle  JV,  are  equal 
toBC. 

Cor.  2. — The  equation  of  Jf„  in  barycentrio  co-ordinates  is 
«'(;8  +  y)(a  +  /3  +  7)-C«=^y  +  *V  +  '^V)  =  0.       (901) 
For  in  the  general  equation  {la.  +  mj3  +  ny){o.  +  ,8  +  7)  -  {a'Py 
+  i^o.  +  c'a^)  =  0,  I,   m,   n  are  equal  to  the  powers  of  the 
summits  of  the  triangle  with  respect  to  the  circle. 

Cor.  3. — The  angle  "which  BC  subtends  at  the  point  ^„  is 
equal  to  2(0. 

For  the  co-ordinates  of  JV"o  are  0,  ^aeottu,  and  AiC=^a. 
Hence  tan  A^N„  C  =  tan  w. 
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Cor.  4. — If  AiA  meet  the  Srocavd  eircle  offain  in  A',  the  irt- 

cmgJea  ABC,  A' B 0  are  mediim  reciprocals,  or  the  sides  ofom  are 

proportional  to  the  medians  of  the  other. 

Por,  let  the  lino  AA^  meet  the   circumdrcle  again  in  A^, 

and  make  A^&  =  AUi-      Join   A,B,  BG,    GC,    CA^.     Then 

A'Ai .  AA,  =  3«V4  =  35^1 .  ^, C  =  SAA, .  AU-i=  3 J^i .  GA^. 

Hence  A'Ai=3&Ar,  .-.  (?  is  the  centroid  of  the  triangle  ^'-5 C. 

Again,  the  angle  ABC'^  GA^C  =  A^GB,  mAACB^  OA^B. 

Hence  ABO  is  similar  to  A,GB,  that  ia  to  a  triangle  whose 

sides   are  respectively  two-thirds   of  the   mediaiiB   of  A'BG. 

Hence  the  proposition  is  proved. 

Cor.  5.— If  0  be  tho  drcumcentTe  0]^„j{^  a)  =  cot  S  +  cot  C. 

Tor  01^^=  A^If^- A-^0,  and  OiV„/(Ja)  =  cotco -cot^. 
Cor.  6.—  ON^ja,  +  ON^lb  +  ON^lc  =  cot  w.  (902) 

Cor.  1.—0W, .  ON, .  ON,  =  ^.  (903) 

339.  If  the  lines  joining  the  highest  and  the  lowest  points  J„,J', 


of  the  Neuberg  eircle  N„  to  either  esjiremity  C  of  the  base  cut  the 
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circle  again  in  the  points  T,  2",  then  the  lines  BT,  BT'  joining 
thesepoinfr,  to  the  other  oxtremity  are  tangents. 

Dem.— We  Lave  J„C .  0T=  CB';  .:  J„C  ■  CB::  CB:  CT. 
Henee  the  triangles  J^CB,  BCT  are  similar,  hat  J^CB  is 
isosceles ;  .-.  BCT  is  isosceles.  Hence  BT  is  a  tangent. 
Similarly,  BT  is  a  tangent. 

Remarh. — The  angles  of  a  triangle  eqiii-Bioeardian  with  .45(7 
■vary  from  TBC,  which,  is  a  minimum,  to  TBC,  which  ia  a 
maximum.  The  former  is  caUed  Vdap-d  Steiner  angle,  and  the 
latter  the  second  Steiner  angle  ol  the  triangle.  "We  shall  denote 
them  by  2  Vi,  2  V^  respectively.  To  determine  these  angles  we 
haTe^Tsfl,  5jr„  =  ^«cosecu.  Hence  ^iji  Blf^T  =  2  sinio. 
Again,  5iV;2'=  BN^A^^  AJ^JF^BNjL^-V  TBQ  ^  «,  +  2V,. 
Hence  sin (lu  +  2  Tj)  =2  sin  ui.  Similarly,  sin (<o  +  2 F,)  =  2  sin  oj. 
Therefore  Fi,  V^  arc  the  values  of  Fin  the  eq^uatioa 


n  (o)  +  2  F)  =  2  sia  «.. 


(904) 


S40.  If  upon  the  sides  of  a  triangle  ABC  he  deseribed  three 
triangles  directly  similar 
BGAi,  OAB„  ABC,,  such 
that  AAj,  BB„  GC^  are  paral- 
lel, the  loci  of  Ai,  3„  C,  are 
Ifeuherg's  circles. 

Taking  B  C  and  a  perpendi- 
cular^to  it  at  B  as  axes.  Then, 
from  the  hypothesis,  the  angles 
CBAi,  ACB,  are  equal,  de- 
noting each  by  $,  and  BA,, 
CB,  by  p,  p'  reapectively,  the 
co-ordinates  of  A,  are 


and  of  Bi, 


p  cos  0,  pia 


„-f'co,(C-6;,  f'laiC^ 
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Hence  tUe  equations  of  AA-^,  BB^  are,  respectively, 

(pBiiie-osin5)aT-(poo8^-flcosS)s'+p(!siii(5-il)  =  0, 
p'siii(C-6)a;-  |((-p'ooa(C-fl)jy  =  0. 
Then,  forming  tlie  condition  of  parallelism,  putting  p'^hpja, 
and  reducing,  Tce  get 

x^  +  y^-ax-aycotai  +  a^^Q; 
wticli,  referred  to  the  middle  of  BC  a^  origin,  is  the  Neuberg 

a^  +  »/'  -  oy  cot  ui  +  3a74  =  0. 

Cor.  1.— If  (?„,  Gs,  G.bethecentroidsof  ttietrianglesBC-4,, 
CAB,,  ABC\,  tiese  points  are  collinear,  and  the  locus  of  each 
is  a  circle. 

For  if  G  be  the  ceutroid  of  ABC,  it  is  evident  that  GG^ 
is  paiaUel  to  AA„  QG^  to  BB^,  and  GG^  to  CCi ;  but  AA^, 
BB^,  CC,  are  paraUel ;  therefore  the  points  G,  G„  G^,  6,  are 
collinear. 

Again,  taking  the  middle  point  of  BC  as  origin,  tho  co-ordi- 
nates of  Ga  are  respectively  one-third  of  those  o£  A^.  Hence 
the  locus  of  Ga  is 

a:'  +  J/=  -  i«  cot  w .  y  +  «V!2  =  0.  (905) 

The  circles  which  aro  tho  loci  of  the  points  G,,  Gt,  G^  oie  called 
WCa^'s  circles,  after  Mr,  M'Cay,  e.t.o.d.,  -who  published,  ia 
the  li-atimotiona  of  the  Eoyal  Irish  Academy,  Vol.  XXVIII., 
pp.  453-470,  a  full  discussioa  of  their  properties. 

Cor.  2. — M'Cay's  circles  axo  special  cases  of  the  annex  circles 
(g  319),  viz.  when  the  figures  F^,  Fs,  F^  are  described  on  tho 
sides  of  a  triangle. 

Cor.  3. — The  vertices  of  Brocard's  first  triangle  are  respec- 
tively the  polaxs  of  the  sides  of  the  triangle  ABC. 

Cor.  4. — M'Cay's  circle  x?  +  f  -  iay  cot  oi  +  a'/l2  =  0  is  the 
inverse  of  the  circle  iV„  ■with  respect  to  the  circle  on  BO  as 
diameter. 
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ISOGONAL    TiiAJJSPORMiTION. 

341.  It  has  beon  ssen  (§  47),  that  tho  points  Q/3y,  a-'/S-'y' 
are  isogonal  conjugates.  iNow,  H  tie  former  point  describe  any 
curve  F,  the  latter  will  describe  a  onrve  Q,  called  tte  isogonal 
transformation  of  P.  Thus  the  isogonal  transformation  of  any 
liae  is  a  circumconio  of  the  triangle  of  reference.  For  if  the 
line  be  la.  +  My8  +  My  =  0,  its  transformation  is  Ija  +  mjji  +  »/y  =  0. 

Comeraeli/.— The  isogonal  transformation  of  amy  ciroumconic 
of  the  tiiangle  of  reference  is  a  right  line.  In  particular,  the 
transformation  of  the  circumoircle  is  the  line  at  infinity. 

842,  2Ke  isogonal  transformaUoti  of  amy  line  eutting  the  eireum- 
eirole  of  the  IriatiffU  u  a  hyperbola  whose  asympioiio  angle  is  equal 
to  the  angle  of  intersection  of  the  line  and  circle. 

Dem. — Let  A£  C  bo  the  triangle  of  reference,  and  let  the  line 
cut  the  circle  in  tie  points  J),  E;  join  AD,  AE,  then  the 
isogonal  conjugates  of  5,  E  are  the  points  at  infinity  on  the 
sjTnStric[ues  of  AI),  AE  with  respect  to  the  bisector  of  the 
angle  BA  C.  Hence  the  curve  is  a  hyperbola  whose  asymptotes 
are  parallel  to  the  sym^riques  of  AB,  AE;  but  the  angle  be- 
tween the  sym^triques  of  AD,  AE  is  equal  to  DAE,  and  there- 
fore equal  to  the  angle    ft         ti       lDEytth.th.        cle. 

Cor.  1.— The  transEo  m  t  f  y  d  m  t  f  tb  ircum- 
circle  is  an  equilateral  hyp    hi       H  t    h    1  tl        j^uatioa 

of  an  equilateral  iyperb  1  ni       b    g  th    tn     gl     f  refer- 

ence, and  passing  ttrou  h  yp  tPwfilth  j  tion  of 
the  diameter  of  the  ci  1  wh  h  p  se  thr  1  th  aogonal 
conjugate  of  P,  and  tra  sf  m  Th  ti  q  il  t  1  hyperbola 
which  circumscribes  the  t    in  1     f     f  Ip  through 

its  incentre  is 

(eosB-co8C)/a+(eo3(7  A^j^    (      A  B)ly    0    (906) 

The  centie  of  this  hype  hi  th  i  t  £  ta  t  f  the  nine- 
points  circle  with  the  incircle  of  the  triangle.  Corresponding 
properties  hold  for  tie  hyperbolae  through  tie  excontres. 
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Cor.  2. — The  isogonal  tiinsfoimation  of  any  tangent  to  tlie 
oiroumcircle  is  a  parabola 

Cor.  8. — The  tiansfoim-ition  of  any  lino  which  does  not  meet 
the  circumciicle  in  real  points  is  an  ellipse. 

Cor.  4. — The  transformation  of  all  lines  equally  distant  from 
the  centre  are  similar  conies. 

Cor.  5. — If  a  conic  and  a  line  be  isogonal  conjugates,  their 
poles,  withrospoct  to  the  triangle,  are  isogonal  conjugates. 

For,  let  the  conic  and  line  be  l^y  +  mya  +  nafi  =  0,  and 
la  +  m^  +  ny'=  0,  their  poles  are  I,  m,  n,    Ijl,  Ijm,  l/». 

NetJB erg's  HYPEEBOtiE. 

843.  The  isogonal  trmisformation  of  the  Mreotriees  of  the 
BrocweA  Mlipse,  %  335,  Cor.  2,  are 

cos  B  sin  Cja  +  cos  C  ain  Aj^  +  cos  A  sin  Bjy  =  0,     (907) 

sin B cos  Cja  +  sin  0  cos  Aj^  +  sin ^  cos  5/y  =  0.     (908) 

I  have  named  these  conies  after  M.  Neuberg,  who  first  studied 
their  properties.  I  reproduce  here  his  investigation  from 
Mathem,  tome  vi.,  pp.  5-7, 

' '  If  from  a  point  P  perpendiculars  be  drawn  to  the  sides  of  a 
triangle  ABC,  and  produced  so  that 

the  perpendicular  on  a  meets  a  in  A^^,  h  in  Ai,  e  in  A3, 
b  meets  h  in  5„  c  in  B„  a  in  B^, 
c  meets  c  in  C„  ain  C,,  bin  C^. 

Then,  r,,  Tj,  T^  denoting  the  areas  of  the  triangles  A,B^O„ 
A1B1C2,  AsB3C3,T(ispB<itifely.  The  loci  of  i*,  when  the  triangles 
r,,  T,  vanish,  are  the  hyperbolfe"  (907),  (908). 
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Dem.— r,  =  sura  of  tho  triangles  PA^B^,    PB^G^,  PO^A^ 
=  ^  (PAi, .  PA  sin  C  +  PB^-  PG.,  sin  ^  +  PC, .  PA^  sin  _S) 
=  i  {jgysin  C/(cM  Cooe-i)  +  yasin^/(co8^cos_B) 

+  a^siii-B/(oo8  5cosC)t 
=  Ipycos^sinC+yacoaCBin^ 

+  a/3oos^sili-S}/(2oDs^  oos^oosC). 
Hence  tLe  locus  of  P  when  the  points  A^^  B'„  C\  are  collinear  is 
tile  hyperbola 

I3y  cos  _B  ain  C+  ya  cos  C  sin  ^  +  a^  cos  ^  sin  ^  =  0. 
Similarly,  tlie  locus  of  points  for  wiiicli  A3,  B^,  C3  are  collinear 
is        /3y  sin  5  cos  C  +  7a  Bin  C  cos^  +  a^  sin^  cos£  =  0. 
These  hyperbolte  have  been  named  Simson's  Conies  by  M,  Vigarie. 
It  wouM  be  diffionlt  to  conjecture  a  reason  for  this  nomenclature. 
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Whateyer  it  may  be,  there  would  be  a  stronger  for  calling  tte 
circumcirclo  tte  Simson  Circle,  ami  no  one,  I  presume,  would 
think  ol  doing  bo.  The  name  I  have  given  has  the  merit  of 
honouring  a  mathematician  who  has  done  much  to  advance 
recent  Geometry. 

Cor.  1 . — The  locua  of  points  for  which  T.^  =  T^  is 

^y&iQ.{B-  C)-^yo.d-D.{G-A)+a^mi.(A-B)  =  (i.  (909) 
This  is  Eiepert's  Hyperbola, 

Cot-.  2.— y, :  Tj  +  Tj  in  a  constant  ratio. 

Cor.  3. — The  poles  with  respect  to  the  triangle  of  reference 
of  Ifeuherg's  hyperholce,  Kiepert's  hyperbola  and  circumciicle 
are  oolliaear,  and  their  line  of  collinearity  is  parallel  to 


.sfi  + 


s(?=0. 


Etihkmanm's  CntoLEs. 
S44.  Dur. — If  ABC  he  the  fundamental  triangle,  S  the 
orthoeentre,  N,  JV„,  iVj,  iV"^  the  Wagel's  jioints.  The  dreles  whose 
diameters  are  HN,  UN^,  SjVs,  MN^  are  called  Fuhrmann'a 
Circles  of  the  triangle.  They  teill  he  denoted  respectively  ly 
F,  F„,  Fi,  F,. 

If  tbrongh  iV,  NA^  be  drawiL  parallel  to  BC,  meeting  the 
perpendicular  from  A  on  5  0  in  A,,.  Then,  evidently,  AA„  =  2r, 
but  ^-2r=  2Ii  coiA.  Hence  AS: .  AA^  =  AEr  cos^,  or  the 
power  of  A  with  respect  to  F  is  iHr  cos  A.  Henee  the  equa- 
tion of  F\i\  "barycentric  co-ordinates  is 

45?- (a  +  /S  +  y)(aco5^  +  yScos5  +  ycos  C) 
-(«=y3y+ 5>  4  ."«/?)  =  0. 
Similarly,  the  equations  of  F„  F,,,  F,  are 
45»-„  (a  +  ,8  +  7)  (/3  cos  _B  +  y  cos  0 - 
-(«^/3y+i>  + 
4S)-4 (a  +  ;8  +  y)  (y  cos  0  +  a  cos^  - 

-  («'(9y  +  b-'ya  + 
4:Er,  (a  +  /3  +  y)  (b  cos  ^  +  ;8  oos5  - 

-  (a'/3y  +  JV«  + 


)  =  0, 


sO) 


(910) 

(911) 
(912) 
(913) 
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Cor.  1.— If  on  the  altitudes  AR^,  BS,,,  CR„  of  the  triangle 
ABG,  segmentB  AA^,  BB„  CG^  be  cut  off  each  equal  to  2»-, 
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the  triangle  ^oB„C„ia  inscribed  in.  F,  and  is  inversely  similar 
to  ABC. 

The  first  part  ia  evident  from  the  foregoing  demonstration ; 
the  second  is  proved  thus :  NA„  NB^  are  parallel,  respectively, 
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to  BC,    CA.     The    angle  A^NB„  is  equal  to  BCA.     Hcuce 
A^C^B^  is  equal  to  BCA.     Hence,  &c. 

Cor.  2.— If  oa  AS^,  BE^,  CS„  we  cut  ofE  AA,  =  -  2»-„, 
-0-S„  =  2»-„,  CC.  =  2f„,  the  triangle  AJi^C^  is  inscribed  in 
the  circle  F„  and  is  inYersely  similar  to  AB  C. 

345.  IfAi,  Aii  B^,  B^;  C^,  C^  he  the  pairs  of  points  where 
the  internal  and  external  hiseetors  of  the  <mgles  A,  B,  C  meet  thg 
ctnyitmowch,  and  if  A\,  A\  he  the  symetriquea  of  Ai,  As  with 
respect  to  BC ;  B\,  B\  ofB^,  B^  with  respect  to  CA,  and  G\,  C\ 
of  d,  Cj  with  respect  to  AB,  then  the  triangle  A\B\C'i  is  in- 
scribed in  F,  A\B\0\  inF„  A'jr^C\  inF^,  and  A'^\0\  m  F,. 

Dem. — Let  A',  B',  C  he  the  middle  points  o£  the  sides  of 
ABC.  Now,  A^A\  =  A^A'  -  A'A\  =  AH.  Hence  HA\  is 
parallel  toAAi.  Again,  let  /ho  the  incentre of  ^5 C,  and  since 
N  is  its  TTagel's  point  it  is  the  incentre  of  its  anticomplemen- 
tary triangle.  Hence  AN^m  parallel  to  lA',  and  equal  to  2IA'. 
Hence  JW  =  A'n,  and  hy  hypothesis  A\A'  =  A'Af  Hence 
A'lN'iB  parallel  to  AAi,  and  it  has  been  proved  that  SA\  is 
parallel  to  AA,,  hut  the  angle  AiAAi  is  right,  thereiore  the 
angle  SA'Jtf  is  right,  and  the  point  A\  is  on  the  circle  F. 
Hence  the  proposition  is  proved. 

Cor.  1.— The  triangles  A\B\C\,  A\B\C\,  A'Ji\G\, 
A'sB'iC\  are  each  inversely  similar  to  ABC. 

Cor.  2.— The  triangles  AoB„Cc,  A\B\C\  are  in  perspective. 

From  I  let  fall  a  perpendicular  7/3  on  AC.  Then  Al:  7/3 
:  :  BA^  :  A.A',  hut  Iji  =  r,  and  BA^  =  lA,.  Hence  AT:IA, 
:  :  2r  :  ZA-^A' :  :  AA^  :  AjA'i.  Hence  the  triangles  AAnI, 
AiA'ilaise  similar,  thei-efore  the  points  A^,  I,  A\  are  collinear. 
Similarly  Ba,  I,  B',  are  collinear,  and  C„,  J,  C\.  Hence  the 
triangles  AoB^Ca,  A'iB\C\  are  in  perspective. 

It  may  he  proved  in  like  manner  thai  A„B„C^  and  A'lB'iC'i 
are  in  perspective. 

Cor.  3. — 7 is  the  incentre  of  the  triangle  A^BaC„,  and  the 

orthocentre  of  A\B\C'i.     From  the  similar  triangles  AlA^, 

2p 
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A,IA\  we  have  A^  :  lA^^  :  :  AI .  lA,  ■■  A,I  IA\,  that  ia. 
AI'^ :  lA^  : :  power  oi  I  with  respect  to  circumcircle  of  ABC 
:  power  of  I  with  respect  to  F.  In  like  manner  BP,:  Wo"  ■ 
power  of  /  with  respect  to  circumcircle  of  ABC .  power  of  1 
with  respect  to  F.  Hence  it  follows  that  AI:  BI:  CI:  :  At^j: 
BiJ :  0(i/.  Hence,  since  /is  the  inoentrc  of  ABC,  it  is  the 
incentre  of  the  similar  triangle  A^BaC^,  and  therefore  the  ortho- 
centre  oiA\B\C\. 

Cor.  4. — 7ia  the  double  point  of  the  inversely  sunilar  flgure3 
ABC,  A^BoCf,. 

Cor,  5. — Properties  corresponding  to  those  of  Cors.  3,  4  hold 
for  the  exoentres  I„  /j,  /,  with  respect  to  the  triangles  A^B^C,,, 
A^,C„  A^,C,. 

846.  If  I'm  Pi,  I'e  ie  the  s^mHriques  ofI„,  /j,  /„  with  respeet 
to  BC,  CA,  AB,  respectively,  the  cirmnncircks  of  the  triangles 
BCI'„  CAB,,,  ABI\,  and  the  lines  Ar„  BI\,  Cr ,  pasa  through 
a  point  R. 

Dem. — -The  circnmcircles  of  the  triangles  BCI^,  CAI,,,  ABI^ 
pass  through  a  common  point  /.  Henco  ti.cir  symetriqnes  the 
.oircumoircles  of  the  triangles  BOI'^,  C'AI'i,  ABI\  pass  through 
B  common  point  R,  the  twin  point  of  /with  respect  to  the  triangle 
ABC. 

Again,  from  the  cyclic  q^nadrilaterals  ABRI' „  BCRI'^  it  is 
easy  to  see  that  RA  coincides  in  direction  with  RI'^.  Hence 
AT  a  passes  tlirongh  B. 

Cor.  1. — The  circumcentres  of  the  triangles  BCI'^,  CAI'i 
ABI\  are  the  pomts  A\,  B\,  C\. 

Cor.  2. — The  sides  of  the  triangle  A\B\C\  hiseot  perpendi- 
cularly AR,  BB,  CR. 

Cor.  3, — The  middle  point  of  IR  is  the  point  of  contact  of  the 
nine-points  circle  of  ABC  with  its  incirole,  and  the  common  tangent 
at  this  point  coincides  with  the  axis  of  perspeotioe  of  the  triangles 
AiB^Oi,  A\B\G\. 

Let  Co,  Ui,,  P",  "be  the  points  of  intersection  of  the  correspond- 
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ing  aides  of  tte  triangles.  Then  /  being  the  orthooentre  of  the 
triangles ^,5, C^,  A\B\ C\,  B^Ci bisects  lA  perpendicularly,  and 
-S'l  C'l  is  perpendienlar  to  lA^  and  to  AM  (  Cor.  2)  at  their  middle 
points.  Hence  C^,  their  point  of  intersection,  is  the  centre  of 
the  circle  passing  through  the  four  points  A,  I,  Aa,  H,  and  is 
on  the  perpendicular  to  IS  at  its  middle  point  Q.  Similarly 
this  perpendicular  passes  thiough  P],  and  P^.  Again,  the  figure 
AIA^B  is  a  cyclic  trapezium ;  therefore  IR  =  AA^  =  2r,  IQ  »=  r, 
and  G  is  a  point  on  incircle.  But  since  I  and  R  are  twin  points, 
the  eijuilateral  hyperbola  which  passes  through  the  points  A\  B, 
C,  /also  passes  through^,  and  /audi!  are  the  extremities  of  a 
diameter  Hence  the  middle  point  Q  of  IR  is  the  centre,  and 
therefore  ii  ^  point  on  the  nine-points  circle  of  ABC.  Con- 
sequently, Q  IS  the  point  of  contact  of  the  nine-points  circle  of 
ABC  with  its  incircle,  and  the  line  JJJJiUc  is  the  common 
tangent.  The  ec[uation  of  the  hyperbola  ABCIR  is  given, 
§  342,   Cor.  1. 

Ccr.  4:.—TAe  Urns  AtA'i,  B«B\,  C^C,  meet  the  iidea  BC>  CA, 
AB  of  ABC  in  three  points  ntuatei  on  the  common  tangent  of  in- 
circle and  nine-points  circle. 

Dem.^Let  Q  be  the  middle  point  of  IE,  and  draw  la  perpen- 
dicular to  BC,  How,  in  the  cyclic  (quadrilateral  EAIA^,  since 
AR,  lAa  are  paraUel,  the  angle  RIA^  =  AAJ  =  AJa.  That 
is,  if  V^  be  the  point  of  intersection  of  AaA',  with  BC,  the 
angle  QIV,  =  oiT„,  and  QI  =  r  =  la.  Hence  V„QI  =  Kal 
=  right  angle.  Theieforo  F^  is  on  the  tangent  at  Q  to  the 
incircle. 

£XBB.aiSES. 

1.  The  radical  atea  of  the  oiicumoirole  and  the  cirolea  F,  Fa,  Fi>,  Fc  form 
a  standard  quadrilateral. 

2.  The  equations  of  SA'i,  SB'i,  MG'i  in  perpendicular  co-ordinatea  ar'> 

JcoaJ(,,e  +  iiooe(7.-)'-  (i  +  «)  oos  J  .  o  =  0,  fe.  {9U) 

Thia  ia  the  radical  axis  of  F  and  F„. 

3.  The  orthologique  centre  of  the  triangle  A\B\C\  with  respect  to 
A'iB\C'i  ia  a  point  S  on  the  cirouui circle  of  ABC,  and  the  points  0,  JV,  S 
are  coUinear. 
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4.  Tho  otthologiq^ue  centre  of  ASO  with  vespeot  to  AaBaCu  is  a  point  T 
on  the  circle  ABC  diametrically  oppoeite  to  S. 

5.  The  lines  AS,  BS,  OS  are  parallel  to  the  aides  of  AaBaCa. 

6.  The  co-ordinates  of  »5  with  respect  to  ^S(?are(i-c)-',  (s-a)-',  {a-h]-^. 

7.  The  aaia  of  perapeotive  of  ASO,  AnBM  is  perpendicular  to  HT. 

8.  The  double  lines  of  tb.e  invereel y  similar  figuras  ABO,  A^B^O,,  meet  AE, 
BS,  OE,  in  points  (X„,  Xi,  Xc),  {S.\,  X't,  X '.),  auch  that  AX^  =  BXt  =  CXc 
=  lt-S,AX'a  =  BX'i,=  CX't  =  R  +  S,  where  S  =  radiua  of -F. 

0.  If  A'l  Tie  joined  to  tlie  centre  of  the  nine-points  ciide,  and  produced 
to  meet  the  altitude  AS  in  2,  then  AZ  =  S. 

10.  The  bary  centric  co-ordinates  of  Q  with  respect  to  ^'^C  are  al{i-t), 
hj{e-a),ol{a-b);  and  the  equation  of  FnFt  is o[i-(r)=-|-B(c-a)a +  7(0-*)' 
=  0.  (be  Lonschamps). 

The  Okthocenteoibal  CinoLE, 
347.  Dbf. — The  circle  whose  diameter  is  the  join  of  the  ortho- 


eentre  H and  centroid  &  of  a  triangle  ABC  is  called  its  orthoc^ 
troidal  circle.. 
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Its  equation  is  easily  found.     For,  substituting  t!ie  co-ordi- 
nates of  G  and  ^ior  a-^'y',  a"/3'y'  in  equation  (181),  we  get 
a'  sin  2^  +  ^  sin  2B  +  /  sin  2(7 
^  {a/5  sin  C  +  ,5y  sin  ^  +  ya.  sin  5)  =  0,  (915) 

or,  denoting  the  nine-points  circle  of  AB  C  by  R,  and  its  eirciim- 
cirolc  by  S,  the  equation  of  its  orthocentroidal  circle  is 

iV'+S  =  0.  (916) 

848.  The  six  points  in  tehiek  the  orthoeentrotdal  eirele  meets  the 
altitudes  and  the  medians  of  the  triangle  ABC  form  the  summits  of 
a  harmonie  hexagon. 

Dem.— Let  the  points  in  wHch  the  Bymmedians  of  ^5Cmeet 
its  circuraoirdo  be  A^,  £i,  C, ;  aad  the  points  in  which  the 
orthoceiLtroida)  circle  meets  the  altitudes  and  medians  of  ASC 
bo  the  triads  of  pcints  («  J,  c) ,  («i,  b„  Cj),  respectivoly  Then 
taking  any  two  pummits  of  the  hexagon  which  they  form,  such 
as  Oi,  h,  the  angle  a^M  subtended  by  the  chord  aji  at  the  point 
S  of  the  citho  entroidfll  circle  is  easily  ';een  to  be  equal  to 
the  angle  which  the  corresponding  =ummits  of  the  hexagon 
AxBCiABiO  subtends  at  A  Hence  tho  hexagon  OiJiifflSiC, 
A,BC,4B  C  are  similar,  hut  the  latter  hexagon  is  h-wmomo 
Hence  the  foimer  is  harmonic,  "md  since  they  hive  different 
orientations  they  are  inversely  similar 

Cor.  1. — The  triangles  abe,  ABC  a.re  inversely  similar,  and 
also  the  triangleB  UiSiCi,  AiBiCi. 

Cor.  2. — The  lines  aa^,  ibi,  eCi  are  the  symmedians  of  the 
triangles  ale,  afiiCi. 

849.  If  h^.  hi,  A„  be  the  interseettons  of  corresponding  sides  of 
ABC,  and  ite  orthique  triangle  ff^HtH^  the  Urns  Siii,  Sbi,  Hci 
pass,  respectively,  through  h„  \,  k^. 

Dem. — Consider  the  oircumcircle  of  the  triangle  AHiMa 
the  orthocentroidal  circle  iV-l-  8,  and  the  nine^points  circle  If. 
Now,   since  JV+  S,  N  and  8  arc  coaxal,  the  radical  axis  of 
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if  imd  S  ia  the  radical  axis  o£  JV+  S  and  N.  Therefore  the 
radical  axis  of  iV"+  S  and  Jf  is  hji^h,.  Again,  the  radical  axis 
of  the  circle  AKifi^  and  iV+  B  is  the  line  «i-ff,  and  the 
radical  axis  oi  AUtH,  and  ]^  is  the  line  HiM^ ;  hut  these  three 
radical  axes  are  concnrreat,  therefore  aiH.  passes  through  h^- 

Otherwise :  The  line  h^S,  the  polar  of  A  with  respect  to  the 
circle  CBS^^,  is  perpendicular  to  the  diameter  AA', 

360.  The  points  Oy,  hi,  Ci  are  the  lymetriques  of  A,S,  Ci  with 
reject  to  the  sides  of  the  triangle  ABO. 

Sem. — Join  A'H,,.  Then,  since  BM^C  is  a  right-angled  tri- 
angle and  BC  is  hisected  in  A\  A'B  =  A'H^.  Hence  the  angle 
BH^A'  =  A'BB^  =  SAS^.  Therefore  A'H^  is  a  tangent 
to  the  circle  through  the  cyclic  points  BaJI^.  Hence 
AA' .  a-iA'  =  A'K^  =  A'C  Again,  let  AA'  meet  the  cir- 
cnmdircle  in  A".  Join  A,ai,  A,A".  Now,  A  A' .  A' A"  =  A  C^. 
Hence  A'A"  =  OiA'.  Therefore  the  three  lines  A'a,,  A'A,, 
A' A"  are  equal  to  one  another.  Hence  the  BJigle  a,Ai  A"  is 
right,  and,  since  A,A"  is  parallel  to  BC,  a^A,  is  perpendicular 
to  BO,  and  is  eTideatlj-  bisected  by  it. 

Cor. — The  Appoloniaa  circle  of  the  triangle  which  divides  £  C 
passes  through  «! ;  for  since  AA'  .  a^A'  =  A'B^,  the  triangles 
AA'B,  BA'a^  are  sinular.  Hence  AB  :  a^B  :  :  AA'  :  A'B ; 
similarly,  AO  :  a^G  : :  AA'  :  A' C ;  :■  AB  :  AC  :  :  a,B  :  a^G. 
And  the  proposition  is  proved. 

861.  The  symmedimi  points  of  the  figures  a  J>Ciahxe,  A^BGiAB^C 
coincide,  andfornt  the  double  point  of  these  figures. 

Sera. — Since  a-iAi  is  perpendicular  to  £  C  it  is  parallel  to  Aa. 
Hence  AA-i  and  aa^,  which  are  corresponding  lines,  divide  each 
other  proportionally.  Therefore  their  point  of  intersection  is 
the  double  point  of  these  figures.  Similarly,  the  intersection 
of  BBi,  iii ;  and  also  the  intersection  of  GGi,  ee,  is  the  double 
point.  Henco  the  three  pairs  of  lines  AAi,  aa^ ;  BB^,  hhi ; 
CGi,  cci  have  a  common  point  of  intersection,  which  is,  there- 
fore, the  symmedian  point  of  each  hexagon. 
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352.  if  M,  JV  he  ike  extremities  of  ike  dlamet&r  S6  .of  the 
cwcwmewcle  ABC,  the  daubh  Um»  S,  8'  of  the  inversely  ■  sintilar 
Jigwea  afio^ahie,  AiBdABiC  divide  the  altitudes  of  the  triangle 
ABC,  in  the  ratio  MN:  ITN,  MN:  MU,  res^mtively. 

Dem. — Since  K  is  the  double  point,  the  angle  AKa,  SSI, 
CKe  have  the  same  hisectors.  These  (§  206)  are  tho  douhle 
lines  S,  S'.  Let  jS,  B  be  the  points  where  they  cut  AS.  Then 
■we  have,  R  being  the  cireumradius,  AS  :  Sa: :  AS'  i  aS' : :  2£  : 

Since  Aa  =  fAH„.  Theae  proportions  can  he  transformed 
into  the  following  : 

AS:8S„::2E:R-i  ^GH  : :  MN:  EW 
A  S' :  S'E^  ■.-.^RiR-^GR::  MN:  MS. 
Cor. — The  douhle  lines  S,  S'  are  at  light  angles  to  each  other. 

BeOCARd's    PAEiBOLJi. 

353,  If  two  isogonal  lines  /3  -  ky  ■=(),  hp  -  y  =  0  meet  the 
altitudes  {fg.,  §  347)  BEt,  CE„  in  the  points  Q,  R,  the  envelope 
of  QR  is  a  pm-ahola. 

Dem.— The  equation  ai  QR  is 

o,  cos  ^  -  ^  (^  cos  C  +  7  COS  B)  + 
k\l3  cos R  +  y  cos  C-acos^)=0.  (917) 

For  this  may  he  ■written  in  the  form 

(j8-Ay)(cos£-Aco3C)-(aco5^-;8eosif)(S=-l)  =  0, 

showing  that  it  passes  through  tho  intersection  of  j3  -  Sy  =  0, 

and  acoBA  -  /3  QosB  =  0,  and  it  may  he  written  in  the  form 

C^^  -  y)  (/:  cos  5  -  cos  0)  4-  (y  cos  C  -  a  cos  -ff )  (A^  -  1 )  =  0, 

showing  that  it  passes  through  the  intersection 

A,8-y  =  0,      and  y  cos  C-acos^  =  0, 
and  its  discriminant  with  respect  to  k  is 

4a.  cos  ^  (;8cos..e+y  cos  C-a  eos^)-(/3  cos  C+ y  oosi?)' =  0. 

(918) 
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Cor.  I . — Tho  points  Q,  M  di^iide  tlie  lines  BRt,  CS,  propor- 
tionally. For,  evidently,  the  triangles  A£Q,  ACR  are  similar 
and 

BQ:  CR-.-.AB-.AC-.-.BB^:  C3,. 

Hence  B  Q :  BH^ ::  CE:  OS, 

Cor.  2. — By  giving  special  values  to  k  we  get  special  posi- 
tions of  QR  in  each  of  whicH  it  will  be  a  tangent.  Thns,  if 
A  =  0  we  get  a  =  0  as  tte  tangent,  if  A  =  =0  , 

fi  oosS  +  y-coa  C-  a  COS  A  =  0, 

that  is,  the  line  -Hj-ff,  is  a  tangent,  and  by  mating  }:  =  ±  \,  we 
see  that  the  internal  and  external  bisectors  of  the  angle  BAC 
are  tangents. 

354.  If  P  be  the  point  -which  divides  AJ{^  in  the  same  ratio 
as  R  divides  CH„  tho  envelopes  of  the  lines  RP,  PQ  will  be 
two  other  parabolEC  whose  equations  are  obtained  from  (918)  by 
interchange  ol  letters,  viz., 

4/3cos5(7COsC4aCos^-/3cos5)  =  (yco5^  +  acosi;)=. 

(919) 

4y  COB  C  (a  COS  ^  + /3  COS -B -y  cos  0)  =  (a  cos  J5  +  ^  cos  ^)'. 

(920) 
"We  shall  denote  these  three  parabola  by  t„,  jti,  tt,,  respectively. 

855.  The  aj/mmedian  lines  AK,  BK,  GK  are  the  Hreciricea  of 
the  three  paraholis  tt^,  jtj,  tt,,  and  the  points  Oi,  ^i,  ei  are  their  foai. 

Dem.— If  the  ratio  in  which  the  points  Q,  R  divide  the  lines 
BH^,  CS,  be  equal  to  the  ratio  MN:  BN,  §  352,  Q,R  coincides 
with  S,  and  -with  S'  if  equal  to  the  ratio  MN':  Mil.  Hence  t,  6' 
are  tangents  to  tho  parabola  ?r„,  and  since  they  are  at  right 
angles  to  each  other,  their  intersection,  the  point  E,  is  on  the 
directrix.  And  since  the  internal  and  external  bisectors  of  the 
angle  BA  C  are  tangents  (§  353,  Cor.  2),  and  are  at  right  angles, 
the  point  A  is  on  the  direetrix.     Hence  AKie  the  directrix  of 
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jTa.     Similarly,  BE,    CK  are  the  directrices  of  jtj,  ir„,  respec- 

Agaiii,  since  the  point  a^  is  eomTnon  to  the  oiroumeircles  of 
the  triangles  BUG,  S^SHa  each  of  which  is  formed  by  three 
tangents  to  ir,,  a,  is  its  focus.     Similarly,  I,,  c,  are  the  foci  of 

Astzt's  PAsiBOLa  (Second  Group), 

356.  Those  touch  the  perpendicular  bisectors  of  two  sides  of 

the  triangle  of  reference,  and  the  internal  and  external  biseetors 

of  the  angle  formed  by  these  sides.     Their  equations  are 

{f;8sinC+ysin5)oos^-asiE-4P=sin»^sin(5-(?)(^'-7'). 

(921) 
((ysin^  +  asinC)cos5-^sin5i  =  =  sin'_5sin(C-^)(y=-a=). 

(922) 
|(asin5  +  ^sin^)cosC-ysiiiCi'=sin^(7sin(^-£)(a=-^'). 

(923) 
The  -^uhjea  mittcr  ol  §§  347-3S6,  are  chiefly  taken  from 
Erocaril,  Memoires  of  the  Academy  of  Mord^elUer,  1886,  and  from 
Neuberg,  MafJiesis,  yoI  x.,  p.  166.     The  name  orthocentroidal 
IS  due  to  Ml   Tucker. 


1.  The  foci  of  the  Brooard's  pmabolie  aw  the  isogonal  conjugates  of  the 
summits  of  Brocatd's  Bcoond  triangle. 

The  polara  of  orthocentre  B"  are  the  radii  0,4,  OB,  OCof  cirouradrole. 

2.  Tbe  foci  of  Artzt's  paiabolie  are  the  summits  of  Brocard'a  second 
triangle. 

3.  The  equttfions  of  the  lines  nui,  hh\,  cc\  ate 

a^  COS  ^  sin  (£  -  C)  +  ,8  sin  (-i  -  S)  +  ■>■  sin  {C-A)  =  0,  (924) 
B  sin  (A-B)  +  2S  coa  B  sin  (C-  -i)  +  7  ain  (B  -  (7)  =  0,  (925) 
<isin(.B-  C)  +  ^ein(C-^)  +  27CoaCsin(^-S)  =0.       [92G) 

4.  The  points  of  contact  of  the  parabola  tto,  ttj,  tti  with  the  aiSes  of  ABC 
are  their  points  of  intersection  with  the  line 

a  sec ^  +  e  sec 5  +  7  SCO  C=  0.  (9271 
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5.  The  directrices  of  Aitzf'a  paiaboke  are  tie  medians  of  ABC. 

6.  The  side  be  of  tlie  triangle  ahc  ia  a  tangent  to  the  parabola  5r». 

7.  The  co-ordinates  of  tbe  point  01  are    ^tan^,  sin  C,  sinB, 

8.  The  co-ordinates  of  the  point  a  are     \,  sec  G,  sec  B. 
0.  The  axis  of  perspective  of  the  triangles  ABC,  PQR  (5  354)  ia 

a/[m3 J  -kcosB  cos  C)  +  0/[cO3 B-kcoaCcoiA) 

-^T/(co3f-Aco3^cos5)=0, 
when  i  is  variable. 

10.  The  envelope  of  the  Ests  of  perspective  is  lie  parabola 

4(acOB^4-flcosB  +  -ycoBC)Wcoa^  +  B/=oa-B  +  7/cosC 
=  {  a  (cos  B/cos  C  +  COS  C/cos  £)  +.8  (i^oa  C/oos  ^  +  cos  Ajco^  ■ 
+  7(oos4oos£  +  cos£/coa4l'- 
The  form  of  the  equation  showa  that  it  touches  tlie  orthique  ai 
isogonal  transverse. 

11-14.  Prove  that  the  conic  (931)  isa.'parabola;  (2')  that  it  is' 
in  the  triangle  ABC;  (3')  that  it  touches  the  double  lines  5, 
(4°),  that  its  directrix  ia  the  join  of  the  orthocentre  and  aymmedi 


(928) 
(929) 


(931) 


15.  Prove  that  the  equations  of  the  lines  ]0i 
the  pointB  of  contact  of  the  parabola  (931)  are 


16.  The  equation  of  the  line  i 


in((7-^)  =  7Ein2CBi: 


17.  The  axis  of  perspectivo  of  the  triangles 
ttCcos S  COS  C- cos ^  cos  jr/3)  +  y3  (MS 


S'  (5  352) ; 

,n  point. 

:  ^fiCwith 

l-£}. 
(9D2) 

(93S) 

^t/3) 
(934) 


Keepert'8  HrPEKBOiA. 
357.  Upon  ttG  sides  of  a  triangle  ABC  are  dosoriltecl  three 
triangles  BCA',  CAB',  ABC  directly  similar ;  it  is  required  to 
investigate  in  wliat  cases  ABC,  A'B'(?  are  in  perspective. 
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Solution'. — Let  a,  y3,  y  be  tlie  normal  co-ordinates  of  the 
centre  of  perspective,  &,  Q'  ^ 

tlie    base    angles     of    tho 
similar  triangles;  then  evi- 
dently 
0. -.^  :  :  BC  sm{B  -  6') 
:AC'sm(A-e) 
::sin^.sin(5-e') 
:  sinfi'.sin(^-it). 


a  sin^  cote -y9  sinS  cotf  ■- (a  eos^ -^  cos_S)  = 
Aad  eliminating  6,  6'  from  this  and  two  similar  equations 
asin^i,     ;Ssin£,     a  cos -^~  ,8  cos 
liwaB,    ysinC,     ^zosB-ycos 
ysmC,      aain^,      y  cos  (7 -a  cob 
This  determinant  ia  reduced  fay  substituting  for  the  second 
columE  the  difference  between  the  first  and  second,  and  then 
adding  the  second  and  third  rows  to  tte  first,  and  we  get 

(asin^  +  /3sinS  +  ysinC) 
{a.^  An{A  -  5)  +  /5y  sia(5  -  C)  +  ya  sia(C-  -i))  =  0 ; 

the  first  faotor  of  which  denotes  the  line  at  infinity,  and  the 
second  Kiepert's  hyperbola  (r).  In  the  former  case  the  lines  A  A', 
BB',  CC  are  paiallel,  and  the  loci  of  the  points  A',  B',  C  aie 
ITeuberg's  circles  iV„,  iVi,  N,-  Iji  the  latter  case,  the  triangles 
BCA',  CAB',  ABC  are  isosceles.  For,  adding  eq.uation  (1) 
and  two  similar  ones  got  by  interdianging  letters,  we  get  cot  6 
=  cot  $'  and  $  =  6'.    In  this  case  the  lines  AA',  BB',  CC,  are 

a.A-D.{A-6)  =  p6:a{B~e)=ysm{C-e). 

Hcnoc  the  co-ordinates  of  the  centre  of  perspective  of  the  triangle 
A'B'C  (caUed  Kiepert's  triangle),  and  ABC  are  1/sin  {A  -  6), 
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ljda(B  -0),  l/sm(C-i9).  Since  these  are  functions  oiB,  the 
point  they  denote  is  called  the  point  0  on  the  hyperbola  (r),  and 
their  inverses,  viz.  the  point  sm{A-e),  &m{£-e),  am{C-6) 
is  the  point  on  the  line  OiT  which  is  the  isogonal  conjugate  of  P. 

Oor.  1.— Every  Eiepert'a  triangle  is  orthologique  with  ABC, 
Eor,  since  the  perpendiculars  from  A',  £',  C  on  the  sides  of 
A£C  meet  in  a  point,  the  perpendioulars  from  A,  B,  C  on  the 
sides  oi  A'B'C  meet  in  a  point  the  orthologique  centre  of 
A'B'Q'  with  respect  to'ABC. 

Cor.  2. — If  the  vertices  of  aKiepert  triangle  j4'5' (7' he  points 
on  Tfeuberg's  circles  iV„,  iVj,  ]V„  the  lines  AA',  BB',  CO'  meet 
at  infinity,  and  are  therefore  parallel  to  the  asymptotes  of  T. 
Hence  the  lines  A/^  AJ'„  (fig,,  §  338)  are  parallel  to  the 
asymptotes  of  V. 

Cor.  3, — ^AiBiCi,  A^B^Ci  le  two  Kiepert' i  tricmgles  whose 
vertices  Aj,  A^ ;  B^,  B, ;  0^,  Cj  are  inverse  points  with  respect  to 
Meiiherg's  circles  N„,  JVj,  jV„  respectively,  then  the  corresponding 
points  P„  Pi  on  T  are  the  extremities  of  a  diameter. 

For,  since  Ai,  Ai  are  inverse  points  with  respect  to  Jlf,  (see 
fig.,  §  838),  the  lines  AJ„  AJ'„  are  the  bisectors  of  the  an^e 
AiAA:,  that  is,  of  the  angle  i*,^ P, ;  but  AJ^  AT^  axe  parallel 
to  the  asymptotes  of  V.  Hence  PiPj  is  a  diameter.  As  a  parti- 
cular case,  if  Pi,  Pj  he  the  points  whose  parametric  angles  are 
±  ir/S,  PjPa  is  a  diameter. 

358.  Any  two  points  on  T  whose  parametric  angles  differ  by  a 
right  angle  are  eollinear  with  the  centre  of  the  nine-points  circle, 
and  their  tangents  meet  on  OK. 

Dem.— Let  the  points  be  B  and  vj^-i-O;  then  {§  120,  Cor.  1) 
the  equation  of  their  join  is 

asin2(^-e)sin(5-  C)  + /3  sin2(£  -  6)  sin  (C- ^) 

+  ysin2(C-e)sin(^-P)  =  0; 

and  this  is  satisfied  by  cos  (P  -  0),  cos  ( C  -  A),  eos  (A  -  B), 
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which  are  the    oo-ordinates  of  the  centre  of  the   aine-poiiits 

Again,  t)it!  tangents  to  V  at  the  points  S,  ir/2  +  6  are  [g  120, 
Cor.  1), 

a  ^n' {A  ~  6)  sin  {JB~  C)  +  0  am\S  -  0)  sin.  (C  -  A) 

+  ysm'{C-$)sin{A-£)  =  0, 
a  cos=  (A  -  e)  sin  (S  -  C)  +  /3  oos=  {B  -  ^)  sin  (C  -  A) 

+  ycos^{C-e)  sin(A-B)  =  0, 
which,  when  added,  give  the  equation,  of  OJ^. 

Cor. — T?ie  ^ole  of  OK  with  respeot  to  V  is  the  centre  of  the 
nine-points  cirde. 

859.  Eiepert's  hyperbola  is  the  diametral  conic  of  tho  triangle 
^^Cwith  respect  to  the  line 

acoB^  +y3cos5  +  7cos  C=0. 

Dem. — Denoting  the  line  by  la  +  mp  +  tiy  >=  0  ;   then,  if  a 
transversal  parallel  to  la-V  tn/S  +  ny  =  0  meet  the  sides  of  ASC 
in  Si,  Ml,  £„  and  a  point  0  bo  taken  on  it  such 
l/O^i +  1/0^2+1/05,  =  0, 

tho  locus  of  0  is  required.     Let  the  co-ordinates  of  0  he  a', 
fi',Y;  then  (§61) 

OH,  =  a'illi>n  Bin.  C-ndnB), 

OJi^  =  ^ni{nsinA-lmnC), 

Oli^  =  y'QIil  sin  B-vi  sin  A), 
where 

n  =  ^P  +  m'  +  n^  -  2mnmBA  -  2nl  cos  £  -  2lm  am  C. 

Hence,  substituting,  &c.,  we  get  tho  equation  of  T. 
Cor. — The  diameter  of  the  triangle  corresponding  to 
(i  cos  ^  +  /3  cos  .B  +  y  cos  C  =  0 
a/8in(-e-  C)  +  /3/sin(C-  ^)  +  y/sin(^  -i?)  =  0, 
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and  this  is  a  diameter  of  V.     Heaee  tte  transversal  isogonal  to 
OKi&  a  diameter  of  r, 

360.  If  tmy  tfamversal  meets  V  in  the  points  di,  Oi,  and  OK 

in  e^,  then  ^,  +  tf ^  +  fi,  =  nw.  (M'Cat.) 

Dem.— The  join  of  the  points  0„  6^  is  (§  120,  Cor.  I) 

2a  sin  {A  -  f>0  sin  {A  -  0,)  sin  {B  -  C)  =  0, 

S(x[cos(24-e, -610-cos(fl, -e'Ot  sin(j?-  C)  =  0. 

Hence  substituting  the  co-ordinates  of  the  third  point,    and 

omitting  the  terms  containing  cos  {^i  -  6^)  ■which  vanish,  we 

^^  5  COS  {2A  -$,-  e,)  sin  (A  -  6^)  sin  (_B  -  C), 


.  Bin  (S^  -  61,  +  fj  +  0i)  sin  {B  -  C) 


-  S  sin  {A-e^-i  6,-  e^)  sin  {B  -  0)  =  0. 

And  since  2  sin  3^  sin  (5  -  C)  =  0,  2  sia^  Bin(B- C)  =  0, 
2  cos  A  sin  {B-  C)  =  0,  this  reduces  to  sin  {$^  +  iSj  +  Pj)  =  0. 
Hence  fl,  +  Sj  +  Sj  =  btt.  (935.) 

The  following  are  the  parametric  angles  of  some  special  points 
of  r  and  OE:— 

1°,  G',ir;centroidonrandaymmedianpointonOff',  6  =  0. 

2°.  JV.if';  Tarry's  point  on  r,  and  infinity  on  OK,  e=jr/2-o>. 

3°.  -Pi,  -Ps ;  isogonal  centres  on  T,  6=  ±  tt/S. 

4°.  ^,  0;  orthocentre  on  V,  circumcentre  on  OE,  6  =  ir/2. 

Cor.  1.  If  6i  +  5,  be  constant,  &■,  is  constant.  Hence  a  chord 
PP'  joining  potots  on  V,  the  sum  of  whose  parametric  angles  ia 
constant,  passes  through  a  flsed  poiat  on  OK.  Hence  it  follows 
that  pairs  of  points  on  V,  the  sum  of  whose  parametric  angles  is 
given,  form  a  system  in  involution 

Cor.  2.  If  6|  +  6j  =  0,  63  =  0  denotes  the  symmedian  point. 
TSo-w  if  ^1,  Bi  denote  the  points  P,  F'  on  T,  and  if  Q,  Q'  bo  the 
g  points  on  OK,  it  is  ea'iy  to  see  that  PQ,  P'Q  each 
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meet  V.  in  zero.  Hence  if  any  chord  ot  V  passes  through  the 
eymmedian  point,  the  diagonals  of  the  quadrilateral  formed  by 
the  points  P,  P\  and  their  correspondents  Q,  &  on  O^iutersect 
in  the  controid  of  the  triangle  ABC. 

Cor.  3.  The  tangents  at  G  and  if  to  V  intersect  at  K. 

Cor  A. — The  diameter  PjPj  passes  through  JT,  and  bisects  OH. 

361.  If  AiB-iGi,  AiS^Ci  he  twoKiepm-fe  i/rianghs  whose  para- 
metria angles  are  camplements,   the  orthologiqwe   centre  of  either 
and  ABO  is  the  centre  of  perspective  of  ABC  and  the  other. 
(M'CAr.) 

Dem. — Let  the  parametric  angles  ho  6i,  0^,  then  the  equations 


a  COS  {A  + 


i)  +  /5(5iii£s;nC-sin^ 

-yiia{C-2e,)  =  0, 
,)-^sin.(S-«,)  =  0, 
,)-;8coe(S  +  ^i)  =  0. 


And  these  are  perpendicular  to  each  other. 
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Cfij-.— The  Kiepert'a  triangles  A^BiO^,  A^S^d,  and  the  tri- 
angle AB  0,  -when  fl,  +  fl,  =  Tr/2,  have  a  common  axis  of  perspec- 
tive which  is  perpendicular  to  the  line  i*iPj. 

From  §  860,  Cor.  1,  it  is  seen  that  the  centres  o£  perapeetive 
of  the  triangles  talcen  two  by  two  are  collinear  points.  Hence 
(Seqtiei,  p.  77)  they  have  a  common  axis  of  perspective. 

Agaia,  let  .P,,  P^  he  the  centres  of  perspective  of  ABC  with 
A^BjCi  BJid  AjB-iCi,  respeetivoly,  and  let  ^jSaCjlie  the  common 
axis  of  perspective ;  with  A^,  Bs,  0^  as  centres,  and  A-,A,  B^B, 
C^A  as  radii  describe  circles ;  then  the  radical  axis  of  the  circleH 
A3,  C,  is  the  perpendicular  from  A  on  the  line  -B]C|,  and  there- 
fore passes  through  Pj  (§  348).  Similarly,  the  radical  axis  of 
the  ciccles  B^,  C^  passes  through  Pj.  Hence  Pi  is  on  the  radical 
axis  of  the  circles  A^,  B,.  Similarly,  P,  is  on  the  radical  axis 
of  A3,  B3.  Hence  the  proposition  is  proved. 
Cor.  2. — Tho  circles  As,  B3,  C,  are  coaxal. 


Hypeeboia  F. 

362.  Zet  AiSiCi  be  the  triangle  whose  sides  touch  the  circum- 
circle  of  the  triangle  of  reference  ABC  at  its  smttmite.  Then  if 
AiBiCi  le  homothetie  mth  ABC  toith  respect  to  the  etrcwmeentre, 
A^B-^d  is  in  perspective  with  ABC,  and  the  locus  of  the  centre  of 
perspective  is  a  hyperlola,  the  inverse  of  Eulcr's  line  of  ABC. 
{Jekabek.) 

Dem.— ^s,  Bi,  C^  divide  the  lines  OA^,  0B„  OC^  m  the 
same  ratio.  Let  it  he  ? :  m.  !Now  it  is  easy  to  see  that  the  per- 
pendiculars from  As  on  the  lines  AC,  AB  are  (IS  tan  A  sin  B 
+  mR  cos  B)I{1  +  m)  and  {IM  tan  ^  sin  C  +  ot_S  cos  C)j{l  4  m). 
Hence  the  e(iuation  of  AA3  is 
/3  (i  tan ^  Bin  C  +  Mt  cos  0)  -  y  (;  tan ^  sin  5  +  w!  cos  B)  =  0, 

;(^8in(?Bin^-ysin^aiiii?)-M(yco3^eosS-/3cos(7co3^)=0, 
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which,  with  two  similar  equations  got,  iaterohanging  letters 
vanish  identically. 


Again,  eliminating  I,  m  between  any  two  of  these  equations, 
we  get 

r's^y  sin2^.Bin(5-  C)  i- ya  sin25  sin(C  -  ^) 

+  a^  sin2C8in(^  -  £)  =  0,  (936) 

which  is  the  isogonal  transformation  of  Euler's  line. 


EXSBOISES, 

I.  The  moBt  gonetal  equation  of  an  equilaferai  hyperbola  cireiiniBcribed  to 
the  Ijiangle  of  reference  is 

(937) 
This  is  the  isogonal  transformation  of  tlie  diameter  of  liie  ciroumcircle 
passing  lirough  a',  S',  y',  and  includes,  as  particular  cases,  Kiepert's, 
Jerabek's,  and  other  hyporbolM.  Thus,  if  a'S'v'  denote  fhu  aymmedian 
point,  it  is  Kiepert'a  hyperbola ;  if  a'^y'  be  the  iueentre,  we  get  the  hyper- 
bola of  j  342,  Gor.  1 ;  and,  if  the  orlhoceiitre,  Jerabek's  hyperbola,  j  362. 
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2.  Prove  that  the  cio-orciiiiates  of  any  point  of  the  liyporboU  (S37)  may  be 
denoledby  l/{o'+ Acos-i),  l/(fi' +  A  cosB),  !/{•)■'  +  *  uos  C),  wben  i  is 
arbitrary.  (938) 

3.  Prove  that  the  locus  of  the  centre  of  tie  conic 

"Jaia'-^kvmA)  +  i/S(B 'T*  cos  B)  +  ^7(7'  + icoa'p)  =  0, 
when  k  variea  is 

I   a,     ain^,     ^'sin  P+ y  sin^B,  j 

B,    aJnS,     7'ein^  +  a'ain(?,      =0.  (939) 

I    7,     ainC,     o'5ia.«  +  ,8'ain^     | 

4.  When  h  varies,  piove  that 

Va{a'  +  Sco3.^)  +  '^^{R'  +  keosB]  +  ■■Jy(y- +  kaaaC)  =  0 
touches  tlie  lino 

a/(S' coa  t?  -  7' cos  i()  +  fi/(7' cos  yl  -  a' cos  f)  +  7/(a' COS  JJ  -  ^  e03  ^)  =  0. 

(940) 

5.  If  o'tfy  denote  the  symmedian  point,  the  conic  of  Ex,  3,  4  mfty  be 

V<isin(^-fl)  +  V^3iii(5-e)  4-  Vysin^C-e)  =  0.  (941) 

e.  Prove  that,  when  e  =  ±  60°,  one  focus  of  (941)  is  a  point  on 
Kiepert'a  hyperbola. 

7.  If  Au  Si,  C  be  the  points  of  .xintact  of  (921)  with  the  sides  of  ASC, 
prove  that  the  asis  of  perapectiye  of  ABC,  AiBiCi  is  parallel  to 


8.  If  J"  be  any  point  in  the  line  OJC,  and  if  ^P,  BF,  CP  meet  .8(7,  CA, 
AH  respettively  in  ^',  S',  C,  the  equation  of  a  conie  louuhing  the  sides 
at  A\  B',  C,  respectively,  is 

Va/Bin(^-B)  +  VjS/sin (S  -  6)  +  'Jyl^taifi-B)  =  0,  (94'2) 

when  B  h  the  paramctiic  angle  of  the  point. 

9,  The  locua  of  the  centre  of  (942)  in  baiycenti-io  co-ordinates  ia 


sin (.8-0         sin  [C-  J)         si«{A-B)  ^ 
«(e  +  7-i)      *(7  +  ''-S)      t(a  +  S-7) 


(943) 
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10.  The  axis  of  perspective  ol  the  Irianglos^BO,  A'B'O'  in  Ex.  Sis 
a/sin (^  ^  fl)  +  fl/ain(S  -  6)  +  7/siii((7- 9]  =  0,  (944) 

and  its  ettvolope  is 


Vb  siQ(5  -  C)  +  Vfl  BinfC  -  .4)  +  v'v  siD  (4  -  B)  =  0.      (945) 
11.  The  iaogonal  tranafoi-matiOQ  of  the  diameter  of  the  oircumcircle  which 
passes  through  TavTj's  point  is 

fly  (sin  2^  -  sin2ai)  sic  (8  -  (?)  +  7a{5in2B  -  6m2tt,)  aiii(C-  ^) 

+  ttS(Bin2(?-6iii2i»)9in(^-  S)  =  0.  (946) 

Stbinee's  Ellipse. 

3G3.  We  have  already  given  the  equation  (852)  of  Steiaer's 
ellipse.  Here  we  shall  give  some  of  its  most  important  pro- 
perties, in  particular  its  connexion  witli  Kiepert's  hyperhola. 
Let  ABC  be  the  fundamental  triangle  ;  6,  0,  M,  K 
the  centroid,  oircumcentre,  orthocontro,  synunedian  point  ; 
A'B'O',  A"B''C"  the  complementary  and  anticomplementary 
triangles  ;  M,  E'  the  circumscribed  and  inscribed  ellipses, 
whose  centres  coincide  with  6;  GX,  ^F  their  axes.  E  is 
called  the  Steiner  ellipse  of  the  triangle,  and  GX,  GY  its 
Steiner  axes.  Let  A„  B„  G,  be  the  ajm^triqnes  oi  A,  B,  C 
with  respect  to  G.  These  are  points  on  E.  Kow,  i!  i^  be  the 
fourth  point  common  to  E  and  the  circamcircle,  the  chords  AB, 
CR  are  antiparallel  with,  respect  to  6X;  but  AB  is  parallel  to 
A:fi,.  Hence  the  oiroumoircle  of  the  triangle  Afi,0  passes 
through  R;  therefore  R  can  he  constructed,  and  hence  the 
lines  GX,  GY. 

Cor.  1. — The  circumcireles  of  the  triangles  ABC,  A,B,C, 
AJIC„  AB,C,  have  .fi  as  a  common  point. 

Cor.  2.— The  circles  osculating  E  at  the  points  A,  B,  C  pass 
through  E, 

Cor.  3.— If  the  same  reasoning  be  applied  to  tho  ellipse  E' 
it  will  ho  seen  that  the  nine-points  circles  of  the  triangles 
ABO,  GBC,  &CA,  GAB  ■pass  through  Q,  the  complementary 
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of  R  ;    and  i 


Recent  Geometry. 
i  these  circlea  are  the  contrcs   of  equilateral 


3  circumscribed  to  the  corresponding  triangles,  Q  ja 
the  centre  oi  the  Kiepert's  hyperbola  of  ABC. 

Cor.  4. — E  is  the  centre  of  the  Kiepert's  hyperbola  of 
A"JB"C". 

Cor.  5.— If  HQ  be  produced  to  JV"  until  QN  =  MQ,  the  point 
iV,  which  evidently  is  on  r,  must  also  be  on  the  ciicumoii'cle, 
since  Hi&  the  centre  of  similitude  of  the  nino-points  circle  of 
ABC,  and  the  cireumcirde,  ajid  Q  is  on  the  nine-points  circle. 

Def.— if  M  called  Taeht's  Point  (§  360,  2°). 

Cor.  6, — iVis  diametrically  opposite  to  R  on  the  circumcircle. 

Cor.  7, — Tarry's  point  is  the  centre  of  perspective  of  the 
triangle  formed  by  the  centres  ai  Keuberg's  circles  iV„,  iVj,  if, 
and  the  triangle  ABC. 

364.  Steiner's  axes  me  pwrallel  to  the  asymptotes  of  Kiepert^s 
liyperholu. 
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Dem. — Tho  Appolloniaa  hypeibcla  cf  anj  jijiiit  in  the  plane 
of  a  conic  passes  through  the  feet  of  the  normal';  from  that 
point,  and  has  its  asymptotes  parallel  to  the  axe^  of  the  conic. 
Bnt  eTidently  the  Appollonim  hyjieibola  of  the  point  ^with 
respect  to  Steiner'a  ellipse  is  Kiepert'a  hyperhola.  Hence  the 
proposition  is  proved. 

Cor, — If  M'  be  the  point  where  the  fourth  normal  from  II 
meets  Steiner'a  ellipse,  MS'  is  a  diameter  of  Steiner's  ellipse, 
and  OR  of  P. 

365.  Jf  the  line  OK  intersect  the  cireumcireh  m  P,  I",  the 
Simson^s  lines  of  P,  P'  are  the  asymptotes  ofJUepert^s  hyperloh. 

Dem. — P,  P'  arc  the  isogoiial  conjugates  of  the  points  at 
infinity  on  V.  Hence  if /"Q,  /"Q' be  parallel  to  ^C,  the  asymp- 
totes of  r  are  parallel  to  AQ,  AQ'.  How,  if  P„,  P^  be  the  pi»- 
jeotions  of  P  on  BC,  CA,  it  is  easy  to  see  that  the  Simson'a  lino 


P^Pi  is  perpendicular  to  AQ.  Hence  the  lines i*a^ii  P'«P'i>  are 
parallel  to  the  asymptotes.  And  since  BP'g  =  CP„  and  APi, 
=  CP\,  they  must  be  the  asymptotes. 
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Cor.  1. — Steiner'a  axes  are  parallel  to  tho  Siinsoii's  lines  of 
the  points  P,  P'. 

Cor.  2. — Since  M'Cay's  circl  tli    1        t  the  centroids  of 

equibrocardian  triangles  dcBcrb  i  nth  il  oiABC  {%ZW, 
Cor.  1),  it  foUows  that  ii  throu  li  th  nt  1  of  ABC  lines  lie 
drawn  parallel  to  AJ„,  AJ'„  (tig  §  8)  they  will  meet  the 
perpendicular  to  -6  C  at  its  middle  poi  t  a  the  highest  and 
lowest  points  of  one  of  M'Cay's  circles.  Hence  the  lines  from 
the  centroid  to  the  highest  and  the  lowest  point  of  one  of 
M'Cay's  circles  are  Steiner's  axes. 

366.  Since,  if  a  chord  of  a  hyperbola  be  the  diagonal  of  a 
parallelogram  whose  sides  are  parallel  to  the  asymptotes,  the 
other  diagonal  will  pass  through  the  centre.  Hence,  applying 
this  to  the  choi-d  6H  oi  V,  we  get  the  following  proposition  : — 


If  the  ort/iocentre  S  of  a,  triangle  ABC  be  projected  on  the  axes  of 
Sterner,  ihejom  of  the  projections  passes  through  thepoints  Q,  K, 
Pi,  P^.  Conversely,  if  tipon  GH.  as  diameter  a  eirch  le  described, 
the  Jines  joining  &  to  its  points  of  intersection  with  the  join  of  Kto 
the  middle  of  GR  are  the  axes  of  Steiner. 

S67.  If  AiBiGi  and  Xfjf^^  be  respectively  the  first  Brocard 
triangle  and  that  formed  by  Neuberg's  ocnti-os,  the  parametric 
angles  of  these  are  complementary.     Hence  the  corresponding 
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points  5  and  JV  arc  coUiaear  with  0.  N  is  the  centre  ortto- 
logique  of  AiBiCi  with  respect  to  ABO.  Hence  it  follows  that 
the  iinea  AR,  BE,  CB  aio  parallel  to  the  sides  of  A^B,Cj. 
Hence  the  homologous  sides  of  the  tri/tnffles  ABC,  A,BiOi  are 
antiparallel  with  respect  to  the  axes  of  Steimr.  Again,  if  -ff"„ 
S^,  Ss  be  the  orthoeentres  of  the  triangles  JVSO,  NCA,  NAB, 
the  quadrangles  ABCN,  HtHiS^Bax^  (flg.,  §  363)  Bymetriqnes 
with  respect  to  Q.  Therefore  GA,  OS,  are  suppLemental 
chords  of  r,  and  hence  are  antiparallel  with  respect  to  &X; 
therefore  GAi  passes  through  S,,  and  hence  through  the  middle 
point  of  AH. 

368.  The  Focr  of  STEirriiR, 

Dep. — The  foci  of  Steimr  of  a,  triangle  arc  thefoei  of  an  ellipse 


which  tomkes  the  sides  of  the  trimnle  at  their  middle  points. 
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Let  ABO  bo  the  tinnglc,  A'B'C  the  ellipse  touohiii?  the 
sides  in  tho  points  A!,  B',  C ,  K,  K'  thu  foci  Tlie  perpen- 
iJioularE  from  K,  K'  on  the  sides  of  ABO  meet  them  in  their 
points  of  intersection  with  the  urde  on  the  nnjor  axis  of  the 
ellipse.  Let  -ZT,,  K^,  K^  he  the  feet  of  the  perpendn-ulara 
from  5",  and  let  these  perpcudii-ulars  meet  the  eiicle  again  m 
^„  5„  C,. 

Now,  it  is  evident  that  taking  K  aa  the  centre  of  reciproca- 
tion, and  the  power  of  ^  with  lespect  to  the  cirde  as  modulns, 
the  ellipse  will  reciprocate  into  the  circle,  and  the  tningle 
ABO  into  AiB,Cj.  I  say  that  K  ts  the  ayminedjdin  point  of 
A,B,C,. 

Dem. — Draw  tangents  to  the  auxiliary  at  the  points^),  ^i,  C„ 
forming  a  triangle  AzBiO,.  Now,  from  the  principles  of  reci- 
procation, theae  tangents  are  the  polars  of  A',  B',  C.  Hence 
the  points  A^,  B^,  0^  are  tho  poles  of  B'C,  C'A',  A'B'.  Again, 
since  the  lines  BC,  B'C  are  parallel,  their  polos  A„  A^,  and 
the  centre  of  reciprocation  ^are  collinear.  Similarly,  Bi,  B^, 
Ktstb  collinear,  and  also  Cj,  Cj,  K. 

Hence  ^is  the  Gergonne  point  of  AiB^Cs,  and  therefore  tho 
symmediMi  pomt  of  AiB^Oj.  (Q.  E.  D.) 

Cor.  I. — The  joins  of  the  summits  of  a  triangle  ABCto  a 
Steiner  focus  are  inversely  proportioned  to  the  sines  of  the 
angles  subtended  at  the  focus  hy  the  opposite  sides.  The  quad- 
rangles .ff".4.5C,  ir4.5,C.  are  metapolar.  Kence  JTA,  KB,  BTC 
are  inversely  proportional  to  the  normal  co-ordinates  of  ^with 
respect  to  the  triangle  AiBiC,;  hut  these  are  proportional  to 
sin-i„  sin^i,  sin  0,;  and  the  angles  BKO,  OKA,  AKB  are 
the  supplements  of  A^^  B,,  C,. 

Oor.  2.— If  e  be  the  centroid  of  a  triangle  ABC,  and  if  AG, 
BG,  OG  meet  the  oirc\imcircle  again  in  fi'i,  ffj,  O^,  (?  is  a 
Steiner  focus  of  Gi&^&s. 

Eor  QiG,  GiG,  G^G  exe  inversely  proportional  to  AO,  BG, 
CG,  and  therefore  to  the  sines  of  the  angles  BGC,  CGA.AGB, 
that  is,  to  the  sines  of  G^GG^,  GsG6„  &iGG^. 
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Cor.  3.— The  Steiner  foci  K,  K'  of  the  tJ-laJigle  ^BC  are  tlie 
symmediiui  points  of  their  pedal  triangles,  and  the  pedal  triangles 
are  median  reciproeals. 

For  the  triangles  K^K^K^  and  AiBx  Ci  are  median  reciprocals, 
and  K\K'^'i  is  equal  in  every  respect  to  AiB^Gy. 

Cor.  4.— The  synnnedian  point  of  a  triangle  is  a  Steiner  focus 
of  its   antipedal  triangle  ;    for  K  is  the  synimedian  point  of 

Cor.  5. — The  centroid  G  of  the  triangle  ^i-BiCj  is  a  Steiner 
focus  of  its  pedal  triangle  G„GbOc. 

For,  since  G  and  iTare  isogonal  conjugates  with  respect  to 
AiJiiCi,  the  lines  G6„,  GG^,  6&^  are  inversely  proportional  to 
the  normal  co-ordinates  of  iTwith  respect  to  AiB,Ci,  that  is,  to 
sin^„  6in_S„  sin  C, ;  or  to  sin  G^GG,,  sin  G,GG„  sia  G„GG^. 

Cor.  6.— If  She  the  orthocentre  of  A£C,  and  on  MA,  MB, 
HC  lengths  HA',  SB',  MC  he  toteu  eijual  to  the  correspond- 
ing altitudes,  ^  is  a  Steiner  focus  of  the  triangle  A'B'  C 

Cor.  7.— If  n  be  a  Brocard  point  such  that  angle  QAB 
=  QBO  =  nCA,  and  if  liaes  OD,  QS,  QF  he  parallel  to  the 
sides  BG,  CA,  AB,  and  terminated  in  D,  E,  F  by  CA,  AB, 
BC,  respectively,  O  is  a  Steiner  focus  of  BEF.  Easily  inferred 
from  Cor.  1. 

Car  y  — The  centroid  of  a  triangle  ABC  is  a  Steiner  focus 
of  its  Bocond  Erocnd  triangle  AiB^Cj  In  fact  G  is  the 
centioid  of  the  flist  Biooiid  triangle  A^BjC^,  and  A^Bid, 
A  B«G  ire  instnbcd  m  the  same  ciiile,  and  have  G  as  a 
centie  of  perspective 

Cor.  9.— If  through  the  points  -S,  C  (fig.,  §  355)  Hues  be 
drawn  parallel  to  AK,  through  G,  A  lines  parallel  to  BK,  and 
through  A,  B  parallel  to  CE,  these  six  lines  touch  an  ellipse 
of  which  iT  is  a  focus  ;  the  ellipse  is  the  reciprocal  of  Lcmoine's 
first  circle. 
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Cor.  10. — If  through  the  points  .B,  (7  parallels  be  drawa  to 
the  median  of  the  triangle  BKC,  through  C,  A  parallels  to  the 
median  of  CKA,  and  through  A,  B  parallels  to  the  mediim  of 
AKB,  these  six  parallels  touch  a  circle  which  is  the  iuvcrse  of 
Lemoine's  second  circle. 

Oor.  11.  If  ^he  the  aymmedian  point  of  a  triangle  ABC, 
and  0,  0„,  Oj,  0,  the  eircnmcenti-os  of  ABC,  KBC,  ECA, 
KAB,  the  points  0,  K  aie  the  Steiner  foci  of  the  triangle 
0.0^0^,  for  the  quadrangles  ^^_9(?,  00^0^0,  are  metapolar, 
and  0,  iTarc  isogonal  conjugates  in  O^Offl,. 

Cor.  12.— If  ir„  A'  he  the  points  of  intersection  of  the 
symmedian  AE  with  the  circnmcircles  of  ABC,  KBC,  K^  is 
a  Steiner  foous  of  A'BO. 

Tte  quadrangle  EiA'BCis  inversely  similar  to  00„0i,0,.'' 


1.  If  me,  i«t,  Hit  denote  the  medians  of  fiie  triangle  ASC,  &  its  area,  prove 
tliat  the  paiametera  of  the  three  parabolte  which  can  be  described  each  touch- 
ing two  sidee,  and  hariag  the  third  as  chord  of  contact  (called  Aclat'a  first 
gronp  erf  parabolic)  are,  respeetiTely, 

2A=/m„',    iA^Mi",     2i'/»^3.  (BIT) 

3.  Prove  that  the  envelopes  of  the  sides  of  Kiepert's  triangles  (^  357)  are 
{ao~(*7  +  c3)cos^}2-aiaM(iS-(=)[3»-y')  =  0,  &C.     (B18) 
This  is  called  Artat's  second  group  of  parabolte  (J  356). 
The  polars  of  the  circumcentre  0  are  the  altitudes  AH,  BE,  OS. 
3.  Prove  that  the  parameters  of  Artzt'a  Beoood  gronp  are,  respectively, 
A(*=^.')/(2«,„>),     Al.o-' -  a^)!{2m\     AK-i=)/(2'«.');     (9*9) 
and  that  (heir  foci  are  the  summits  of  Brocard's  second  triangle. 

1.  Prove  that  the  envelope  of  the  axis  of  perspective  of  the  triangle  ABC 
and  Kiepert's  triangle  is  Kiepert's  parabola 

V(Ji  -  tf<)a  +  V(e'  -  a=)^  +  i/(b'  -  i')7  =  0,  (950) 

and  that  the  co-ordinates  of  its  focus  are 

l/sia(5-C).     l/sin((7-^),     \lsia{A-B),  (951) 

•  The  subject-matter  of  Arts.  363-368  are  chieBy  taken  from  NmjHERii 
BT  Gob,  8ur  tm  <IX6S  ei  leu  foyers  de  Sieiner  (Congrfs  de  Paris). 
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5.  Ul',  Qbe  anyfwoisogonal  conjugate  pointamtbe  plane  ofatriangle 
ABC,  prove  that  the  diameters  through  A,  B,  Cof  the  ciroumDirclea  of  the 
tiianglea  APQ,  BPQ,  GPQ,  reapeotively,  are  ooncuiTent. 

6.  Prove  that  the  Brocard  angle  (»)  satisfies  the  equation 

siaA  COB  {A  +  f)  +  duB  cos  (5  +  ^)  +  sin  Cms  (C  +  ^)  =  0. 

(Neueekg..)     (9oa) 

7.  Prove  that  the  Steiner  angles  Vi,  Fs  {5  339)  are  the  raota  of  the 
equation 

smAsec{A  +  >i,)  +  sin.  B  sea  {B  +  ^)  +  eia  Cseo  (f  +  f)  =  0. 

(M'Cav.)     (953) 

8.  If  a  be  tliG  Brocard  angle,  V),  Vi  the  Steiaer  angles,  provu    - 

«+  V,+  Vi  =  W2.  (954) 

9-12.  If  F,  F'  be  the  Steiner  foci  of  the  triangle  ABC,  a,  0,  y,  a,  fl',  y 
the  pointa  of  intoreeotion  of  AF,  BF,  CF,  AF',  BF,  CF'  with  the  ciroum- 
circle,  At,  J,,  (7,,  A\,  B'l,  C'\  the  points  of  infeiwotion  of  the  same  lines, 
respectively,  with  eircumoirdes  of  the  (rianglea  BFC,  CFA,  AFB,  BF'C, 
OF' A,  Ars,  than 

1°.  Fia  the  eentroid  of  0,87,  F  that  of  a'B'y  ; 

2°.  a  is  the  symmodian  point  of  A,BG,  S  tliat  of  ABiC,  &u ; 

3°.  The  Brocard  angle  of  the  triangles  AiBC,  A', BO .  .  .  ia  equal  to  the 
first  Steiner  angle  of  ABC; 

4°.  AF.AF'  =  ^AE.AG.  (Neueebo  and  Gob.) 

13.  The  orthocontie  of  the  triangle  formed  by  the  tangents  to  Kiopert's 
hyperbola  at  the  points  A,  B,  C  is  the  centre  of  the  nine-poiats  circle 
(Brooihd),  aad  the  summits  of  that  triangle  are  points  on  Neuberg'a  circles. 

U.  If  tH-o  planes  be  inclined  at  a  given  ar^e,  the  Brocard  angle  of  fha 
orthogonal  projection  of  any  equilateral  triangle  on  oneofthemmadeoo  the 

15.  Beinggiventhesymmediansof  a  tjiangle,  find  the  directionaof  its  sides. 

16.  Being  the  second  triangle  of  Brocard^si(sCaof.4BC,  construct  .^BC. 

17.  Prove  tJiat  the  foci  of  tie  Lemoine  ellipse 

V^=  +  VfljW=  +  -JyW  •-  0 
are  the  ceutroid  and  symmedian  pnints. 

18.  If  TeTtTt  be  the  triangle  formed  by  the  tangents  fo  Jci-abeli's  hyper- 
bola (§382)  at  the  points  ^,5,  C,  the  axis  of  perspective  of  T,21,2;  and  ^i(C 
is  the  inverse  transveisal  of  the  Euler  line  EO. 
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19.  If  JT  !»  the  fourtJi  point  of  intersection  of  t  with  tlie  cireumoirole, 
HN'  is  a  diameter  of  r'.   ' 

30.  If  0  be  the  oiroumcentie  of  the  triangle  ABO,  prove  that  the  triangle 
formed  by  the  uiroumeentres  of  OBG,  OCA,  OAB  ia  in  porspeetive  with 
ABC,  and  that  tiie  centre  of  perspectJve  is  the  isogonal  conjugaWi  of  the 
centre  of  the  nine-points  drcle.  (NEtiBUKO.} 

21.  If  the  normds  &t  A,  B,  C  to  a  circumeonic  of  the  fi-ianglo  ^J(Cbe 
concurrent,  thi!  locus  of  the  centre  ia  the  oiibie 

a  {3=  -  7')/»  ^  ,8  (yS  -  a')/4  +  t  («=  -  ^=)/=  -  «- 

Lemma.— If  the  normals  meet,  and  if  d,  ^,  il-  be  the  angles  made  by  BC, 

OA,  AB  with  the  lines  from  centre  to  middle  points,  cotfl  +  cot^  +  coti(i  =  0. 

For,  let  B,  j3,  ^  be  the  eeeentcio  angles  of  A,  B,  G,  then  the  eq^uation 

ot  BC  is 

a.  cos  J  (0  +  7)/a  4- !/ sin  J  (,8  +  7)/*  =  COB  i  (B  -  7) ; 
and  if  0  be  the  centre,  and  D  the  middle  point  of  BG,  the  equation  of  OS  ia 

:.sin^(fl  +  7)/«-ycosJ(fl  +  7)/S  =  0. 
Hence  fur  the  angle  ODB, 

cote  =  (a»-i^)siii(fl  +  7)/2fflS. 
Similarly, 

cot*  =  («=  -  J=)  ain  (7  +  a)liab,     cot  J/  =  (a»  -  !F}  sin  («  +  S)/2fli. 
But  since  the  normals  are  concurrent, 

ain(0  +  7)  +  ain(7  +  «)  +  sin|=  +  ^)  =  O. 
Ilence  cot  S  +  cot  *  +  cot  ij-  =  0. 

How,  to  apply  thia  to  tie  questbn.  Let  «',  B',  y  be  the  oo-ordinates  of 
the  centre  of  the  circumcooic ;  and  the  co-ordina1«3  of  the  middle  point  of 
SCare  0,  ain  O,  ain  JJ.  Hence  the  equation  of  the  lino  joining  the  centre  to 
the  middle  point  is 

a(B'BinJi-  /sinO)  -  Oa'sini  +  7a' ain  t'=  0, 
and  the  equation  of  ]S0  is  a  =  0.     Hence 

=  {0daB-  7'BiaC+  a'Bia(C  -  C)]\1a' sinB  sinC; 


2  cot  e  =  S'/a'  sin  C  -  7'/o'  sin  .B  +  cot  (7  -  cot  B, 
which,  added  to  two  eimilar  equations,  givea,  after  omitting  HBcunts, 

This  is  called  tlie  seventeen-point  cubic.  It  posses  through  the  silmmilB 
of  the  triangle  of  reference,  the  middle  points  of  the  sides,  the  middle  points 
of  the  aldtiidee,  the  centimes  of  the  inflcrihed  and  escribed  circles,  the  circiim- 
centre,  orthocentre,  centroid,  and  aymmedian  point. 
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22.  Prove  that  the  ieogonai  trnnsfonnation  of  the  line  joining  the  oircum- 
centre  to  the  incentre  pusses  through  Nagel's  point  and  through  the  Gergoniie 

23.  If  the  perpenditulara  from  the  ineentre  on  the  sides  of  tiie  Wangle 
ABC  meet  any  circle  concontiio  with  the  incirole  in  a,  ^,  -j,  the  hjcua  of  tie 
centre  of  perspective  of  the  triangles  ABO,  067  is  the  isogonal  transfotma- 
iioQ  o(  the  join  of  circumcectre  and  ineentre. 

24.  Artzt's  paraboloe  of  Grat  group  out  each  other  in  the  centroids  A',  S", 
C' of  the  triangles  BCe,  CAG.ABG.  Prove  that  the  areas  jiS'C,  OA'B\ 
a^T' bounded  by  the  thi'eeparahol£B  =  ]7A/81;  that  the  areas-iCf'S,  ^..i'C, 
CB'A  bounded  bj  a  side  and  two  parabolai  =  SA/Sl.     (db  LoNQcatAUPs.) 

25.  If  on  tte  sides  BA,  CA  of  the  tiiangle  ABC  we  cut  eqiia!  segments 
SB',  CO',  the  envelope  of  the  line  B'C'  is,  in  barycentric  co-ordinates,  the 
parabola 

This  curve  touohes  BC,  CA,  AB ;  the  focus  ie  the  middle  point  of  the  aic 
BA  C  of  ciroumcircle  ;  tte  axis  is  the  external  bisector  of  the  angle  BA  C ; 
the  parameter  =  2(J-e)  eos'J-i/sin  ^A.  (MAsDaar.) 

26.  On  the  sides  BC,  CA,  AB  of  the  triangle  ABC  are  described  three 
aegmenta  of  circles  containing  the  angles  A  +  p,  B+  ip,  C  +  ifi,  where  ^  is 
variable.    The  locus  of  the  radical  oentra  is  Kiepert'a  hyperbola.    (Tesoh.) 

27.  Each  line  Z  contains  two  isogonal  conjugate  points  3f,  M'.  When 
the  iine  B  turns  about  a  fised  point  P,  the  points  M,  M'  more  upon  a  cubic 
passing  through  P.  The  seventeen -point  cubic  (Ex.  21)  corresponds  to  the 
eentroid  taken  for  the  fixed  point  F. 

28.  In  Ex,  31  find  the  locus  of  the  intersection  of  thenonnalsat^,  B,  C. 

29.  If  the  normals  at  the  points  of  contact  of  the  aides  of  the  triangle 
ABC  with  any  inconic  be  concurrent,  find  the  locus  of  the  centre,  also  of 
the  point  of  intersection  of  the  three  normals. 

A-ns.  The  cuhioa  in  Ejls.  21  and  28. 

30.  Leti!i3/iBi,  isf/asjbe  two  points  M,flfs  of  the  lineii5/a;  +  ^j/4A3  =  lJ. 
If  the  join  of  the  isogonal  conjugate  points  of  ifi,  M2  cut  i  in  the  point 
JHi  ipsms^,  prove  that  fxix^xs-VgniVSi  +  A^m^  =  0-  (Neueeko). 

31.  In  Ex.  30,  if  the  co-ordinates  of  the  two  fixed  points  of  L  bo  denoted 
by  «By,  a'^'y,  and  lie  co-otdiuates  of  JJfi,  JKs,  .^3  by  (a  +  Aia,  ....), 
(i!  +  /i%a,',  ....),  (a  +  ija',  .  .  .  .],  pi'ove  the  relation 

mhhh  +  » {hh  +  hh  +  hh)  4  p  (J'l  +  fc  +  h)  +  ?  =  0, 
where  M,  n,  p  and  j  are  constant.  (Neubehq.) 
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CHAPTER   XV. 

INVARIANT  THKOltY  OF  COMICS. 

Pbelihinaky  Peopositions  and  Deeimitioss. 

369.  Dep.  I.— If  ABC,  A'B'C  hu  two  triangles,  the  equa- 
tioas  of  whose  sidea  are 

a  =  0,     /3  =  0,     7  =  0;     n'  =  0,     /3'  =  0,     /  =  0, 

reepeotiyeiy ;  then  (§  56),  a,  /?,  y  can  he  expressed  linearly  in 
terms  of  a',  jS',  ■/,  say 

a  s  \^a'  +  fi,^'  +  Vi^'  ;     ^  a  X^a'  +  ^5^'  +  i/jy' ; 
y  s  X^a'  +  /xg^'  +  v-iy'. 

Then,  if  by  these  substitutions  the  equation  of  any  curve  be 
transferred  from  ABC  as  triangle  of  reference  to  A'JB'C,  the 
determinant  {'Kifi%v^  formed  by  the  coefficients  of  substitution 
is  cdled  tie  determinant  of  transformation  {CiJiBson,  p.  167). 

Dep.  n. — Any  function  of  the  coefBcieats  oi  the  equation  of  a 
curve  is  called  an  ihtaeiant,  if  when  linearly  transformed  the 
same  function  of  the  new  coofBcicnts  is  equal  to  the  old  function 
multiplied  by  some  power  of  the  determinant  of  transformation. 

Dep.  III. — A  covaiiant  is  a  function  of  both  coefficients  and 
variables,  which  remains  unaltered  by  transformation,  except  a 
factor  which  is  some  power  of  the  determinant  of  transformation. 

Dep.  IV. — If  the  equation  to  be  transformed  be  in  line  co- 
ordinates, the  functions  which  remain  unaltered  by  transforma- 
tion are  called  contravariants. 
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Dei'.  v. — A  function  ■which  contains  both  point  and  line  co-ordi- 
nates is  called  a  mixed  concomitant  (German  Zwisehenformen.) 

Dee.  VI.— If  S„  8^  bo  two  fixed  conica,  then  the  system 
Si  +  ASa  where  h  ia  -variable  is  called  a  pencil  of  conies.  A 
system  l^S^  +  l^Si  +  1^83  consisting  of  three  fixed  conies  which 
are  not  of  tlie  same  pencil  with  variable  multiples  ^1,  l^,  l^  is 
called  a  net  op  conics.  The  corresponding  Bystems  in  line  co- 
ordinates, viz.  Si  +  A2s,  and  ?j2i  +  ^2s  +  ^23  are  called,  respec- 
tively, a  TANGENTIAE  tENCii.  and  a  takgential  nbx  of  conies. 

In  this  chapter  the  angles  of  the  triangle  of  reference  will  be 
d     t  d  by  4    ^   ^        P    t     ly       li  t      1     by 

370    If   -S  0     S      ;        0   b     th      q    t     _   f_tw 

ni  Ilbylin       t      stmt       thyl       m    S     S      t 
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all  cases  is  some  power  of  the  determinant  of  transformation.) 
Henee  the  coefficioTits  0/  the  several  powers  of  k  mil  ie  inva/riwnts. 
371.  Gwen 

Si  »  (fiiiCi^  +  fljj«,°  +  0333)3^  =  0,     S,  =  iHj'  +  a^j'  +  Xs"  =  0, 
it  is  reqwired  to  find  the  polar  reotptoial  0/  Si  with  respect  to  S^, 
and  of  S3  with  respeet  to  S, 

Let  a^i,  11/2,  a^'a  be  the  no-oidmates  of  the  pole  of  a  tangent  to 
iSi  with  respect  to  8^      Tbtn  the  equation  of  the  tangent  must 
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and  if  the  point  of  contact  be  a/\,  x"^,  a/\,  it  must  also  be 

a,ix"iXi  +  «j3«"ja^  +  tta3ic"a«3  =  0- 
Hence,  comparing  cocfficienta, 

and  since  3;"i,  ^'j,  iJ:"a  are  the  co-ordinates  of  a  point  on  Si,  si 
atitiiting  their  values,  and  omitting  accents,  we  get 

a^tt^x   4  asaflJii*!'  +  OuaapBa'  =  0,  (956' 

which  is  the  polar  reciprocal  of  B\  with  respect  to  Sj, 
Similarly,  the  polar  reciprocal  of  S^  with  respect  to  Si  is 


Lamp's  EanATioH. 

372.  Three  eonics   of  (he  ^eneil    S,  -  AS,  =  0    represent  line 
pairs. 

Sem. — Let  Si  =  a^  =  0,  S^  ^  b^  =  0,  then  the  discriminant 
of  8,  -  ASs  is 

«,!  -  khii,     aa  -  hhii,     ii!|3  -  hhi3, 

«ai  -  ^hu     <hi  ~  ^^asi      ''ss  -  W33 

Ai  -  A©i  +  ^©a  -  /i^As  =  0, 
where  A,,  Aj  are  the  discriminants  of  «/,  h^,  respectively, 

01  =  ^i',       ©2  =  B„^. 

Hence  the  condition  that  Si  -  ASj  =  0  may  denote  a  Hue  is 

Ai  -  toi  +  AH  -  A^Aj  =  0,  (958) 

■which,  giving  three  values  of  k,  proves  the  proposition. 
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The  line  pairs  are  tke  three  pairs  of  opposite  sides  of  the 
qiiactraiigle  whose  sumndts  are  the  points  of  intersection  of  S„ 
Sj.  Their  eijuation  is  formed  hy  eliminating  k  between  (958) 
and  8,  -  kS,  =  0.     Thus  we  get 

A,S,'  -  ®iS,^Si  +  ©iSA'  -  ijSi'  =  0.  (959) 

If  Ss  =  0  denote  a  line  pair,  Aj  ranishes,  being  the  discrimi- 
nant, and  equation  (958)  reduces  to  tho  quadratic 

A,  -  /;0i  +  i=0j  =  0,  (960) 

siiowing  that  tiirough  the  points  of  intersection  of  a  conic  8i 
and  a  line  pair  Sj  can  be  drawn  two  other  lino  pairs,  their 
equation  is  found,  by  eliminating  k  between  (960)  and  Si  -  kS^, 
to  be 

A,S,'  -  ©,«A  +  0iSi=  =  0.  (961) 

If  Sj  =  0  be  the  square  of  a  line,  say  {KY,  then  not  only  does 
Aj  vanish  identically,  but  also  ®j,  and  0i  becomes  A)f  or  Si ; 
then  the  equation  (958)  reduces  to  Ai  -  iSi  =  0,  and  only  one 
line  pair  can  be  drawn,  viz., 

Ai(X,)=-SiS,  =  0,  (962) 

which  will  evidently  be  the  tangent  pair  to  S,  at  the  points 
whore  it  meets  X,.  This  will  give  the  equation  of  the  asymp- 
totes if  X,  =  0  be  the  line  at  infinity. 

The  equation  (958)  is  the  fundamental  one  in  the  invariant 
theory  of  conies.  It  was  first  given  by  Lame,  in  his  Exaraen 
dea  BiffermUi  MHhodes.  See  Fiedlbe'.i  Tran'ilation  of  Saemoh's 
Conic  Sections.     I  shall  I'aU  it  Lamp's  EauAiioM. 


1,  Find  the  equation  of  tie  biseetora  of  the  angles  of  the  line  pair 
ax^  +  'Ihxy  -i-  by''  =  0, 
the  axes  being  obliiiue. 
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The  equation 

a:=  +  j^  +  2a:y  cos  «F  -  r'  =  0 

lepreaentB  a  circle.  Henoe  tlie  quadratic  in  ^,  whioli  ia  the  discriminant  of 
ax^  4-  ilix^  +  by''-k  [x'  +  if  +  2xy  cos  »  -  r")  =  0  ; 
{a~k)x'  +  {b~k)y''-\-2  {h  -  ^  ooa  ai) a:t/  +  ij«  =  0, 
will  give  two  Tine  pairs  whieii,  from  tbc  property  of  the  circle,  will  be  such 
that  each  pair  wiU  consist  of  parallel  lines,  and  also  snch  tiat  one  pair  will 
ba  perpendicular  to  the  other.  Now,  if  we  make  r  =  0  in.  tto  equation  of 
tha  circle,  each  line  pair  will  heoome  a  perfect  square  ;  tut,  if  r  =  0,  the 
disoriminant  ia 

(«  -  A)(*  -  *)  -  [A  -  i  cos  is)' =  0, 

and,'  eliminating  k,  we  get  the  square  of  the  pair  of  bisectors 

{{a  cos  «-k)s-'  +  ifl-b)xy  +  [h  -  b  cos  a;)  j=}'  =  0.       (963) 
2.  Find  the  Iooue  of  the  intersection  of  nonnals  to  an  ellipse  at  the 
extrenxities  of  a  chord  which  passes  through  a  given  point  aS- 
Let  the  ellipse  be 

ar'/a'  +  ^=/i=  -1  =  0; 

then,  if  the  normals  meet  in  x'y',  their  feet  ai-e  the  points  common  to 

with  the  Apollonian  hyperbola 

2  {c^xy  +  h'y'x  -  o'a'y)  =  " 
of  the  point  a'/.     Hence  taking  these  conies  for  S\,  Si,  respeotiyely,  we 
get 

Ai  =  -  l/(o'i=),     Si  =  0,     6!  =  -  (aia;''+  iy^-e*),    Aj  =  -  iaWc'icy ; 

and  forming  tbe  equation  of  the  three  line  pairs  (969),  substituting  a,  0  for 
ly,  and  remoring  accents,  we  get,  after  a  slight  reduction, 

ia'P(a'Sx  -  *=  aj/  -  c'aB)^  +  <?xy(aW  +  a'0?  -  a^Wf 
+  (nV  +  iY-<^)('»°Sa:-*V-=V}(«^S'  +  '!'^-a'*')^  =  tl-  (96i) 
This  denotes  a  curve  of  the  third  order;  baiif  «  =  0,  or  3  =  0,  thatis,if 
the  point  be  on  either  axis,  it  is  a  conic,  tie  axis  itself  being  in  this  case  a  part 
of  the  locus.  The  locus  also  reduces  to  a  conic  if  the  point  a0  be  at  infinity, 
that  is,  the  locus  of  the  intersection  of  normals  at  the  estremitics  of  parallel 
chords  of  a  conic  is  a  conic— a  proposition  which  may  be  inferred  from 
equation  (547). 


y  Google 


Invariant  Theonj  of  Conies.  467 

CiLCULiTrOH"  OF  Invabianis. 

373.  1°,  Calctilaie  tte  invariants  for  the  conies 

«ii3:,'  +  a^i  +  a^iX^ = Q,  and  a^i' + x^^  +  a^s'  =  0, 

AnS.    Ai=ai,fljs033.       ®l  =  OnOsj  +  «2j"a3  +  las'*!!'     fS^  =«tl  +  fl33  +0,3. 

Aj=  1.     Hence  Lame'a  ec[uation  is 

{I  -  o,i)(S  -  Ok)(^  -  ass)  =  0.  (965) 

2".  Form  Lamp's  equation  for 

Am.   A^-k{Ai,+Aii-i-As3)  +  k'{aii-i-aii  +  /ht)-P  =  0.    (966) 
8°,  Form  Lamo's  equatiofi  lor  the  ellipse 

^/aH//S'-l  =  0, 
and  the  circle 

Ans.  «'V(«=-i)  +  y''/(S^-^)+r=/^-l=0.  (967) 

Hence 

i.=-l/(«'n     0,  =  (i^"4;^-«'-a'-O/(fl'i=), 
®,  =  ^■'la'  +  y'Vi' -!-»■'("'+  *')/(»=*'),  A=  =  - r^ 

4°.  Calculate  tlie  invariants  for  the  parabola 

and  the  circle 
Am.— 

6°.  Calculate   the  invariants  for   two    eonios,    respectively, 
insGiibed  and  eiroumsoribed  to  the  triangle  of  reference. 

Let 

iSi  =  hi'xi^  +  b^x^  +  h^x^  -  2 Ms^a^j  -  Sijii^Fj^i  -  2hJ)^iX-i  =  0. 

Sj  ^  2  (OsaXjiKa  +  fl3:«s^i  +  a^^iiXi)  =  0  ; 
then 

Ai  =-  4ii' W,  ®i  =  if" Ah  C«mSi  ,+  a,A  t  aiA\ 

©J  =  -  (Si,5i_+  Oaitj  +  aijSj)',  Aa=  2aii(h3^i-  (968) 

2h2" 
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From  these  values  it  follows  tliat  tliQ  condition  that  two  conies 
are  8o  related  that  a  triangle  may  be  inaeribed  in  one,  and 
circumscribed  to  the  other,  is 

4ili®j  =  0i'.     (Cayley.)  (969) 

In  connexion  with  this  may  be  stated  the  following  theorem  : 
— If  two  given  conies  be  such  that  a  variahU  triangle  can  he 
ineorihed  in  one,  and  eiroumaorihed  to  the  other,  there  is  given 
another  conic  to  tchich  the  triangle  is  antipolar. 

For  if  __         

Si^-/  ftia^i  +  \/bt^i  +  i/&^  =  0, 


thea  the  o 


ii«i'      ftaiCa'      ia^s' 


{970) 


reciprocates  81  into-  S^,  and  is  therefore  given. 

Or,  more  generally,  the  three  special  relations  which  a 
triangle  can  have  with  respect  to  a  conic  are  to  be  inscribed, 
circumscribed,  or  antipolar,  then  the  theorem  is  true,  that  if  a 
variable  triangle  be  connected  with  given  conies  by  any  two  of 
these  relations,  it  is  connected  with  a  third  conic  given  by  the 
remaining  relation.     For  example,  the  Broeard  ellipse  is 

VXi/a^  +  vx^joi  +  VXsldi  -  0, 
and  Kiepert's  hyperbola  is 

a^ja^sin  (Ai-Az)  +  x^,ua(A3-A,)  +  XiXiSra{A,-Ai)  =  0, 
and  the  conic 

iBiVC"!'  -  «a°)  +«3V(V  - 11')  +  ^sVC'^i'  -«!*)  =  0 
is  antipolar,  and  reciprocates  one  into  the  other. 

6°.  Calculate  the  invariants  for  the  Broeard  ellipse,  and  the 
Broeard  circle 

iliCaiJa  (*i'  +  ^3'  +  ^a^)  -  W^^s  +  Os'^^a*!  +  tJs'^i^a)  =  0. 
Ans.         Ai  =  -  iJiaiW'h^),  ®i  =  -  W  +  "a'  +  a^)hi.^<'3, 
©J  =- J|«,=+flj'  +  fl/)'-6(ff,^  +  a2'+03*)}, 
it  =  -  i  {aM^3){a^  +  «/  +  n,'  -  Sdi^flaW)-         (^'1) 
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In  terms  of  these,  and  oi  the  circumradius,  can 
several  metrical  relations  in  the  recent  Geometry  of  the  triangle. 
Thus,  if  p,  p'  denote  the  radii  of  the  Lemoino  and  Brocard 
circles,  respectively, 

p,'  =  -AiA,/0i'.  (972) 

Tact  Ikvabiant  ob  two  Conicb. 
374.  If  the  four  points  common  to  two   conies  5,,  St  be 
A,  B,  C,  2>,  and  ^i,  4,  h  the  roots  of  Lame's  equation ;  then 
the  three  line  pairs 

S,-hSi,  S,~hSi,  Si-kS^ 
are  AB .  CD,  BO. AD,  CA.BD,  respectirely ;  but  if  any 
two  of  the  points  A,  B,  C,  D  coincide,  say  A,  B,  two  of 
the  line  pairs  will  coincide,  viz.  BG .  AT),  and  CA.BD, 
each  of  which  will  become  A  C .  AB.  Hence  if  Si  t<moh  Sj  there 
will  be  only  two  distinct  line  pairs.  Hence  Lamp's  equation 
will  have  a  pair  of  equal  roots.  Therefore  the  condition  of 
contact  of  S,  and  Sj  called  their  Tad  invariant  is  the  vanishing 
of  the  discriminant  of  Lame's  equation,  viz., 

4  C3A,02  -  0i')(3Aj0i  -  ®.^)  -  (9AiA!  -  ©i©:)'  =  0  ; 
or 

©i'0a»  +  9AiA,  (2®!®,-  3AiAs)  - 4  {^^®^  +  A;©,')  =  0.    (973) 

Cor.  1. — If  ®,  =  0  the  tact  invariant  is 

27AiA3'+40s^  =  O.  (974) 

Cor.  2. — If  Aa  =  0,  the  taet  invariant  is 

®i'  =  4AA.  (975) 

"When  A2=  0  Si  denotes  a  line  pair,  and  the  equation  (975) 
is  the  condition  that  Si  should  tonoh  one  of  these  lines. 
"We  have  met  this  equation,  §  373,  4°,  as  the  condition  that  a 
triangle  can  be  described  about  Si,  having  its  summits  on  S^,  of 
which,  it  is  easy  to  see,  the  present  is  a  particular  ease. 
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1.  Find  tie  tact  JaTitriant  of  tlie  ellipse 

and  the  ApoEooian  lijperbola 

2  (c'2j;+  SV's^-oVy)  =  0. 
Since  the  Apollonian  typerljola  passes  lirough  tlis  feet  of  normals  from 
x'y'  to  the  ellipse,  its  contact  with  tie  ellipse  denotes  that  two  of  the 
normals  coincide,  and  lierefore  that  x'y'  is  tlie  corresponding  centre  of 
curTature.  Hence,  forming  the  tact  invaiiant,  and  omitting  accents,  we 
have  the  evolnte  of  the  ellipse,  viz., 

(a=2H%2-ii*)^+27«'*Va'^'  =  0.  (978) 

2.  Find  the  toet  invariant  of 

(i-a!')H(s-yr-'''  =  0. 
It  is  evident  that  the  centre  of  the  circle  is  at  the  distance  r  fi-om  the 
ellipse.    Hence,  if  we  form  tlie  tact  invariant,  and  omit  accents,  we  get 
the  parallel  to  the  ellipse  at  Uie  distance  r,  viz. 

27iJ**'r*  +  4(o'P  +  JV+rV-6'a^-«V)' 
-  it^bh"  (a=  +  ^  -  oS  -  i»  -  i^f 

[fb'  +  *>»■'  +  rW-i^a;'  -oV^)"  =  0.  (977) 

Cor. — In  the  pi-eeeding  equation ;  arranged  according  to  the  powers  of  r'^, 
the  coefficient  of  the  second  term  contains  the  factor 

(a'  ~  2S')  x^  +  (2»=  -  i=)  y"-  +  (b=  +  i')  ^■>.  (978) 

Hence  this  equated  to  a  constant  is  the  locus  of  points,  the  sum  of  the 
squares  of  whose  normal  distances  to  the  cui-ve  is  given,  which  ia  therefore 


3.  What  is  the  tact  invariant  of  the  inscriled  coi 
and  the  citcumscrihed 

Ant.  [B^Jhf  +  (fljiin)^  4  {anh)'  =  I 
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OSCITLATION  OP  TWO  CoNica. 

375.  If  the  conios  S,Sj  oscillate,  Lame's  equation  will  have 
three  equal  roots.     Hence 

3i„  ©„  0j,  SAjarein  GP; 
therefore 

0,  =  3  ( A.'Ai.)*.     ®i  =  3  (^i^i')*! 
3ii0j  =  ®,',     3^501  =  ©,=,     9AiA3  =  ®i®,.         (979) 

BXEBCISES. 

The  centres  ol  the  aii  cirdea  which  can  ho  dcscrihed  ttrough  any  point  to 
osculate  a  given  conic  lie  on  a  conic.  (Malet.) 

Taking  the  given  point  aa  ofigin,  and  the  axes  of  oo-oniinates  parallel  lo 
tioae  of.  the  conic,  the  eq^uationa  of  the  conic  and  circle  may  be  written 

a'  +  ff'- Sri*- 2^1^  =  0. 
01  =  033»35  -  Bsa^  +  aisun  -  031'+  2ss!''3i3^i  +  Scaflsayt, 

©!  =  — (BS»Ej^+Bliyi'-20jia:i-2ll23jl  -O33), 

These  values  aubsijtut«d  in  SiiSi  -  ©i'  =  0  give 

+  (SaijasiH  +  2aiifl2syi  +  ossoas  -  aas'  +  osaaii  -an^)'  =  0.      (980) 
Cor.  1. — If  tie  centra  be  origin  and  tlie  conio  a  rectangular  hyperbola, 
an  =  0,  asi  =  0,  and  an  +  as3  =  0,  and  the  conio  (930)  coincidea  with  the 
gi^en  one.    Ilance  the  centres  of  the  osculating  circles  of  an  equilateral 
hyperhola  which  pasa  through  its  centre  lie  on  the  hyperbola.  [Ibid.) 

Car.  l.—li  either  an  or  aji  vanish,  that  is,  if  the  given  conic  be  a  parabola, 
the  conic  of  centres  will  he  a  parabola. 

luvAEiAifi  Anolbs  Off  TWO  CoNica. 

376.  The  roots  of  Lamp's  equation  are  connected  with  three 
angles  in  terms  of  which  some  of  tte  invariants  and  covariantfl 
can  be  expressed.  In  order  to  show  this,  let  the  conios  81,  S, 
be  referred  to  their   common  antipolai-  triangle.      Thus,   let 
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and  let  Si,  $u  6i  denote  the  angles  (§  45,  Ex.  6)  of  the  anharmonic 
ratios  of  the  three  quartets  of  points  in  ■which  the  sides  of  the 
antipolar  triangle  are  intersected  by  the  two  conies.  Then  to 
detenaine  ©,  wo  must  find  the  anharmonic  ratio  of  the  points  in 
which  the  side  x-^  is  intersected  by  8i  and  S^.  For  that  purpose 
we  have  the  pencil  formed  by  the  line  pairs 

Thus  we  got 

sin'  J  ^1  =  -  (hbs*  -  aaifjiOiiiaiii, 

cos'  i6i  =  {a-a^  +  ii33*)*/4fla2*03j*- 
Hence 

sin'Si  =  -  («33  -  03j)'/4fl!i<^- 

How  denoting  the  roots  of  Lamp's  equation  by^i,  ij,  ^j,  these 
are  (§  378,  1°)  Ou,  a^,  Ojj,  respectiTely.     Hence, 

eiD.%=-  {h  -  hfl^^A,  ain'iSa  =  -  (S3  -  ^1)74^3^1, 

Hence  the  discriminant  of  Lam6's  equation  is 

-  64ii'(sJn'Si .  sin'Sj .  sm'es)IW  =  0, 
or  omitting  the  multiplier  -  64Ai7As'  which  is  numerical,  the 
discriminant  is 

and  as  each  sin'fl  is  the  product  of  two  anhannoaic  ratios,  we 
have  the  following  theorem : — 

The  tact  invariant  of  two  tonics  is  the  product  of  six  ai^tarmotm 
ratios,  and  the  vanishing  of  some  one  of  these  ratios  is  a  meesaar^ 
condition  of  the  emttaot  of  the  conies. 

Cor.  1. — From  the  values  of  the  invariant  angles  wo  get 

Hence 

ei+e,^e^=nw.  (98i) 

That  is  the  sum  of  the  three  invariant  angles  of  two  conies  is 
some  multiple  of  x. 


y  Google 


Invariant  Theory  of  Conies.  473 

Cor.  2, — If  S'  be  tlie  reciprocal  of  St  with  rospect  to  Si,  and 
if  we  form  tie  invariant  angles  for  S^,  S',  we  get  2$„  2$^,  2flj. 
Similai'ly,  if  S"  be  th.o  reciprocal  of  Sj  with,  respect  to  S'  the 
invariant  angles  for  5"  and  Sj  arc  3^1,  3^2,  36,,  &c.  Again,  if 
Sr  denote  the  conic  which  reciprocates  jSi  into  Si,  the  invariant 
engles  of  S„  S^  arc  i  i9„  i  i*,,  i  6,,  &c. 

Cor.  S. — Tho  envelope  of  the  line  A^  =  0,  cut  harmonically  by 
■Si,  Si,  is 

(coBft/^,l)V  +  (coses/ijijXa'  +  (cos  ft/is  4)  V  =  0.     (982) 
This  is  easily  inferred  from  equation  (862),  page  371. 

Oiyr.  4. — The  locus  of  points  whence  tangents  to  Si,  Sz  form 
a  harmonic  pencil  is 

(^■,leosi90^i'  +  (4   cos^.)%'4(-5,4cose3)^3^  =  0,     (983) 

377,  To  find  the  anharmonic  ratio  of  the  prndl  of  Urns  drawn 
from  any  point  of  tAe  conte  8i-l:Si=0  to  the  four  points  common 

to  Si,  Si.  (GTmnELPiNftER.) 

let  the  points  be  A,  B,  C,  B.  If  T",,  T^  denote  the  tangents 
to  S„  Si  at  one  of  ttese  points,  say  A,  then  Ji  -  ^2^  =  0  wiU 
be  the  tangent  to  5^  -  IS^  =  0  at  -4,  and  Ji,  le^,  Ic^  being  the 
roots  of  LamS'a  equation, 

Ti  -  ^,7*2  =  0,     Ti-  hTi  =  0,     r,  -  hj"^  =  0 

will  be  the  equations  of  the  lines  A£,  AC,  AD,  respectively. 
Hence  the  anharmonic  ratio  of  the  pencil  drawn  from  a  point 
consecutive  to  ji  on  -Si  -  hSz  to  the  four  points  A,  B,  C,  D,  is 

{h  -  h){ki  -  h)  :  (^  -  h){h  -  h),  (984) 

and  therefore  this  will  be  the  antarmonic  ratio  of  the  pencil  from 
any  point  of  Si  -  SSj  to  the  four  common  points. 

Gundelflnger's  solution  is  given  in  Fiedler's  translation  of 
Salmon's  Conic  Sections,  vol,  ii.,  p.  668. 

378.  Find  the  locus  of  the  centres  of  all  the  conies  of  the  pencil 
S,  -  hS^  =  0. 
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Let  xfi,  x'i,  u^3  be  the  centre  ;  then  the  line  at  infinity  will  be 

the  polar  ol  3f^x'-s>\.    Hence  we  get,  if  X.  be  some  coastant, 

(flii  ^  l^m'^  =  \  ein^,,     [a^  -  h)A  =  ^  aia  A> 

(O33  -  S)ie'3  =  A,  sin^j. 

Hence,  eliminating  h  and  \,  and  omitttag:  accents,  we  get,  after 

replacing  an,  a^,  Ojs  by  the  roots  of  Lame's  equation 

Or,  in  tormB  of  the  invariant  angles  of  g  376, 

sin^i.ainfli      sinJls.sin^a       smAi.smG,  _ 


iii.aii  Asi.a^  Aji-^a 

(985) 

Def. — The  anharmonie  ratio  of  four  conies  of  a  pencil  ia  th( 
anharmonic  ratio  oE  the  tangents  at  a  common  point. 

Cor.  1. — The  anharmonie  ratio  of  any  four  conies 
S,  -  jfSa  =  0,     S,  -  /t"Si  =  0,  &c., 
is  (^_  rXA'"-  A'^VCA--  k"%^'~^').  (986)' 

It  is  equal  to  the  anharmonie  ratio  of  the   1 
points  on  the  conic  (985). 

Cor.  2, — The  reciprocal  of  (985)  with  respect  to  ( 


v/fiin^i .  sin  26*1 .  w,  +  ^/si 

+  \/sin^a.sin2^3.a;j  =  0, 

a.nd  its  reciprocal  with  respect  to  (98 


V^sin^itan^i-a^i  +  %/sin-42  tanSj.^i  +  i/^io-^ste'^^a -^j  =  0- 

(988) 
Cor.  3.— The  fourth  common  tangent  of  the  conies  (987), 
(988)  is 

sin-^i  tanfii  .x,      sin ^j  tan Sj . ai,      sin^,  tan^j.aij 
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CoNics  Habmonically  Insckibed  akl  Cihchmsdmbed. 

37"}  Dep  — A  conic  is  mid  io  he  harmomcally  inscribed  in  or 
ctreuHtsci  ibed  to  anuther  tehm  tt  ts  imotihed  or  circwmsoribed  to 
a  tiiangh  anttpolat  tctih  teapect  to  tie  other  (See  Smith,  Pro- 
ceedings of  the  London  Maikemuheal  Society,  toI,  ii.,  p.  87.) 

S80  If  the  invariant  ®,  va?iisk,  the  come  S3  is  harmonieally 
cwcuDtscrtbed  to  Si,  and  81  is  harmonically  iMorihed  in  83. 

Dem  —Let         Sj  ^  aj"  =0,     Si^bJ'^O; 
then 

Oi  = -i(,' =  («Bffa3  -  Oaa')  ill  +  i'hi'hi  -  "31°)  ^aa  +  (''ii''i!  -  "i*')  ^33 

+  2  (ffjiaij  -  flu(%)  Jji  +  2  (<%%  -  flijsB,,)  S31  +  2  (ffjjfla  -  Om%)  ii2. 

Hence  ©1  vonisheB,  if  a^,  a^,  Ou,  in,  i^,  S33  each  separately 
vaDish ;  tliat  IB,  if  the  oqiiatioas  of  5„  Sj  be  of  the  forma 

»ii*i'  +  fsja^!'  +  033*3'  =  0,     2  {ii^Xi  +  hi^i^i  +  *i!«i»i)  =  0 ; 
or,  when  S^  is  harmonically  circumscribed  to  S,, 
Again,  0i  vanishes,  if 

"mI'ss  ~  "^sa')      "83%  ~  %]  1      tii'tiz^^i^!      *I3)      'sii      "11 

each  separately  vanish,  which  will  happen,  if  Si,  S^  eaa  be 
writtea  in  the  forms 

\/aii«i  +  -y  0^X2  +  v^Ojja^s  =  0, 
Iht'i   +  iji^a*  +  ^33*3°  =  0  ; 
and  in  this  case  Sj  is  harmonically  inscribed  in  S3. 

Cor.  1. — If  a  conic  8^  liarmonically  circumscribe  S,,  then  S^ 
is  harmonically  inscribed  ia  S%. 

Cor.  2. — If  each  of  two  conies,  S,,  ^2  be  harmonically  circum- 
scribed to  a  third  conic  S,  every  conic  of  the  pencil'  S,  -  kSi  is 
harmonically  circumscribed  to  S. 

Cor.  8. — If  each  of  three  conies  S„  Sj,  83  be  harmonically 
circumscribed  to  S,  every  conic  of  the  net  hSi  +  kSt  +  ^183  is 
harmonically  circumscribed  to  S. 
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Cor.  4. — H  2  E  a\'  =  0,  8sa^  =  0  be  two  conies  in  point 
and  line  co-ordinates,  respectively,  then,  if  2  be  harmonically 
inscribed  in  8,  a^=  0.  For,  the  coefBcients  Oijaas-ajj',  &e., 
in  01  are  the  coefficients  of  the  tangential  equation  of  "Si- 

Cor.  5. — If  Si,  8,,  83  be  three  conies  given  by  their  trilinear 
equations,  and  2i,  Ss,  Sj  conies  in  tangential  equations;  and 
if  each  of  the  latter  be  harmonically  inscribed  in  each  of  the 
former,  then  each  eonie  of  the  tangential  net 

^iSi  +^'223+^323  =  0 
is  harmonically  inscribed  in  each  conic  of  the  trilinear  net 
hS,  +  hSi  +  1^83  =  0. 


1.  Find  the  condition  liat  the  circle  (3^-/]^  + {</-(/')'-'■'  =  0  may  be 
harmomeally  oircumBcribed  to  the  conic 

Bi'  +  631=  +  lli^y  +  "igx  +  2/;/  +  c  =  0. 
The  invariant  Si  =  0  gives 

A  +  £  +  C{k''  +  y'"  -  r')  -  2Gx-  -  IFy'  =  0. 
In  this  result,  if  wo  remove  accents,  we  get 

C{i?  +  j=)  -Wx-'iFy  +  A  +  B-a'^^t),  (989) 

which  hecomBs  the  orthoptic  circle  when  r  vanishes. 

Cot. — A  circle  cii'cumGoribed  harmonicaUy  to  a  ooniu  cuts  its  otlhoptic 
circle  at  right  angles. 

2.  Find  tho  condition  that  (a!-a!^^  + (j/- jiy-c'  =  0  maj-  be  inscribed 
harmonically  ia 

ni-5  4  *y'  +  2/i^y  ■^2gx  +  2fi/+ o  =  0. 

The  tangential  equation  of  the  circle  is 

(:.'A  +  yV  +  l)=-.-'(A^  +  ^')-0. 
Hence,  forming  the  invariant,  we  find  the  required  condition 

*'o-(«  +  i)f=  =  0, 
where  fi,  is  the  power  of  the  point  x'y'  with  respect  to  the  conic.    Hence,  if 
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the  radius  of  the  circle  be  given,  tta  locus  of  its  centre  is  a  conic  concentric, 
and  homothetio  with  the  given  conic. 

3.  Find  the  Iocub  of  points  wtence  tangents  to  the  cooics  u.'  =  0,  b^  =  0 
form  a  harmonic  pencil.     (Compare  §  286.) 

Tbetsngentpairfromapoints'ijisyj  to  tte  conic  y  =  0  is,  equation  (400], 

+  32(B3iSi&'!  +  Buy^yi  -  Bay,''  -  Buj/ij's)  ^s^a  =  0. 
Now,  by  the  conditions  of  the  qnestion,  these  tovm  a  line  pair  harmonically 
cirtumsoribed  to  a,'.    Hence  the  invariant  Si  of  a,'  =  0,  and  thia  line  pair 
must  vanish.    Hence,  forming  the  inyariant,  and  writing  x\,  zi,  arj  for  f/i 
yi!  yii  we  get  the  required  locus,  viii., 

Z(Ai3Bz3  +  AiaBi,  -  2AisBii)xi^ 
+  2S{AuBii  +  AiiSyi  -  AnBii  -  -ii3-Bii)«j«3  =  0.       (990) 

This  equation  was  first  given  hy  Staudt,  in  the  Numberger  Programm 
for  1834.  Its  importance  as  a  oovariant  was  first  pointed  out  by  Salmon  in 
the  Gamhridge  and  Duhlin  Mathematiealjournai,  vol.  is.,  p.  30.  He  denoted 
itF. 

4.  Form  tte  covariant  ^for  Brocard's  ellipse  and  Kiepert'a  hyperbola. 
Am.        {siiiiAi-A:,)l«,  +  sin{As~A,)la,  +  ma{Ai-A,)M 

{sm{Ai-A3)^iX2  +  sii,(Ai-A3)^^,-i-^m{Ai--A,)^i^,} 
-  sin  (^1  ~  A,)  ain  {Ai  -  As)  sin  (A,  -  A,) 


Uisin  (A  -  ^3)       «=sin  (^3  -  ^0  ^  ajsin  [4i -^i)  j 
5 .  If  four  equilateral  homothetio  hyperbolas  have  a  common  point,  and  he 
harmonically  circumscribed  to  the  same  conic,  the  poinls  of  intersection  of 
any  pair,  and  those  of  the  remaining  pair  lie  on  an  equilateral  hyperbola, 
(Pkofbssob  CuBTia,  S.J.) 
For,  taking  the  common  point  as  origin  of  co-ordinates,  and  the  four 
hyperbola  as  Si,  Si,  Ss,  Si,  where 

S,^ai(«=-!^)  +  &o., 
we  have,  from  the  given  conditions,  four  equations  of  the  form 
m  {A-I)j  +  2kiir+  2iiiG  +  2/:F=  0. 
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As,    13,    h. 
Hence    multiph  mg  the  first  column  by  » '  ■ 


third  by  Sj,  tlie  fomth  by  2j/,  imd  adding 

columns  to  tlie  first,  v,  e  get 

Si,     Ai,    ?.,    /., 

ft,    /'I,   g%,   fi. 

S3,     A3,     SM     /=, 

S4,    A4,  ?j,  h 

Or,  as  it  may  be  written, 

hS\  -.IvSi  +  hS,  -  kSi  =  0. 
Hcnco  tbo  equilateral  hyperbola  l\Si  —  kSi  =  0  paBsing  thiougi  the  ioter- 
secfioa  of  Si,  Sj  is  identical  with  hSi  -  kSi  passing  thrmigh  the  intersection 
of  Si  and  Si. 

6.  II  two  conies  ^1,  St  be  homothetio,  and  harmoniealty  cirouraacribed  to 
a  given  oonio  S',  their  common  chord  paaseB  through  the  centre  of  S". 

(Peobesbok  Cdbtis,  8.J.) 
Trom  the  hypothesis  we  have 

0|/flj  =  Ai/A)  =  ii/*2, 
aiA-  +  2i,S"  +  hS'  +  2fiF'  +  2i',&'  +  c,C'  =  0, 

flj^'  +  UiH'  +  diB'  +  2fiF'  +  IgzQ-  +  c^C  =  0. 
Therefore 

2(/i03  -fi^ijF'IC'  +  2(3113- gill)  G' 10-  +  5i«s  -  ^5(1,  =  0, 
But  G'lC,  F'jC  are  the  co-ordinates  of  the  centre  of  S'.     Hence  the  pro- 
position is  proved. 

7.  If  a  variable  conic  be  harmonically  inscribed  in  four  conies,  tio  locus 
of  its  centre  ia  a  right  line. 

From  lie  hjpotheaia  wc  have  four  relations  of  the  foim 

Ja,IC+  BhlC+  2I£h,IG+2Ff,jC+2Gff,IC+>!i  =  0; 
and,  eliminating  AjO,  BjC,  HjC,  we  get  a  linear  relation  between  G/(?and 
FjC.    This  includes  Newton's  theorem  as  a  particular  case  tbat  the  centre  of 
a  conic  insDribed  in  a  given  quadrilatenl  moToa  on  a  right  line. 
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OzHBK  Peopbhties  of  Haemonic  Cokics. 

381,  If  a  eonie  8^  s  ii^a;,^,  +  B^x^^  +  bsiXa^i  =>  0,  cireumsoribe 
liarmouically  tte  conic  Si  =  a^  -  0,  the  centre  of  ^erspeetms  of 
any  conic  inscribed  in  jSj,  and  its  polar  reciprocal  with  respect  to 
Si  is  apointon  S,.  (Salmon.) 

Taking  the  triangle  of  reference  as  the  one  inscribed  in  Si, 
the  sides  of  its  polar  reciprocal  with  respect  to  Si,  are,  re- 
spectively, 

0,1^1  +  (^is^s  +  ifia^a  =  0,     fluK,  +  fljs^j  +  fljaa^j  =  0, 
031*1 +  ((3j«i  +  O!sa'3  =  0; 
and  the  co-ordinates  of  the  centre  of  perspective  of  the  triangle 
of  reference,  and  that  formed  by  these  lines  are  IjAi^,  IjAn, 
1/^ij;  and  these  substituted  iu  8,  satisfy  it  in  virtue  of  the 
relation 

©1  =  Aj^ia  +  ^jjija  4-  Aiihii  =  0. 
Again,  if  the  tangential  ec[uation  of  Si  be 

Ai^X,  +  ^siAjXi  +  ^iiAi\j  =  0, 
^  .8,^^  =  0, 

then  the  axis  of  perspective  of  the  triangle  of  reference  aad  its 
polar  reciprocal  with  respect  to  S^  is 

iCi/ijs  +  x^jbsi  +  iCijbu  =  0  ; 
and  the  condition  that  this  should  touch  Si  is 

^!a*!3  +  ^31*31  +  -^12*12  =  »,     O^    ®1  =  0- 

Sence  the  emelope  of  the  axis  of  perspective  of  any  triangle  cif- 
eumsoribed  to  Si,  and  its  polar  reciprocal  with  respect  to  S3,  is  the 

Cor. — From  the  foregoing  demonstration  we  infer  that  if  two 
triangles  he^olar  reciprocals  with  respect  to  a  conic,  and  if  one  of 
them  be  the  triangle  of  referenoe,  the  co-ordinates  of  the  axis  of 
perspective  are  the  inverses  of  the  coefficients  of  the  rectangles  x-x^. 
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x^i,  iTiiBj  in  the  equation  of  the  conic,  and  the  co-ordinates  of  tkt 
eentre  of  perspective  are  the  ooe^cimta  of  the  rectangles  X3X3,  AjX), 
AiXj  in.  its  tangential  equation. 

882.  If  %i'=(i,  the  eovariant  F  of  Si  and  Sa  is  the  polar  reci- 
procal of  S,  with  respect  to  jSj. 
Dem, —  Let 

S,  s  ai,x,^  +  flss^j"  +  a^a:^'  =0,      iSj  =  Xi^  +  v^  +  X3'  -  0; 
then  01  =  ^iiflja  +  OS1O33  +  Oas^ui 

F^  (fluflsi  +  a,i(i3i)xi^  +  (itijOja  +  ilsjCtiOa^s^ 

But  the  polar  reciprocal  of  Si  with  respect  to  S3  is  (§  371) 

022033*1'  +  flajflu^'  +  atiO^iXs^  =  0. 
Hence  in  general  the  polar  reciprocal  of  Sj  with  respect  to  Sj  is 

®jS3-F=0,  (991) 

which  reduces  to  i^=  0,  when  ®,  =  0. 

Cor. — If  ©1  =  0,  any  tangent  to  S,  is  cut  harmonic  ally  by  Si 
aniF. 

383,  7)*'®a  =  0,  the  harmonic  envelope  *  of  Si  and  Si  {see  g  286) 
is  the  reciprocal  polar  of  Si  with  respect  to  81. 

The  tangential  equation  of  <^  is  (e^.  862) 

(Oji  +  flsa)  V  +  {<hi  +  a2i)V  +  {«ii  +  a^)Xs^  =  0. 
Hence  its  trilinear  equation  is 

(O33  +  «ll)(fln  +  a23)«l'  +   (0.1  +  (!S3)(«!!  +  «33)a'l^ 
+  (««!  +  a33)('%3  +  fh,)Xi'  =  0. 

Now,  the  polar  reciprocal  of  83  with  respect  to  Si  is 

«ii^*i'  +  a-ii'x-J'  +  flas'^a'  =  0,      or     *  -  (Oji  +  flu  +  1I53)  5i  =  0. 
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Hence  in  general  the  polar  reciprocal  of  Sj  witli  respect  to  iS*!  ia 

*-%«,  =  0,  (992) 

Thich  reduces  to  *  =  0,  when  ®j  vanishes. 

Cor.  If  ©I  =  0,  the  pencil  of  tangents  is  liarmonic,  which  caa 
te  drawn  irom  any  point  of  Sj  to  S,  and  *, 

BXEBCISIES. 

1 .  Prove  that  the  Erocard  ellipse  ia  harmonicallj'  inscribed  in  tlie  Jerabsk 
hyperbola. 

2.  Prove  that  the  conic 


Vai  sin  (-li  -  fl)  +  Vaijsia  (^,  -  fl)  +  Vjij  sin  {^a  -  9J  =  0 
is  harmonioally  inacribed  in  Eiepert'e  hyperbola. 

3.  Construct  a  oonio  a  passing  through  three  given  poinfs  A,  B,  C,  and 
hmmonically  circumscribed  to  two  given  conies  Si,  Sa.  (Smitu.) 

CoBSTRuOTJON.— Let  X\,  Xi  he  the  centres  of  perapecfive  of  the  triangle 
ABC,  and  its  reciprocals  with  respect  to  Si,  S% ;  then  a  paeaos  through  the 
live  points  A,  B,  0,  Xi,  Zj. 

4.  Find  the  discrimiiianta  of  F  and  *, 

Am.—  AiAt(0i0i-AiAs)    and    0i&s-A,M.  (993) 

5.  Detemiino  a  conic  o-  passing  through  fn'o  points,  and  harmonically 
circumscribed  to  three  given  coniciS.  (Smith.) 

6.  Determine  a  oonio  a  passing  through  a  given  point,  and  haxmonicaliy 
oiroumacribeii  to  four  giren  conies.  {Hid.) 

7.  Determine  a  conic  harmonically  circumscribed  to  five  giyen  conies, 

(ma.) 

8.  Determine  a  oonio  which  divides  five  given  segmonts  harmonically. 

(JONaUIERHS.) 

9.  Prove  that  the  i^  of  the  Brocard  oUipae,  and  the  conic 
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COKICS  FOR  WHICH  01  AND  0j  TAITISH. 

384.  If  ■we  form  LEime's  eq^uatioa  for  the  conies 

Si  =  «ii*i^  +  2as3a:j;C3  =  0,     Ss^  h^je^  +  ^hsiX^x^  =  0, 
we  get 

S\i^^  -  kHiJ>i^  =  0. 

Hence,  for  tieae  conies,  ®i  =  0,  0a  =  0.  Conyeraely,  iE  two 
conies  be  connected  by  the  relations  ®,  -  0,  ©a  =  0,  their 
eq^nations  can  be  written  in  the  fonns 

Si  s  a,i»i'  +  ia^^-^i  =0,     Sj  53  ijsa^j'  +  2Ss,«3»i  =  0. 

Hence  we  have  the  following  theorem: — If  a  conic  "Si  touch 
two  sidcB  AB,  AC  ol  a  triangle  ABC  at  the  points  B,  C,  and 
a  conic  B^  touch  the  sides  BC,  BA  at  the  points  C,  A,  then — 
1°.  An  infinite  numier  of  triangles  can  he  inscribed  in  either  and 
drcwnscrihed  to  the  other  {equation  969).  2°.  An  infinite  nwmbsr 
of  triangles  can  he  inscribed  or  evrcwmseribed  to  either  that  will  he 
antipolar  with  respect  to  the  other.  3°.  The  reeiprooal  of  Si  with 
respect  to  S^,  the  reciprocal  of  S^  with  respect  to  S„  the  eonio 
which  reciprocates  S^  into  8s,  an^  the  covariants  F  and  *  are  all 
identical. 

385,  The  three  conicB 

Biiafi'  +  iOi^aXs  =  0,     h.j^.J'  +  2^31*3^;,  =  0,     Cus^s"  +  2ei,3:iXi  =  0 
arc  such  that  any  of  them  is  the  polar  reciprocal  of  another  with 
respect  to  the  third,  if 

OtA^ess  =  a.J>siea.  (994). 

This  is  easily  verified. 

Dee.— A  system  of  conies  satisfying  the  relation  (994)  is  called 
a  harmonic  system,  and  the  inva/riant  (994)  their  ?iarmonio  in- 
variant. 

Cor. — Any  two  conies  iS'i,  Sj,  whose  invariants  0j,  ©j  vanish, 
form  with  their  covariant  i"'"  a  harmonic  system. 
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386,  The  invariants  ®„  ©^  for  the  Eroeard  ellipse 
■/xijoi  +  "/xijai  +  -/  x^jai  =  0, 
and  tte  Jeratek  typerbola 

sin  2A,  sia  (^j  -  -^aj^a^a  +  Bin  2-4j  sin  (^3  -  A,)x2Xi 
+  sin  2^3  sin  (^j  -  ^j)a;iJ^  =  0 
are  all  to  a  factor 

COS  ^1  sin  {A^  -  A^)  +  cos  A^  sin  {A,  -  A,)  +  cos  A,  sin  (^,  -  A,) 
and  its  squaie,  tath  of  which  is  equal  to  zero.     Hence  the 
Brocaid  ellipse,  the  Jerabek  hyperbola,  and  their  covariant  F 
form  a  harmonic  Rvstom. 
The  covariant  F  is 


(a/-«/)3in2-4,      {a^;' - a^^) s,m 2As      (o,=  -a/)  sin243 

(995) 

EXEHCISES. 

1.  Find  the  conic  wiicli  f  oima  a  harraonio  system  with  any  two  of  Artat'i 
parabolm,  -whoee  equations  in  barycentrio  co-ordinates  are 

and  prove  that  it  is  a  hyperbola. 

2.  The  conic 


ixi  Bin  (-41  -e)  +  ^X2  sin  (^2  -  fl)  +  -Jxz  sin  (Ai  ~  fl)  =  0, 
Kiepert's  hyperbola,  and 

r,=  em(^i-e)Eitt{^ii-^3)  +  23=sin{A-e)siii(4!-^i) 
+  3s»an(J3-e)sm(^.-^3}  =  0 
form  a  harmonic  system. 

3.  The  ineitde,  the  hyperbola,  vUoh  ia  the  isogonal  tianaformation  ol 
the  right  line  passing  through  the  incentre  and  cirenmoentie,  and  the 
parabola 

a\x-?j{a2  -  aj)  +  aixi'j{ai  -  oi)  +  njSs'/{oi  -  oj)  =  U 
form  a  harmonic  system. 

2i2 
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4.  If  Si,  Si,  Si  form  a  harmonio  eyatem  of  ODnicB,  and  if  niiioi  be  a 
triangle  inscribed  in  &  whose  aides  touch  Sj  in  the  points  aj,  is,  sj,  tio 
eidea  of  tho  triangle  (tsi^iia  toncli  S3  in  oj,  h,  cs,  and  the  aides  of  njiat^ 
touch  5i  in  Bi,  J|,  Hi ;  then  the  lines 


(Koeuler's  Eiicrcisea.) 
Pohcelet's  Theoukm. 

387.  To  find  tho  condition  that  a  triangle  may  he  inscribed  in 
Sj,  whose  Bides  touch  the  conioa  8,  +  k,8i,  8i  +  kaSi,  Si  +  AjS,. 
Let 

Si  s  «,^  +  a^j'  +  «3^  -  2x^-3  -  Ix^Xx  ~  2x,Xi  -  2k,ch^:^3 
-  ikaasiW^i  -  2^a«j!^iJCa  =  0, 

Si  s  2aj3^!^3  +  ^a^ix^i  +  ^HnXiX^  =  0. 
Then  it  is  evident  the  line  Xi  =  0  is  touched  hy  the  conic 

S,  +  hS,  =  0  ; 
for,  if  -we  put  ^Ci  =  0  in  Si  +  k^S^  =  0,  we  get  a  perfect  square. 
Similarly,  a^j  =  0  is  touched  hy  S,  +  k^S^  =  0,  and  x^  by 

S,  +  ^5-3  =  0. 
Now,  forming  the  invariants  for  Si  +  &Ss  =  0,  we  get 
A,  =  -  (2  +  iiffjs  4-  AjOsi  +  ksa^y  -  2Ai4^raj3((si»i2, 
©1  =  2  (Osj  -i  aji  +  (]!i2)(2  +  iiOjs  +  ^fflji  +  iaflia) 

+  2aj3a3i(i|a  (ii^j  +  W^3  +  ijii), 
©J  =  -  («33  +  ([j,  +  »ij)^  -  2  (Si  +  Aa  +  S3)  a^ithiaa, 
As  =  2rts3n3i(i]s. 
Hence  the  required  condition  is 

jo,  _  (^j4  +  /tj^,  +  k,k.i)  A,]' 
=  4  I  Ai  +  SASjA,}  (©s  +  (Si  +  Ss  +  S3)  Aj}.       (996) 
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Cor.  1. — If  a  variable  triangle  be  inscribed  in  a  giren  conic  S„ 
and  two  of  its  sides  be  toueted  by  two  conies  of  the  pencil  jSj  +  JSj, 
tlien  th.e  envelope  of  the  third  side  may  ho  either  of  two  eonica 
of  the  pencil.  For,  if  hi,  ki  in  equation  (996)  be  given,  we  have 
a  quadratic  to  determine  4- 

Cor.2.—li  /ti  =  0,  ii=0,  and  ^3  =  *,  we  get,  from  (996)  the 
condition  that  a  triangle  iascribed  in  S3,  two  of  whose  sides 
touch  Si,  may  have  its  third  side  tangential  to  S,  +  hS'^,  viz,, 

©1=  -  4Ai®i  =  4MiA3. 

Hence,  eliminating  h,  the  envelope  of  the  third  side  is 

4^1^38',  +  (01^  -  4ii0s)  S,  =  0.  (997) 

388.  The  condition  that  a  variable  triangle  may  be  circum- 
scribed  to  a  conic  Ss.  and  have  its  three  summita  on  the  coaicB 

2,  +  A,2a,     3i  +  feSs,    2i  +  h%i 

is  found,  as  in  g  387,  to  be 

=  4  {81  +  Ai^Ss)  {Sa  +  {h  +  h  +  ^3)  S,),        (998) 

where  Si,  ^i,  62,  Sj  are  the  coefBcients  of  Lame's  equations  for 
the  tangential  pencil  Si  +  ASs  =  0. 

Cor.  I. — If  ^1  =  0,  Ss  =  0,  /fa  =  h,  we  have  the  condition  that 
a  triangle  circumscribed  to  2a,  and  having  two  summits  on  2i, 
may  have  its  third  summit  on  2i  +  A2a  =  0,  viz., 

(9i^  -  4816;  =  4^8183.  {^^^) 

Cor.  2. — If  Si,  S;  be  the  trilinear  equations  of  2i,  2^,  we  get 
eteily 

^1  =  Ai©3,     Si  =  A,=,     Oi  =  Aj©!,     Ss  =  A3'. 

Hence,  from  (999),  we  get 

®^  -  4Aj0i  =  4AAa' ; 
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and,  eliminating,  k  lietweeii  this  and  the  trilinear  eq^uatioa  of 
S,  +  SSi,  -riz., 

we  get 

16Aj'Ai5i  +  4Aj  (0i=  -  4Aj®i)  -F  +  (®i'  -  4A,0i)'  -^j  =  0, 
(1000) 
which  is  the  locus  of  the  third  summit  of  a  triangle  circum- 
scnbed  to  83,  two  of  whose  eammita  move  on  -81, 

Eotations  o¥  Common  Elements. 

389,  Def. — If  A|3:,  ±  XjiKb  ±  XjSJs  =  0  be  the  equations  of  the  four 
sides  of  a  standard  quadrilateral,  the  sum  of  the  squares  of  these 
sides  equated  to  sero  is  the  equation  of  a  conio  called  the  fourteen- 
point  eonic  of  the  quadrilateral.     "We  shall  denote  it  hy  Z. 

Let  6eiV  be  the  ijiiadrilateral,  ABCits  diagonal  triangle  is 
the    triaagle    of    reference; 
then  if  its  sides 

^1*1  -  ^%  -  ^y^3  =  0, 

Xjj^a  -  \^3  ~  Ai«i  =  0, 

AjjCj  -  '^1X1  -  A^s  =  0, 

Xi3fi  +  AijKa  +  Xaa^j  =  0 
be  for  shortness  denoted  by  - 
">  ^j  7)  S,  respectively, 
have   o  +  /3  +  y  +  S  =  0. 
written  in  the  form 

a^  +  ;3y  +  ya  +  nS  +  /53  +  78  =  0, 
since  we  can  subtract  (a  +  /?  +  y  +  S)^  =  0  ;    or,  in  the  form 

Or,  since  a  +  S  =  -  (;8  +  y),  in  the  form 

(/3y  +  aS)-(^  +  y)=  =  C.. 
Henoe  Z  has  double  contact  with   ^y  =ro.%  =  0,   the  chord  of 
contact  being  /3  +  y  =  0 ;    that  is,  has  double  contact  with  a 
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conic  passing  tkrougli  the  extremities  h,  b',  c,  c'  of  two  diagonals 
of  the  quadrilateral,  the  third  diagonal  being  the  chord  of  con- 
tact ;  but  a  conic  passing  through  two  pairs  of  opposite  summits 
of  a  complete  quadrilateral  has  the  third  pair  as  harmonic  con- 
jugates. Hence  we  infer  that  each  pair  of  opposito  summits  of 
the  quadrilateral  are  harraonie  conjugates  with  respect  to  Z. 
Again,  forming  the  suras  of  the  squares  of 

A,i«i  ±  Xj^a  ±  Aja^a  =  0, 
we  get 

\^Xi   +  V*2*  +  ^^i   =  0. 

Hence  the  triangle  ABC  is  antipolar  with  respect  to  Z,  and 
therefore  each  aide  is  cut  harmonically.  Hence  we  have  the 
following  theorem: — The  fourtem-pomi  conic  cuts  the  iiagonak 
of  the  qua^ilateral  in  the  double  points  of  (fe  three  invobtUorts 
m',BC-  W,  CA;  ee',  A£. 

390.  If  we  eliminate  8  from  «'  4  /3»  +  y^  +  8=  =  0  by  means  of 
a  +  jS+y  +  SaO,  the  equation  of  .2'becomes 

a''  +  /S'  +  y''  +  a^  +  ^y  +  ya  =  0. 
Hence  Z  meets  y  where  it  meets 

a=  +  ^  +  a^  =  0. 
Again,  the  product  of  the  three  lines  t/a,  ed,  c'i  is  a^  (a  +  j8), 
say  qd  (q,  |S)  =  0  ;  and,  forming  the  Hessian  of  this  (see  Salmon's 
Algehra,  4th  edition,  p.  183),  that  is, 

we  get 

Hence,  if  L,  M  be  the  points  in  which  Z  meets  the  side  y  of 
the  quadrilateral,  the  anharmonio  ratios  {h'a'cL),  (h'a'cM)  ai-e 
the  imaginary  cube  roots  of  unity,  and  similar  properties  hold 
for  each  at  the  remaining  sides  of  the  quadrilateral.  Hence  we 
see  that  Z  passes  through  fowteen  remarhalle  points,  namely, 
two  on  each  side,  and  two  on  each  diagonal. 


y  Google 


:t  Theory  of  Conies. 

391.  It  4s  reqmred  io  find  fhe  equation  of  the  fow, 
tangents  of  the  conios 

Si  =  0,=  =  0,     5j  ^  h^  =  0. 

Lot  2i,  S^  be  tLe  tangential  equations  of  8i,  S^ ;  then  two 

conies  of  the  pencil  2i  +  SSj  can  be  described  to  pass  tlirough 

any  given  point.     Por,  if  Ai,  As  be  the  discriminants  of  a,',  h^, 

tlie  trilinear  eqaation  of  2i  +  JcS^  is 

Since  this  is  a  quadratic  in  h,  we  see  that  two  conies  of  the 
pencil  2i  +  SSs  .can  be  described  to  pass  through  any  given 
point;  but  if  the  given  point  be  on  any  of  the  four  common 
tangents  of  S^  and  8^,  these  conies  will  coincide.  Hence  the 
quadratic  in  k  will  bo  a  perfect  square.  Hence  the  equation 
of  the  four  common  tangents  is 

i^-4iiiAV  =  0,  (1001) 

Coj-.— Since  the  equation  (1001)  is  of  the  form  B  -  LM=  0, 
it  represcnte  a  locus  touching  the  oonica  a^  =  (i,  i,^  =  0  in  the 
points  where  they  meet  F.  Hence  J^  passes  through  the  eight 
points  of  contact  of  the  conies  with  their  common  tangents. 

392.  If  the  conies  S„  S^  of  §  391  bo  referred  to  their  common 
antipolar  triangle,  their  equations  will  be  of  the  forma 

Si  H  ffii«i'  +  (^jj^a'  +  'hi/vi'  =  0, 

Sb  =  x^  +  x.^  +  x^  =  0, 
and  then 

-fa  ((ii(«as  +  »aa)iBi'  +  *a(«s3  +  «ii)'''!*  +  "ssC*"  +  ««)%'*=  0. 
These  subatitutBd  in  equation  (1001),  the  equations  of  the  four 
cemmon  tangents  of  Si  and  Sa  will  bo  found  to  be  the  product  of 
the  four  lines 


*i  V''''i!(*ia-l33)  *  «2\/flas(«33-«ii}  i  X3\/as^(aii-ai3)  =  0. 
Hence  the  quadrilateral  formed  by  the  four  tangents  is  a  standard 
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quadrilateral,  and  the  equation  of  its  fourteen -point  conic,  whicli 
■we  shall  call  the  fourteen-point  conic  of  the  two  given  conioa, 
Si,  S„  is 

flll(a32-fl3l)ai=+fl3a(Os3-'»ll)^s''+''33{»ll-''s=)^'  =  **- 

(1002) 
Cor.  I. — The  fourteen-point  conic  of  two  given  conies  is  har- 
monically circumscribed  to  each. 

Cor.  2. — If  the  conies  Si,  S,  be  given  in  the  forms 

"iji^i'  +  fi^i^  +  "ss^a'  =  0,      5iiiKi'  +  iaa»a'  +  63^3^  =  0, 

their  fourteen-point  conie  will  be 

2»niii(a2A  -  a:^h2W  =  0-  (1*>0S) 

Cor.  3. — The  fourteen-point  conic  of  S^,  S^  in  terms  of  S,,  Sj, 
and  F,  is 
2  Aj  {©,»  -  3  A  A)  S,  +  2  A,  {©a'  -  3As©i)  S^  +  ( 9  A,  Aj  -  ©i®;)  F=  0. 
(1004) 
393.  To^ni?  the  tanyential  equation  of  tJie  four  points  «■ 
to  the  eonics 

8,  ^  a,^  =  0,    S,  s  b/  =  0. 

The  condition  that  the  line  A,  =  0  shall  touch  aj^  =  0,  ia 


Ujll         «3J,         OjSl         "3| 

A„      As,      Aa,     0 

If  in  this  we  substitute  On  +  kin,   a^  +  kia,  &c.,   for  flu, 
»i2,  &c.,  we  get  the  condition  that  A,  shall  touch  jSi  +  kS^  =  0, 

2i  +  ^  +  ^2a  =  0, 

where  Sh  5sj  and  <&  are,  respeetively,  the  tangential  equations 
of  Si,  Si,  and  the  envelope  of  the  line  which  cuts  them  harmo- 
nically.   Kow,  since  this  equation  is  a  quadratic  in  h,  two  conies 
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of  the  pencil  Si  +  kS%  =  0,  can  bo  described  to  toucli  A,  =  0  ; 
but  if  \,  passes  tlirough  one  of  the  four  points  commoa  to  S^ 
and  Sj,  it  is  evident  that  these  two  coaios  will  coincide.  Hence 
the  eq^uation  of  tlie  four  common  points  is  the  discriminant  of 

2i  +  M-  +  i'Ss 
equated  to  zero,  viz., 

a>^-42iS2  =  0.  (1005) 

394.  If 

Si  s  Uii^i'  +  a^ifc^  +  a^i^^  =  0,     Sj  =  x^  +  x^  +  x^  =  0, 
we  have 
Si  =  i^OaaXi'  +  Ojaffji^i^  +  flii«2s^3^  =0,     2i  =  V  +  V  +  ^'  =  Oi 
O  s  (fljj  +  ajj)  Xi=  +  (fljj  +  (Jill)  ^a^  +  («[i  +  «33)  As^  =  0  ; 

and,  substituting  in  eijuation  (1005),  we  find  the  four  common 
.s  to  be 


hiV'aii^Cai  i  AsV  O33-  "ii  ±  Aa\/  =0. 

(1006) 
If  we  form  the  earn  of  the  squareB  of  these  equations,  we  get 

("as  -  Ihi)  ^1'  +  (''as  -  ^i\)  V  +  (f  u  —  "J^)  ^°  =  0. 

(1007) 
Or,  in  point  co-ordinates, 

(Oii  -  fl2s)(aii  -  flas)  3^1^  +  (as2  -  OaOt^as  "  ''ii)  ^2^ 

+  ("33  -  ffliO('^3  -  Chi)x,^  =  0. 
(1008) 
This  is  the  fourteen-line  conic  of  the  given  conica. 

Cor.  1. — The  eight  tangents  to  two  conies  at  their  points  of 
intersection  envelope  another  conic  $.    See  equation  (lOOS). 

Car.  2, — The  fourteen-line  conic  of  two  conies  is  harmonically 
inscribed  in  each. 

Cor.  S. — The  fourteen- line  conic  of  two  conies  Si,  Sj  in  terms 
of  Si,  S„  and  J"  is 

®sS,  +  ®,S,-3i^=0. 

(G1JH1.BLFIKGEE.)     (1009) 
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1.  Find  tho  equatioa  of  the  fouttli  common  tangent  to  the  conios 

Vxi  ain^i  +  "/xisiaAi  +  'Jx^iinAs  =  0, 

ViEicos^i  +  Vxi'awAi  +  Vaj  ooa  A3  =  0. 

-i«s.  j^/am(^s-^j)  +  *2/sm(J3-^i)+*3/ein(^i-^!)  =  0.     (1010) 

2.  Tha  corariant  f  of  the  two  conies  of  Esercifle  1  is  the  nine-point 

3.  The  coniiaTiiriaiit  i  of  tho  aamo  conies  ia 

JL,=  Ein'  {A3  -  A,)  +  XjUiu*  (^,  -  ^,)  4-  Aj^ain'  (^1  -  ^a) 

+  2XsJl3  sin^iMl^s  +  2\3XiBin^a  8in-4i  +  2\iXsMli  Ji  sin^s  =  0. 

(1011) 

i.  Find  the  equaliun  of  the  four  tangents  to  .Si,  where  Si  intersects  it. 

Let  the  points  of  interseotion  be  A,  S,  C,  J>,  and  Iflt  S's  ba  the  polar  reci- 

procjil  of  Si  with  respect  to  Si ;  then  flio  tangents  to  Si  at  -A,  B,  C,  D  will 

be  common  tangents  to  Si  and  S'l.     Thus  wo  find,  if 

j8i  s  fliiKi'  +  sjsJJa'  +  Baals'  =  0,    Sa  s  «i*  +  aij'  +  x^  =  0, 
the  four  common  tangents  to  be 

Oil  V(ai!-033)if:i  ±  a!sV(Oas-Bil)Kl±  BS3V(«11  — "25)2^3  =  0- 

(1012) 
The  product  of  tie  four  tangents  in  terms  of  Si,  Si,  and  Fi& 

{@iSi  -  MSiY-iAiS,  (Qa-Si  -I)  =  0.  (1013) 

6.  State  the  special  lines  which  the  fourteen-line  conio  of  a  quadrangle 
touches. 

ANiiPOLin  Tki4nglb. 
395.  Zei  S„  Sj  he  two  conies  given  hy  their  general  equaUons. 
It  is  required  to  reduce  them  to  the  forms 

aiiXi'  +  OiiX^^  +  fljsXs'  =  0,      Zi*  +  X2'  +  Xa^  =  0, 
respectiveh/. 

Solution. — Since 

8,  s  fliiX,^  +  ^22X2=  +  a,,X,'  =  0,     S,^  X,^  +  X,=  +  Xj'  =  0, 
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the  discriminant  oi  Si  -  hSi  is  equal  to  the  discriminant  of 
fl:i-2i'  +  «a!-X'2=  +  flssX/  -  J(Xi'  +  X,>  +  Xj') 

=  («ii  -  ^X««  -  ^)(''33  -  ^)- 
Hence  ffin,  022,  Oja  are  the  roots  of  Lame's  equation,  and  are 
therefore  given.     Again,  since 

8,  -  «,iZi=  +  a^X,'  +  fljsX/,     «,  s  Xi^  +  X/  +  X,=, 
the  coTariant  F  of  181  and  Ss 

=  ».i  («3=  +  "33)  Xi=  +  ffa,  (fl33  +  flu)  -S:^^  +  %  ("ii  +  »■«)  ^3'- 
Hence  ivo  have  the  three  equations 

flnXi=  +  fisjXa'  +  «3aXa'  =  Si, 
Xi^  +  Xs'  +  Xj'  ^  Sj, 

fill  (Sh  +  O33)  X,^  +  O23  (Oas  +  All)  X,'  +  aaa  (flu  +  "ss)  -2^'  ^  -F- 

Hence      (an  -  »!i)(flji  -  "ss)  -^i°  -  "u^i  +  ''n'hsSi- F,    (1014) 
(a^a - fl33)(flsj- «i,)  X,=  ^  flssSi  +  %fl.iS, - ^,     (1015) 
iai,-(i„){a>,-th^)X,'^a,A  +  an'h,S,-F.    (1016) 
Hence  tte  squares  of  the  sides  of  the  antipolar  triangle  of  Si,  Sj 
are  co variants. 

Cor.— By  adding  the  equation  1014-1016,  wc  get  the  equation 
of  the  fourteen-line  conic  of 

S„  S,  =  ©jSi  +  ®,Sj  -  8^"=.  0. 

396.  Since  the  sides  of  the  antipolar  triangle  are  expressed  in 
terms  of  Si,  Sj,  and  F,  it  follows  that  all  the  eovarianta  of  Si, 
Si  can  he  so  expressed,  hut  all  cannot  be  expressed  rationally  in 
terms  of  these.  For  example,  the  conies  (985),  (987),  (988). 
Again,  the  conic  which  reciprocates  Si  into  Ss  may  he  any  one 
of  the  four 

V'aiia^i'  ±  \/a^.Xi^  ±  •■/ a^-iX}  =  0, 
either  of  which  cannot  he  expressed  rationally  in  terms  of  Si, 
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Si,  F;  ,biit  from  equation  1014-1016,  we  see  that  their  product 

can,  via.,  tliis  is 

Oj  G^^  fla^,  ^w^i  +  fl^^tr^oa  —  -^ 

"as,  Oj  "ill  (ta^Si  +  fljaiiiiSa- .? 

iiSi-i- a^fi-^S^-F,  (hiSi+tk^a-iiSi-F,  assSi  +  aua^S^-I 


Mutual  PowEa  of  two  Comes. 
397.  If  Si-Zi  =  0,   Si-Zj  =  0  (where  S^V  +  a;jHa/  =  0, 
and  Zi,  Xj  are  lines)  be  two  conies  having  double  contact  with 
the  same  conic,  or,  for  shortness,  say  inscribed  in  S ;  then 

S4- Ji  +  ^(Si-Za)  =  0 

denotes  a  conic  passing  through  the  two  points  in  which  the 
common  chord  Xj  — 1/^  =  0  meets  them,  and  forming  the  discri- 
minant of 

after  clearing  of  radicals,  we  get 

{1  -  S;)!c'  +  2{l  -  Ji,^)k  +  I  -  S,  =  0,       (1018) 

where  Si,  S^  denote  the  powers  of  the  poles  of  ii,  Zj  with 
respect  to  S,  and  It,i  the  power  of  the  pole  of  L,  with  respect 
to  Zj.  Kow,  since  the  equation  (1018)  is  of  the  second  degree 
in  k,  two  line  pairs  can  be  drawn  through  the  intersection  of  the 

S  -  Zi'  =  0,     S  -  Zj'  =  0 

with  their  common  chord  Zi  -  Zj  =  0,  each  having  doable  con- 
tact with  S.  It  is  evident  these  line  pairs  will  coincide,  if 
Zi-Zj  meet  S - Z,^  in  consecutive  points;  in  other  words,  if 
S-Zi'  =  0  tench  jS-Zj'cO.  Hence  the  condition  of  contact 
of    S-Zi'   and    S  -  Zj^    is  the  discriminant  of  (1018)  with 
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respect  to   S.      Therefore  the  tact  invariant  oi    S  -  Z,'  =  0, 
S  -  Z./  =  0  h 

(l-.5i,)=-(l  -S0(1  -Sa)  =  0.  (1019) 

We  should  have  got  the  same  result  if  we  had  worked  with 
the  equations 

but  ■with  cither  of  the  forms 

8if  Z,  +  i;  {Si  ±  Za)  =  0, 
the  result  would  he 

(1  +  AO'  -  (1  -  Si)  (1  -  8,)  =  0.  (1020) 

Henee  there  are  two  tact  iuTariants  for  two  conies  inscribed  in 
the  same  conic. 
398.  If  we  put 


1  ~  J2,i  =  -/{l  -  -50(1  -  S^) .  cos  1/.,, 
and  denote  the  roots  of  equation  (1018)  by  h^,  i^,  wc  get 

e'''''  =  hlK  (1021) 

Similarly,  if  we  form  tho  discriminant  of 

Si  +  Z,  +  A  (Si  ±  Za)  =  0, 
denote  the  roots  of  the  resulting  equation  in  A  by  ik},  it,  and  put 


I  +  iJ,,  =  ^(1  -  S0(1  -  S,)  cos  i^„ 
we  got 

/''^'  =  i^l&,.  (1022) 

Now,  if  \j'i  =  irl2,  we  have,  from  (1021),  hlh  =  -  1,  and  the 
chords  of  contact  with  S  of  the  two  line  pairs  which  can  be 
drawn  to  touch  S  through  the  intersection  of  Zi  -  Zj  =  0  with 
S~Zi  form  a  harmonic  pencil  with  Z,  and  Zj.  Similarly,  if 
i^s  =  5r/2,  the  chords  of  contact  with  S  of  the  line  pairs  through 
the  intersection  of  Z, +  Z2  with  S-Z^^  touching  S  form  a 
harmonic  pencil  with  Z,  and  Zj.     Hence  it  appears  that  what 
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corresponds  in  the  geometry  oi  two  conios  inscribed  in  the  same 
conie  to  two  circles  cutting  orthogonally  are  two  conies  whose 
angle  i^,  which  we  shall  call  their  anharmonic  angle,  is  right, 
and  by  an  extension  of  the  term  we  shall  say  that  the  conies 
cut  orthogonaHy. 
399.  Dip. —  We  shall  call  l-Sn  themutmlpowerefthe  emics 


SitL^'^0 


Si±X,  =  0, 

•  both  minus,  and  1  +  Ra  the 


where  the  signs  are  either  both  ph 
mutual  poteer  of 

Si  T  Z,  =  0    an4    SI  ±  Zj  =  0, 

where  the  signs  are  different. 

The  mutual  poiver  of  two  conios  inscribed  in  the  same  conie 
may  also  be  called  their  orthogonal  invariant,  since  its  vanishing 
is  the  condition  of  their  cutting  each  other  o: 


Feobehius's  Theorem. 

400.  If  Ci,  Ca . . .  Cs ;  0'„  C'j . . .  C's  be  any  two  systems 
of  five  conies  inscribed  in  the  same  conic  S,  and  if  the  mutual 
power  of  any  two  C„,  C'„  he  denoted  by  mn',  then 


This  is  an  extension  to  eonics  inscribed  in  the  same  conic  of 
the  fundamental  theorem  in  a  Memoir  by  Herr  G.  Frobenius, 
"  Anwendimgen  auf  die  Geometrie  des  Maasses  " — Crelle's  Jour- 
nal, Band  79,  pp.  185-247. 
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Dem, — Let 
S^xf  +  %'  +  %'  =  0,      C,  s S -  (»,)=,      C^^8~  {hf,  &c. ; 
C\^S-{a\)\     C\  =  S-lh',f,  &c.; 
then,  multiplying  the  determinants 

0     1     - «,     -Oi     - 

0        1       -ii       -^3       - 

0  1  ~Ci  -d  - 
0  1  -Ai  -di  - 
0     I     -^1     -^     - 

the  proposition  is  evident. 

The  foregoing  proof  is  adapted  to  tte  case  where  the  mutual 
power  is  of  the  form  1  -  iJ^ ;  but  if  it  should  be  of  the  form 
1  +i£i3,  the  necessary  alteration  is  ohvious. 

401.  If  the  aaharmonic  angle  of  the  conies  C„,  C'„he  denoted 
by  mn',  it  follows  from  the  equations 


0 

Ol        flj        «3 

0 

h  h  h 

0 

Cl         Ci         "3 

0 

di    d^    d^ 

0 

«i     fs     e^ 

i_i;.,  =  i/(i-Si){i-s,)cos^„ 

1  +  5,2  =  -/{X  -  S,){1  -  S^)  cos <l>i, 

that  the  determinant  (1023)  can  he  transformed  into  the  follow- 
ing :— 

sll',    cos  12',    cos  13',    cos  14',    cos  K 


(1024) 
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402.  If  tliQ  second  system  o£  eoEios  coincide  with  the  first, 
we  ha¥B  for  any  five  conies  inscribed  in  the  same  conic 


Cor.  I. — ^The  condition  that  four  f. 


■sl2, 


(1025) 
s  should  cut  a  fifth 


IS  14, 


cos  21, 


cos  23,  cos  2 
cos  32,  1,  cos  3 
cos  42,  cos  43,  1, 

(1026) 

Cor  2  — 1£  tie  tomo  C,  touch  the  other  foui,  the  last  row 

and  the  last  column  of  the  determmxnt  (1025)  becomo  units. 

H  nee  by  suhtiactiuj^  eai,h  of  the  iiibt  foni  cnlumns  from  the 

fifth  we  get  a  ileteimmint  which  is  equivilent  to  the  follow- 


ing - 


m-,^n 

aii",(Uj,     »«'i(14), 

i(M), 

3, 

iB'J(23),     ntfi(24), 

iCSl), 

in-}  (32), 

),                    .m'«34), 

4C«), 

m"4(«), 

in- J  (-13),     0 

(1027) 


or  the  product  ol  the  four  factors 
sin^(14)sini(28)ismj(24)mni(31) 

which  is  the  condition  that  four  C' 


n^(34)si 


r(12)  =  0, 
(1028) 
should  be  tangential  to  a 
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fifth.     If  we  substitute  for  sin^(14),  &c.  (g  401),  this  ecLuation 
becomes,  alter  clearing  of  fractions, 


yv^(i"-50(i-so-(i--ffliO  ^-y'O- -S3)(i^s,)-(i-i;») 

±  two  similar  terms  got  by  interchange  of  sufises  =  0. 

(1029) 

403.  To  find  the  equation  of  a  conio  inscribed  in  a  given  conic  S, 
mid  touching  three  givm  conies  (7„  Oj,  C^,  also  imorihei  in  S. 

Let  tte  equations  of  C„  C^,  C^  be  Si  =  a„  ySi  =  J„  Si  =  e„ 
respeetively,  and  W  he  the  required  eonic.  TaJie  any  point 
x'l,  fl/j,  x'a  on  W,  and  lot  C(  denote  the  tangents  from  x\,  x\,  a^*, 
to  S.     Then 


Ci^Sii- 


^^^ 


denotes  a  conic  having  double  contact  with  S  and  touching  W. 
Hence  fclie  cq^uation  (1029)  holds  for  the  four  conies  C„  0^,  Cj, 
Cj;  and  it  is  easy  to  see  that  Si  =  1,  and 
aix'i  +  a^s  +  asXn' 

-""  =  ~7".-7'     ~>a    "     "2.  ' 

Hence,  making  these   substitutions  in   (1025),  and  omitting 
accents,  &c.,  the  equation  of  W  is 

yChWil  -  S,){\  -  Si)  -  (1  -  -5„)T 


±yt?.|v'(l-Sa)(l-S.)-(l--K,0! 

t  ^T.WJy^^iT^si)-  (1  -  B.'^\  =  0. 

(1030) 
This  equation  was  first  obtained  by  me  in  1866  by  considera- 
tions of  bjhencal  Geometry.  An  independent  pioof,  founded  on 
the  properties  Df  quartic  curves  having  two  double  points,  was 
given  in  mv  Biciroular  Quaities,  read  before  the  Eoyal  Irisli 
Academy  in  18fa7.  The  foregoing,  by  the  method  of  mutual 
powei  !'■  pcihips,  the  simpkst  that  has  been  yet  given. 
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The  allied  but  difierent  prolDlem  of  describing  a  conic  having 
double  contact  with  a  given  conic  S,  and  touching  three  other 
conies  each  having  double  contact  with  jS,  was  previously  solved 
by  Professor  Cayley,  Crelle,  vol.  xxxix. 

Oa'XHoooNAL  CoHics. 

404.  The  residi  of  the  operation 

dxi  dxs  dxs 

performed  on  the  cotiio  S'i-a,  =  (i  is  a  eonio  orthogonal  to  Si-a,. 

For,  performing  the  operation  and  clearing  of  fractions,  we 

get  AbS*  —  a,  =  0,  and  the  orthogonal  invariant  (§  399}  of  this 

and  Si-a^=0  vaiii'ihes,  which  proves  the  proposition. 

405.  If  Si±a,  =  0,  Si±K=0,  Sh±e^=0  be  three  conies 
inscribed  in  5,  it  is  required  to  find  the  equation  of  a  conic  J 
cutting  them  orthogonally 

Let  oi,  aa,  oj  be  the  LO-ordinates  of  the  pole  of  t7"with  respect 
to  S;, then  denoting  foi  shortness  the  given  conies  by /F,,  W^, 
Wi,  respectively,  we  mu^t  have  (§  404) 

dW\  dWi         dW^ 

oil  -, —  +  "!  ~;~^  +  "3  -- ; —  =  C'l 

di«,  dx-i  dXi 

dW^  dW^  AWi      „ 

cti  — z—  +  oj  -3 —  +  Oj  -3—  -=  0, 
dx-i  (to;  dXi 


Hence,  eliminating  o„  m 

a,,  the  required  conic  is 

I      dW^ 

dW,       dW, 

dx,  ' 

dx,'       dx. 

dW^ 

dW^       dW^ 

~^' 

dx^  '     ~d^' 

-0. 

dW, 

dW,       dJT, 

!  -^^ 

dx, '       dx. 
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Substituting  for  Wi,  Wi,  Ws  their  yalueB,  and  taking  into 
account  tlie  Tarious  combinations  arising  from  the  double  signs- 

S4  ±  o,  =  0,     Si±I>^^  0,     Si±e^  =  0, 
we  get  four  eonica  orthogonal  to  the  conies 

We  shall  denote  them  by  J,  J,,  Js,  J,,  respectively.  If  in 
(1031)  we  put  Si-o„  Si-6„  Si  -  e,  for  W„  JT,,  JT^  we 
easily  get 

Si,     Xu     %,     %,     I 


/s 


(1032) 


«^ii  '^z,  "A  are,  reapeetiTely,  obtained  from  this  by  changing 
the  signs  of  the  a's  in  the  second  row,  of  the  S's  in.  the  third, 
and  of  the  c's  in  tte  fourth  row. 

406.  If  the  minors  of  the  determinant  (diiji'a)  be  denoted  by 
the  corresponding  capital  letters,  wc  see  that  the  co-ordinates  of 
the  pole  of  the  chord  of  contact  of  t/"and  S  are 


or  S-^i,  S^3,  Sj^s,  respectively ;  but  these  are  evidently  the 
co-ordinates  of  the  point  of  ooncurrenoo  of  the  common  chords 
o,  -  h^,  I,  -  e„  c,  -  fl„  of  the  three  conies 

s  ~  {a;f  =  0,    -s  -  (hy  =  0,    s-  («,)=  =  o. 

Hence  we  have  the  following  theorem  : — The  poles  of  the  choris 
efeontaot  of  J,  /i,  J^,  J^  with  S  are  the  four  radical  venires  of  the 

8  -  {a,y  =  0,      S-  {Kf  =  0,     S-  io^y  =  0. 
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407.  The  polar  of  the  point  2^i,  S^s,  S^s  with  respect  to 
^  ~  {a,y  is  easily  found  to  be  the  determinant 


and  this  is  evidently  the  common  chord  of  J"  and  8  -  {a^)'- 
Hence  we  IiaTo  the  iollowing  construction  for  the  conies  J,  /i, 
J„  Js  exactly  analogous  to  the  method  of  describing  a  circle 
cutting  three  circles  ortliogonally,  viz. :  From  any  radical  centre 
draw  tangents  to  the  conies 

then  the  six  points  o£  contact  lie  on  the  corresponding  ortho- 
gonal conic. 

408.  TofinA  the  loem  of  the  double  points  of  the  net 
K  (Si  -  a.)  +  K{S^-  h)  +  ^3  (-S"'  ~  e>)  =  0. 


If 


X,{Si  -  a,)  +  KiSi  -  S^}  +  XaC-Si  - 


has  a  double  point  it  must  consist  o£  a  tangent  pair  to  S. 
Hence  it  must  he  of  the  form 


[Si- 


+^Vj  + 


y«'i' 


Therefore,  putting    ^  =  y'^'i'  +  a^'^'  +  ^'s',     we  have 

Hence,  comparing  coefBeients,  wo  get 

A,  {a,E  -  a/y)  +  A^  (i.-ffi  -  «'i)  +  Aj  {c,R  -  x\)  =  0, 
Ai  (fljB  -  a^O  +  -^  {hR  -  ^y  +  A3  (t'i-ffi  -  a'O  =  0, 
A,  (O5S  -  ^a)  +  -^  {h^  -  «'^)  +  ^  ^M  -  ^^)  =  *>■ 
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And  eliminating  A„  A,,  Aj,  we  get 

fl,S  -  y,,     b^R  -  ^1,     CtR  -  x\, 

K  we  subtract  the  second  column  from  tte  first,  the  third  from 
the  seooud,  we  get  a  determinaiifc  which  may  be  written 

Is  -  K     h  -  Ci,     eJi  -  x's,       =  0. 

«3  -  ^3,         ^3  -  "i,        e^R  —  ^3 

Hence,  dividing  by  £!',  expanding,  and  putting  Si  for  R,  and 
omitting  accents,  we  get 

(aM)  Si-S.  {>Hh)  a^,  -  5  {aA)  ^%  -  2  (aA)  *.  =  0, 
which,  ia  evidently  the  conic  J.     Hence  the  locus  of  the  double 
points  of 

Ai  (Si  -  «.)  +  A,  {Si  ~h)  +  K  {Si  -  1^,)  =  0 

is  a  conic  cutting  Si-»„  Si-i^,  Si-^e^  orthogonally. 


Jacobiahs. 

409.  6iven  three  eonics,  Si,  Si,  S^,  it  is  required  to  jmi  ths 
locus  of  a  point _  whose  polars  with  respect  to  these  conies  are 
concurrent. 

If  we  denote  the  differentials  of  Sr  with  respect  to  Xi,  Xi,  x^, 
respectively,  by  S,"',  S^-''^  S,.'=i,  it  is  evident  we  shaE  have  to 
eliminate  a^^,  af^,  %  between,  three  equations  representing-  the 
polars  of  the  point. 

Thus  we  get  the  determinant 

S,''',     jSi'^J,     fii''), 

Sa''',     S4''\     Si^\       =0.  (1034) 
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If  anj  tliree  ternary  functions /i,  fi,  fz  bo  given,  the  determimmt  formed 
with  Uieir  first  differentials  was  mueli  employed  by  Jaoobi,  and  called  by 
him  Qiair  funolional  determinant.  Tbis  name  has  been  altered  by  Svlvestee 
to  that  of  Jaeoiian,  in  honour  of  thst  great  Matbematician. 

410.  TheJcecobim  of  three  conies  is  th  locus  of  the  double  ^points 
on  lines  cuttinff  the  conies  in  involution. 

Dem. — Let  A  he  wij  point  of  the  Jacobian  of  S,,  S^,  S3,  or 
say  t/"(Si,  Si,  Si) ;  then,  by  definition,  the  polara  of  A  are  con- 
Gurront.  Let  them  meet  in 5;  then  the  polars  of  J9  meet  in.  A. 
Hence  5  is  a  point  on  the  Jacobian  ;  and  sijioe  A,  B  are  conju- 
gate poiats  with  respect  to  each  conic,  the  line  joining  these 
points  is  cut  in  involution  by  the  conies,  and  A,  B  are  the 
double  points  of  the  iuTolution. 

The  following  is  another  geometrical  definition  of  /{Si,  Sj,  S3), 
viz. ; — It  is  the  loeus  of  the  double  points  of  all  the  conies  of  the  net 

X,S,  +  XjS,  +  AjSj  =  0. 

For  the  co-ordinates  of  the  double  points  must  satisfy  tho 
three  equations 

X.S^m  +  x^s^m  +  AaS^C)  =  0,    \,S,^'>  +  X,S^<-''  +  AjS^f"  =  0, 
A„S.<=)  +  A=Si(=>  +  X3S3P'  =  0 ; 
and,  eliminating  \„  A^,  k^,  we  get  /(S„  S^,  S3)  =  0. 

411.  If 

Si  ^  rt«^  =  0,     Sj  ^  h"  =  0,     S,  s  c/  =  0, 
then 

/(Si,  S^,  S3)  s  {aAh) ct,.h-e,=  0,  (1 035) 

where  {(tihe^)  is  an  abbreviation  for  a  determinant. 

Hence  /(Si,  S?,  S3)  is  a  curve  of  tho  third  order.  It  sometimes 
breaks  up  into  a  line  and  a  conic,  and  sometimes  into  three 
lines,  VIE. — 1°.  If  Si,  Sj,  S^  have  two  points  common,  say  M, 
N,  then  the  polar  of  any  point  P,  on  MW,  with  respect  to  each 
of  the  conies  Si,  Sj,  Sj  passes  through  the  harmonic  conjugate 
of  P  with  respect  to  M,  JV";  therefore  the  line  iffiV"  is  a  part  of 
the  Jacobian,  which  must,  therefore  break  up  into  a  line  and  a 
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conic.  This  explains  wliy  the  Jacobian  of  three  circles  is  a 
cii-cle,  viz.,  the  three  oiioles  have  the  cyclic  points  common, 
and  the  Jaoohian  is  their  orthogonal  circle. 

2°.  If  one  of  the  conios,  say  Si,  he  the  square  of  a  line  Z', 
then  ir(Si,  Sj,  -£')  contains  i  aa  a  factor.  Hence  /(Si,  Sj,  V) 
bre^s  up  into  a  line  and  a  conic. 

In  this  case,  if  L  he  the  line  at  infinity,  J(Si,  Si,  i*)  eomists  ef 
the  Une  si  infinity,  and  of  the  loous  of  the  centres  of  all  the  conies 
of  the  pencil  Si  +  hS^  =  0. 

For,  if  «'],  «'s,  a^i  he  the  co-ordinates  of  the  centre  of  iS,  +  SS,, 

x,{S,W  +  iSiC.')  +  itk  (S/'i  +  m'>)  +  ^3(Si"J  +  m'*)  =  0 

(where,  after  differentiations,  a/i,  a^^,  a/3  are  substituted  for  x^, 
Xi,  S!^)  must  represent  the  line  at  infinity ;  that  is, 


HenCG,  if  A  denote  si 


Hence,  eliminating  k  and  A,  v 

Sii'>.     Sj(^ 


which  proves  the  proposition. 

As  a  particular  case,  if  Sj  be  any  circle  whose  centre  is  at  a 
point  hk,  and  £  tho  line  at  infinity,  then  J{Si,  Sa,  J)  is  the 
Apollonian  hyperbola  of  the  point  M, 

3".  If  S„  S„  Sa  have  these  points  common,  /(S,,  5=,  S,)  con- 
sists of  the  three  lines  joining  these  points. 

4°.  If  Si,  Sj,  fig  liave  a  common  autopolar  triangle,  J^Si,  8,,  Sj) 
denotes  the  three  sides  of  the  triangle.     This  will  be  evident  by 
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forming  the  Jaeobian  o£  tluee  sucli  coaios,  Iliiis  tte  Jacobian 
of  Si,  Ss,  and  their  covaiiant  F  coEBists  of  the  three  aides  of  the 
aTitopolar  triangle  o£  Si,  Sj.    If 

Si  s  Oij^i^  +  «s3^i'  +  <h3^i  =0,     Sj  ^  s^i  +  s:^  +  cc-^, 
then  Js  (aii  -(ijs)(flj2-  flas)  (Oaa  -  «ii)f  1*2^3.  (1037) 

Hence  {%  395), 

t''  +  («uSi  +  a^a^S^  -  F)  {a^^Si  4  a,,a,,8^  -  F)  {uA 
+  »ii(*„Sj  -  -F)  =  0, 
or         J^^F'-^F^  {@,S,  +  ®,S0  +  J'(A,0,Si=  +  A,®,S,=) 
+  (®i0j  -  SdiA,)  S1S3  -  AiA,[A,Si'  +  A,S,=! 
+  S1S5  |A^(2iA-®i')Si  + Ai(3A50i-®/)S,!. 

(1038) 
412.  Tojlnd  the  envelope  of  a  line  cutting  three  conies  S,,  Sj,  S3 
in  involution. 

SoLUTioif.— Let  ^"1  =  a/  =  0,  «j  =  i^=  ^0,  S3  -  e^^  =  0  be 
the  eonios ;  through  S„  Ss  draw  any  conic  ^,Si  +  ^Sj  cutting 
S3  in  the  point  paii's  M,  iV;  JT,  iV'.  '  Join  J/2V,  Jlf'iV^',  and 
produce.     Now,  since  JWis  a  line  cutting  three  conies  Si,  Sj, 


^S'l  +  l^S,  of  a  pencil,  it  is  cut  in  involution  hy  them.  Hence 
MlVia  cut  in  involution  by  Si,  Sz,  83 ;  and  similarly  for  M'N'. 
Let  the  equations  of  JCV,  M'N'  be  X„  -V',. 
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Kow,  since  tie  line  pair  A, .  A',  pass  through  tie  intersection 
of  the  conies  ?iSi  +  ^Sj  =  0  and  S,  =  0,  we  must  have  for  some 
value  of  li 

tliat  is,  wc  must  have 

ha,"  +  l^bj'  +  l-ifi^  s.  (Aia;,  +  Xja^j  +  X^i)  (A'i«i  +  A'j^j  +  X'jars). 
Hence,  comparing  coefficients,  ■we  have  six  equations  of  the 


type 


From  which,  eliminating  /i,  l^,  l..,,  A', 
mimint 

A's,  A'j,  w 

get  the  deter 

ffii,     *ii,     f^ii.     ^t 

0,     0, 

%!,      Sm,      fj!.      0, 

K    0, 

«S3,         *S3,         f^S,         0, 

2o„,   2J,„   2c,,.   0, 

0,     X3 

^3,   K 

=  0.       (1039 

2«„,  2J,„  2^,„  A„ 

0,     A„ 

2a,„  2iu,  2^13,  A,, 

Ai,    0 

This  is  called  the  Hehmite  envelope  of  the  net  li8\  +  ISz  +  ^a^a- 
It  is  evident  the  same  eijuation  is  the  envelope  of  the  line  WN' ; 
h^AM]:f.M'N',  orA^.A'.  denotes  a  line  pair  of  the  net  1,8^  +  1,8, 
+  J31S3,  Hence  the  Hermite  curve  is  the  envelope  of  all  the  line 
pairaof /,S,+  ?3S3  +  ;A  =  0. 

Cor.  1,— If  the  points  M,  JVooinoide,  ffiVwillbe  a  tangent  to  S3, 
and  the  point  of  contact  will  he  a  double  point  of  the  involution. 
Henceit  isapoint  on/(iSi,  S,,  S3).  Therefore  the  points  of  inter- 
section of  tTwith.  S3  are  the  points  of  contact  of  the  conies  of  the 
pencil  hSi  +  l^S^  which  touch  S3 ;  hut  iT'being  of  tie  third  degree, 
and  Sj  of  the  second,  there  will  be  six  points  of  interaection. 
Hence  six  conies  of  t}ie  pencil  liS^  +  l^Ss  touch.  S3. 
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:  3. — The  locus  of  a  point  wience  taagenta  to  tho  c 
!,  S3  iorm  a  pencil  ia  inTolution,  is 


C,i, 

x„ 

0, 

o> 

0^2, 

0, 

;^r. 

0, 

c,„ 

0, 

0, 

^a, 

2C,3 

0. 

Xs 

Xi, 

20,, 

^., 

0, 

^u 

2C,, 

^i, 

a^i, 

0 

(10^0) 


"-  3. — The  Hermite  cuiTe  of  S^,  Si,  Sa  in  Aronhold's  nota- 
3  the  product  of  the  three  determinants 


X        ji       X        I  X 


41      la  th       m    m  an  w    h        th    J      b  an  aad  the 

H    m  t      u         f  th  ni       n  p    nt  d  n  t    ,  bo  we  can 

ha      a  J      b    n  aad  a  H  -mit  f  th  m     in  liae  eo- 

o  -diaat         Th      th     Ja    b   n  th      the  en    1  pe  of  lines 

wh       p  I      w  th      SI     t  t    th    th  m      «      olUnear,  or 

th  n  el  p  f  tl  d  ubi  lia  fpail  nm  1  tion  formed 
bypir  f  tin  nt  d  wn  to  th  n  anlth  Hnniteourve 
is  either  the  locus  of  points  whence  tangents  to  the  coaica  form 
a  pencil  in  involution,  or  the  locus  of  all  the  double  points  of 
the  tangential  net  formed  by  the  three  conies. 

414.  "We  have  seen  (g  380,  Cor.  6),  that  if  2i,  Sj,  S3  be  the 
tangential  ec[uation,a  of  any  three  conica,  each  harmonically  ia- 
BCribed  in  each  of  the  conies  Su  S3,  S3,  thoa  every  conic  of  the 
tangential  net  /,2i  +  lA  +  ^aSs  ia  harmonically  inscribed  in  every 
conic  of  the  trilinear  net  piS^  +PiSs  -i  P383.     Now,  suppose 

Pi.Si  +^281+^383  =  0 
to  break  up  into  a  line  pair  X,  .  \'^  intersecting  in  P,  then  each 
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of  the  conies  Si,  2s,  S3  will  be  harmonically  inscribed  in  A^ .  A',. 
Hence  A,,  X'^  are  harmonic  coajugates  to  the  pairs  of  tangents 
hvra  P  to  the  tlu-ee  conies  Si,  Sj,  S3.  Hence  tie  tangents  from 
P  to  Si,  Ss,  Sa  form  a  pencil  in  inyolution,  and  A^,  A'^  are  the 
douhle  lines.  Hence  the  locus  of  Pis  the  Jacohian  of  81,  Sj,  Sj, 
and  also  the  Hermite  enrve  of  Si,  Ss,  Sa-  Also  tlie  envelope  of 
Aj,  X',  is  tho  Hormite  curve  of  Si,  S,,  S3,  and  the  Jacubian  of 
Si,  Sj,  23;  or,  as  they  may  Ije  stated, 

(1042) 
^(2,2z23)  -  SiS.S^S,). 


CoN'. 

416.  The  equation  Ai^  +  As'  =  0  is  the  product  of  the  two 
mag  y  f  t  \  iAj  =  0,  Ai  -  jXj  =  0.  Hence  tlie  factors 
bm  ah  tfilby  the  co-ordinates  0,  0,  are  the  equations 
of  th  V  li  P  mt  (g§  62,  72).  In  other  words,  X^^  -1-  As"  =  0 
th  nd  t  n  that  the  line  A^af  +  Ajji  +  A^  =  0  sliould  pass 
th  h  th  P  t  Wow,  if  S,  S'  be  tho  tangential  GC[Ua- 
tion  of  two  conies,  the  discriminant  of  2  +  J2'  is 

Ai*  +  k^,®i  +  ^=As©i  +  A^Aj', 

and  the  discriminant  of  2  +  i(Ai'  +  As")  is 

Ai"  +  Mi(flii  +  «aa)  -}-  J'(aiiaa!  -  Sia") ; 

but  if  2  =  0  be  the  tangential  equation  of  a  conic  in  Cartesian 
co-ordinates,  a,i  +  a^^O  is  the  conditioK  that  it  represents  an 
equilateral  hyperbola,  and  auO^  -  Ois"  =  0  the  condition  that  it 
represents  a  pM^hola.  Hence,  if  in  any  tangential  system  of  co- 
ordinates we  find  the  invariants  of  a  conic,  and  the  cyclic  points, 
©s  =  0  is  the  condition  of  the  coBio  being  an  equilateral  hyper- 
bola, and  ©1  =  0  for  a  paiabola.     Then,  since 

n  E  Ai"  +  Aj"  +  Aa^  -  2AsA3  cos  A,  -  aX^A,  cos  A.^  -  2A1X2  cos  ^j  -  *> 
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is  (I  62)  the  equation  of  the  cycliti  points  in  trimetric  co-ordi- 
nates, if  we  iorm  Xame's  equation  for  %  +  An,  we  get  the  con- 
dition for  an  equilateral  hyperbola 


'sAi  -  2i!3i  am  A 


-  2ffl,3  . 


For  a  parabola, 

Aa  sin'^i  +  Ail  aitt'^s  +  -^33  siaMj  +  2^53  sin  A,  ain 
+  2-^31  Bin  ^3  sin  ^1  +  2^13  sin  ^1  sin  ^„  or  {A^„^y  ^ 


(1044) 


EXEBCISES. 

1.  The  coudifion  that  anxi'-i-a  jrj  +  03  1-3  -  0  BtoulJ  be  a  eimlatera! 
hyperbola  is  wii  +  Osj  +  aaa  =  0  But  this  i«  the  condition  tliit  the  co 
ocdinalBs  of  the  incentie  and.  exeentres  should  bo  on  tlie  ourte  Heate 
the  locus  of  the  inoentreB  and  exoentres  of  all  lutopolai  tnanglea  ot  an 
equilateral  hyperbola  is  the  hipeibola  jfself 

2.  The  condition  that  bssSs^s  +  osiaasi  +  ai  ill.'  =  0  shoull  be  an  eqni 
lateral  typecbola  stows  that  an  equilateral  hyperbola  which  passea  through 
ttie  suminilH  of  a  triangle  posses  through  its  orthooentre 

3.  If  Si,  Bi  he  equilnteral  hyperbolie,  every  rar\e  of  the  jencil  Si  +  f,ii 
is  an  equilateral  hyperbola. 

i.  The  conio  a:iV('')'  -  "3")  +  ^'/[«3^  -  »i^)  +  a:aV(«i°  -«!')  =  <>  which 
reciprocates  the  Erocard  ellipse  into  Kiepert'a  hyperbola  is  a  parabola. 

416.  The  covariant  F  0/       /  It]         I    i      i     ttle 

orthcptio  cirele  of  the  emic 

Tor  F~  0  is  the  locus  of  p  mt    wh  n 


form  a  harmonic  pencil  w  th  Iin 
the  tangents  must  he  at  ngi  t    ngl 
orthoptic  cirele.     Its  equ  t    n 
5m.  &c.,  in  equation  (990)  th 
the  equation 

nsV  +  V  +  V-^AjAs       -f 


t        nt    t    th     onic 

y  1     p  mt       Hence 

and  th      f       F    Q      the 

t  by    lib  t  tuting  f      Ji„ 

ffi     nt      f  X      As     &    ,  in 
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which  denotes  the  cyclic  points.     Thus  we  get  the  orthoptic 
circle  of  it/  =  0  to  be 

+  22(^iieos^i-^ijOOS^s--4iaCOS^3-^j3)a;2a:3  =  0. 

(1045) 
To  sliow  that  this  equation  represents  a  circle,  it  may  be 
■written  in  the  form 

Bin^i  sin  ^2  sin^a-Xjin^  (ar,  (^5,  +  -^si 

+  3^;3cog^0/sin^i  +  .,.} 

(1046) 
If  a^  =i  0  he  a  parabola,  {A^^^Jf  =  0,  and  the  locus  reduces  to 
S^i(^M  +  ^a3  +  2^j3CO3,ii)/™^i  =  0,         (1047) 
thus  giving  the  equation  of  the  directrix. 


1.  T]io  orthoptic  circle  of  n,'  +  kb^  =  0  is  tie  net 

C„  +  ii^  + /c'-O.  =  0,  (10*8) 

ittea  i(/  =  0  ie  the  orlioptic  eii'de  of  tlie  conic  which  is  the  envelope  of  lines 
■cutting  aj'  and  Sj^  tarmoniGaHj'. 

2.  Prove  that  the  direotrii  of 

ii»/(oa'  -  as')  +  *2=/(«,'  -  «i')  +  ij'/t"!'  -  "2')  =  0 
is  the  diameter  of  Brocatd. 

3.  Prove  that  the  direottii  of 

aixi^lioi  -  Bj)  +  ffaTj=/((i3  -  B|)  +  aWiici  -  ai)  =  0 
is  the  line  joining  the  inoentr«  and  oireumeentre. 

4.  If  a,  Ss,  S3  he  the  differentials  of  the  conic  S  nifh  respect  to  a^i, 
x%,  Xi,  prove  that  its  orthoptic  circle  ie 

0jS=  Si'  +  Si'  +  S3=+  2SsS3  cos  Ji  +  28aS,  coa^a  ■(■  2SiSa  coa^j. 
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Foci. 

417.  The  disorimiiiant  of  Si  +  A2a  =  0  is 

i,^  +  ii,©2  +  ¥i^i®i  +  I'AsK 
This  equated  to  zero  furm^lies  tbree  v  lues  of  i  vrli  li  when 
substituted  in  2i  +  iSj  =  0  gives  the  equ  t  ons  of  the  h 
pairs  of  opposite  summits  of  the  eompl  te  q^ualt  lateral  form  1 
by  the  common  tang  nts  of  2  2  If  2  0  lenote  a  point 
pair,  say  /,  /,  Aj  ■^  inislieB  and  we  Lave  a  qu.  drit  o  This 
gives  two  values  of  /  which  when  s  b  t  t  tel  n  2  A'^  0 
gives  tlie  two  pan'*  of  oppos  te  mm  ts  of  the  ^  Iiilateral 
formed  by  the  tangents  from  /  J'to  2  Hence  if  /  J"  be  the 
cyclic  points,  these  summits  will  be  the  foci  one  value  of  I 
eorrespondiug  to  the  real  foci  aud  the  other  to  the  imagina  v 
or  antifoci. 

418.  "When  Si  =  0  denotes  the  cyclic  points,  2i  +  ^2s  =  0  is  the 
tangential  equation  of  a  conic  oonfocal  with  2.-  Hence,  form- 
ing the  corresponding  equation  in  point  co-ordinates,  we  get  the 
general  equation  of  a  conic  confocal  with  S,.     Thus  we  get 

where  F  denotes  tlie  orthoptic  circle  of  S^  and  ®,  the  condition 
that  Si  should  be  a  parabola.  Hence,  forming  the  discrinunant 
with  respect  to  h,  the  equation  of  the  foci  is 

r=-4AASi  =  0.  (1049) 

If  Si  be  given  in  Cartesian  oo-ordinates,  the  equation  of  the 

|Jsa(^'  +  «y')  ~2Asiis--2A^  -t-  ^,1  +  -iur  =  4AiS,. 

(1050) 
This  is  obtained  by  putting  A,'  +  /i'  for  2s- 

419.  If  2i  =  0  bo  a  parabola,  and  2i  ^  0  the  cyclic  points,  ®, 
vanishes,  and  Lamp's  equation  reduces  to  Ai  +  ^  =  0.  Then 
eliminating  /c  between  this  and  2i  +  ^%i,  we  get 

0j2i  -  Ai22=  0.  (1051) 
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Hence,  for  Cartesian  co- ordinate 9,  tie  equation  of  the  foci  is 

.  -Ai(Xi=  +  X2')  =  0, 

which  must  resolre  into  two  factors,  one  of  which  denotes  the 
focus  at  infinity,  and  tlio  other  the  finito  one.  One  factor  must 
obviously  be  AsiK,  +  ^sjAj  =  0,  and  the  other,  which  represents 
the  finite  focus,  is 

+  2X3  (ff,i  +  «!=)  =  0- 

Hence  the  co-ordinates  are 

(Oil  +  ^)  -^11  -  ^1      ("11  +  <ht)-^-i'i  -  ^1 
(»ii  +  (ha)  -4si     '         ("11  +  «w)  -^-ii 

(1052) 

I'or  trimetric  co-ordinates,  since  the  co-ordinates  of  the  focus 
at  infinity  are  the  difEerentials  of  ®i  or  (^,i„^)°  with  respect  to 
sin^„  sin^is,  sin^j,  say  ®,'^i,  0/^1,  ®,i^  we  get 

(©,^u-Ai)M">,     (®=^5»~A0M<=',     (0=^33- A,)/0iW. 
(1053) 
Thus  the  co-ordinates  of  the  focus  of  the  parabola 

!^^IW  -  «3')  +  *aV('^*  -  <*!')  +  ^sVC*"!'  -  «=')  =  0 
flisin't^;^^,),      fflssin=(^3-^i),     a^aia^{A,-A.i) 

(1054) 
And  the  co-ordinates  of  the  focus  of 

i.«iV(''!i  -  ''3)  +  «i^jV(''3  -  ''i)  +  «3^3V(«i  -  "=)  =  ^ 

sin'  J  {A^  -  ^3),     6iii=  I  {A,  -  A,),     mi=  i  {A,  -  A^). 

(1065) 
Tliese  are  the  co-ordinates  of  the  centre  of  the  hyperbola 
which  is  the  isogonal  translomxation  of  the  line  joining  the 
inccntre  and  circumcentre  of  the  triangle  of  reference. 
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DOCBLB  COHTACI. 

420.  If  two  conies  Si,  Sj  have  double  contact,  their  eovariant  F 
is  a  come  ofthepmcil  l,S,  +  ^Sj  =  0. 

Dem. — Let  the  triangle  formed  by  the  oommon  taageiita  and 
the  chord  of  contact  he  the  triangle  of  reference ;  then  the 
equations  of  Si,  Sj  may  he  writtea 

ias^gXiiCs  +  Oss^a'  =  0,      2li2X^^a  +  hi^i   ~  0; 

and  the  eovariant  -P  will  be 

which  IB  of  the  desired  form.  The  same  thing  may  be  seen 
geometrically,  since  .F  intersects  Si,  S^,  where  they  are  touched 
by  tJieu  common  tangents,  that  is,  where  they  meet  their  com- 
mon choid,  it  passes  through  the  points  common  to  Si,  Sj,  Mid 
helongs  to  the  pencil  1,8,  +  liS^  =  0. 

421,  If  Si,  Ss  have  double  contact,  the  JaeoMan  of  S,,  S^,  and  F 
eamshei  identically. 


S,l=J,     SJ-^\     F<-'> 

And  since  (g  420}  F^  l,Si  +  l^S^,  if  wo  multiply  the  first 
column  of  this  determinaJit  by  l„  the  second  by  l^,  and  subtract 
their  sum  from  the  third,  the  remainders  vanish.  Hence  the 
proposition  is  proved. 

Second  Identical  Mdation. — If  the  conies  Si,  Sa  have  double 

contact,  Lame's  equation  has  two  equal  roots,  and  the  double 

root  substituted  in  Si  +  hS-,  =  0  gives  the  square  of  the  chord  of 

contact.    Therefore,  for  that  valuo  of  h  the  reciprocal  of  S,  +  /cSj 

2l 
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Tanishes  idontioally.      Also   tte   difierentials  of   LamS's 
respect  to  h  Taniah,     Hence  wo  have 

2i  +  -i^  +  i'Si  =  0, 
®i  +  2l®i  +  3^=Aa  =  0, 
3ii  +  2/i:©i  +  ^03  =  0. 
Hence,  eliminating  h,  we  got 


Third  and  Fourth  Identieal  delations. — H  two  eonics  have 
double  contact,  their  reciprocals  have  douhle  contact.     Hence 


if  we  employ  Si,  2, 
identities : — 

instead  of  Si,  S,,  we  get  the  two  foIlowing^ 
2,1'),     2,i">,     *!'>,    1 

S,(=) 

2,«),     *i^), 

.0. 

(1068) 

2if" 

2.>=),     0(M 

Si, 

^■'■,       s., 

©„ 

2A,0„    Sij, 

^0. 

(1059) 

3A„ 

2AM,  ©! 

CoNics  GoNTva 

ATEwn 

'R  KBSPECI  10  A 

iUAEKILATBBAI,. 

'422.  Def. — A  conio  is  said  to  he  eonjitgate  with  respect  to  a 
qitadrilateral  when  the  polm  of  any  summit  passes  through  the 
opposite  summit. 

Let  the  pairs  of  opposite  summits 
be  A,  A';  S,  B';  C,  G';  and  a^  =  0, 
the  conic  referred  to  the  triaagle 
ABC,  then  the  polar  of  the  point 
A  is 

aiix^  +  an^i  +  a-iiXi  =  0.  J 
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And  since  tliis  must  pass  through  A',  A'  is  the  intersection  of 

Oi^x-i  +  a^iXz  +  Oija's  =  0  and  x-,  =  0, 

and  therefore  the  intersection  of 

flijKa  +  flisKj  =  0  and  x,  =  0. 

Hence  A'  is  the  intersection  of 

a^a/osi  +  *3/«is  and  ^1- 
Therefore  the  lino 

iKl/Bsa  +  «3/«3i  +  ^il<hi  -  0 

passes  through  A'.  Similarly,  it  passes  through  B'  and  C 
Hence  the  equatiott  of  A'B'C  is 

^'5'C'isthe  axis  of  perspective  of  the  triangle  ^.SC  and  its 
polar  reciprocal. 

423.  The  equaUon  of  the  come  can  he  expressed  symmeiric&Ui/ 
in  terTns  of  the  equations  of  the  four  sides  of  the  quadrilateral. 

Sem. — Put    Xi  ^  Xijozi  +  ^s/flsi  +  3^/i*i3-     Then  Tre  have 

a^i^  s  2^  +  2S  -^^  =  2  — J  +  ■ — .  Soii«i«a. 

Hence  the  ec[uation  of  the  conic  may  he  written 
2tfii»i^  +  flis-Osa-OaiiiSd'-  2— „)  =  0, 

V       vy 

or  JBiiK]^  +  ^''afra'  +  nhX^  +  tlliXi'  =  0.  (1060) 

Eeciproeally,  any  conic  whose  equation  is  of  the  form 
Mi^K,^  4  m^i^  +  msXJ'  +  mafvi^  =  0 
is  conjugate  with  respect  to  the  quadrilateral. 
For  the  polar  of  the  point  y  is 

Hence  the  polar  of  the  point  A  (j/j  =  0,  j/j  =  0)  passes  through 
A' {^1  =  0,  a-;=0). 
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Cor.  1. — If  a  conic  divide  two  diagonals  of  a  complete  quadri- 
lateral harmonically,  it  dividea  the  thiid  diagonal  harmonically. 
(Hesse.) 

Cor.  2, — If  the  coefficients  mi,  !%,  Mij,  m,  of  equation  (1060) 
be  all  cc[ual,  the  conic 

jWi^i"  +  MiXi^  +  m^i'  +  MiX^  =  0 
is  the  fonrtcen-point  conic  of  the  quadiUateral. 

For  the  equations  of  the  sides,  expressed  in  terms  of  tte  sides 
of  the  diagonal  triangle,  are  of  the  forms 
lia  ±  ^;8  ±  ^y  =  0 ; 
and  whon  these  are  snhstituted  for  a^i,  0:2-,  ^3,  xi  in  equation 
(1060)  if  »ii  =  »!a  =  mj  =  OT4,   it  will  be  seen  that  the  diagonal 
triangle  ia  autopolar  with  respect  to  the  conic. 

Cor.  3.~The  discriminant  of  the  conic  (1060)  ia  2  —  =  0. 

424.  Any  three  eomas  are  cot^'ugates  with  respect  to  an  mjmite 
number  of  quadrilaterah. 

Dem,— It  is  possible  in  an  infinite  number  of  ways  to  choose 
the  equations  of  four  lines  iCi,  Kj,  ^3,  :cj,  so  that  any  three  conies 
5i,  Sj,  S3  can  he  expressed  in  the  forms 

X  x'         c'+na^'O         x^     n^    +     X  0 

px    +p»^    PiJk  +P-e       0 
To    ea  h    f  these  eq  at  ons  eontims  etpl  c  tly  th  ee    nlepen 
d  at  constants  and      ch  of  th    1  ne  v    x    mjlic  tly  two 

nJepende  t  constants  We  h  y  th  s  sevente  n  constants  at 
oiu  disposal  wiiile  the  on  9  8  '•  S  out  m  only  fifteen 
independent  constants     Hence  the  p  ojos  t  on  a  p  ov  d 

Cor  — If  d  qu  drilate  1  he  nju  t  with  re  pe  t  to  thr  e 
con  cs     ts  s  i.  summ  t       e  p    nts  on  tl  e  Ja  oh  an  ot  tl  e    om  s 

425    8  nee  the  fou    1  aes  x  x    1  e     onnected  by    n 

equat   n  of  the  f 0  m  A  and  we  m  y  s  pjo  e  the  conata  ts 

A],  Xa,  X3  included  in  x^,  x^,  «s,  so  that  the  relation  may  be  written 
Xi  +  Xi  +  Xi  +  Xi  =  0.     Then,  if  wc  solve  for  Xi^,  x^,  x^,  x^  from 
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the  ec[iiations  of  the  conies,  and  denote  tL.e  doterrainants 
(msBsPi),  (waBj^ii),  {niiniPi),  (min^ps),  by  A^,  A,,  A^,  Ai,  re- 
spectively, we  get  ifi*,  %',  ai/,  «j'  proportioniil  to  -4,,  ^3,  A^,  A4. 
Hence,  Bubstituting  in  ^i  +  «2  +  iSs  +  a^i  =  0,  ■we  have  the  con- 
dition that  the  conies  Si,  S^,  S3  have  a  common  point,  viz. 

■s/A'j  +  y  57+  -/aI  +  v^A  =  0, 
or,  cleared  oi  radicals, 

{lA,^  -  2-S.A,A^f  =  64A:A,A:,A,.  (1061) 

The  right-hand  side  of  thia  eiinated  to  zero  is  an  invariant 
whose  vanishing  denotes  that  the  conies  have  an  antopolar  tri- 
angle. For  if  A,AiAsAi  =  0,  some  one  of  its  factors  must  be 
zero,  say  At ;  then  the  conies  can  lie  expressed  in  terms  of 
Xi',  sc^,  x^.  In  this  case  it  is  easy  to  see  also  that  it  is  possible 
to  determine  ?„  l^,  I3,  so  that  l,8i  +  k^i  +  I3S3  may  bo  a  perfect 
square. 

NtJMBERS  of  INDBPBNDEITT  luTAUIANTS,  ETC.,  OE  TWO  CONICS. 

420  It  has  been  pioxed  hy  Gordon  (see  Clehsot,  p.  391; 
French  translation  Bentist,  p.  362)  that  two  conies  8„  83 
!iiv  n  by  tteii  trilineai  equations  have,  including  tliemselves, 
tweatf  concomitants  These  are — 1°.  Four  invariants,  namely, 
the  coefficients  di  ®  ®i  Aj  of  Lamp's  equation.  2°.  Four 
LOMnmts  nimely  Si  S^  ii',  and  the  covariant  ^,  wHoh  repre- 
sents the  thiee  sides  of  the  autopolar  triangle  of  Si,  Si- 
S°  Foui  oontravariantB  3  22,  *,  and  the  Jacobian  of  2i,  Ss,  *, 
which  represents  the  thiee  summits  of  the  autopolar  triangle  of 
Si,  Si.  4°.  Eight  mixed  concomit-ants(GermanZwischenformen). 
These  contain  both  point  and  line  co-ordinates,  and  may  be 
regarded  as  covariwits  of  the  two  eonics  81,  S3  and  the  line 
K  =  0.     They  aro  as  foUows  :— 

r.  The  Jacobian  iV,  a    S,i'l,  Sj^'',  S,W, 

S,<'l,   Sjt'J,   S,W,     =0.  (1063) 
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This  denotes  tlio  locus  of  a  point  whoso  polars  with  respect 
to  Si,  iSj  meet  on  \,.  It  is  alao  the  locus  of  the  poles  of  \, 
with  respect  to  all  the  conies  of  the  pencil  iS,  +  liS^  =  0-  For 
the  standard  iorms  of  Si,  S^  its  equation  is 

Kitis  -  Hii)  ^■iXi  +  Ai(fl3a  -  flu)  ^i^i  +  ^3(811  -  aii)  XiX^  =  0. 

2°.  Thcreciprocalfoi-miVs^ 

2.1",   Sz'=',  S,<'l 

expresses  the  equation  of  the  lino  joining  the  poles  of  A^  with 
respect  to  iSj,  Si,  or  it  may  ho  intoi-proted  as  the  envelope  of  a 
line  wiLOse  poles  with  respect  to  S,,  83  are  collinear  with  the 
point  X,  =  0.     For  the  standard  forms  the  ec[nation  is 

Oil  ("sa  -  "as)  K>^a^i  +  <hi  ("33  -  «n  )  Wi*s  +  «33  («ii  -  tha)  ^iK^  =  0- 

(1064) 
3°.  The  line  ^i,  whose  pole  with  respect  to  S3  is  the  same  aa 
the  pole  of  A;,  =  0  with  respect  to  Si,     Vot  the  standard  fonns 

iTi  s  OiiAi^i  +  Oi^iX'i  +  WjjXs^a  =  0,  (1065) 

4°,  The  line  E2,  whose  pole  with  respect  to  Si  is  the  same  as 
the  pole  of  Ai  =  0  with  I'espect  to  S^.     For  the  standard  forms 

K2  ^  OjaOsaAijCi  +  ajjUiiAaa^  +  OiiChi^^  =  0.       (1066) 

6*^.  /(Si,  JTi,  A^)  difEei-entiations  beiag  performed  with  respect 
to  a^i,  Hi,  Xz. 

6°.  JiSj,  Ki,  Ai)  differentiations  heing  performed  with  respect 

to    Xi,  Xy,  X3. 

7°.  /(Si,  -ffi.  A,)  diflerentiationa  being  performed  with  respect 
to  Ai,  A3,  A3. 

8°.  /(Ss,  ^2,  Aj.)  differentiations  heiag  performed  with  respect 
to  Ai,  Aj,  Aa- 
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For  the  standard  forms,  these  mixed  concomitiints  are,  respee- 

("22  -  ihij^-M-i  +  ("33 -  «ii)  «a^Ai  +  (ifii - a-aj^iK^i  -  0.      (1067) 

"ii' (%- "33)  *i^^  +  "ssX'^  ~  "lO  *!^3^i +  %' ('^11  ~  "23)^3^1^  =  0. 

(1068) 
tii(asj  -  ajs)  ^i«a«3  +  ((ss  (f  S3  ~  tn)  AjaTa^i  +  O33  («ii  -  Osj)  ^s^ii^s  =  0. 

(1069) 

(1070) 


1.  If  two  triangles  lie  autopolar  with  respect  to  a  conic,  their  six  summits 
lie  on  anotler  conic. 

Let  a  conic  S  be  deaoribed  tirougli  tbrce  summits  of  one  triangle  and 
two  summits  of  tlie  ofier,  wliioli  we  take  for  ti'iangie  of  reference.  Tlien 
because  S  cii'oumsciibea  the  first  tiiangle  an  4  02s  +  a^i  =  0,  and  because  it 
goes  through  two  summits  of  tho  trianglo  of  reference  an  =  0,  021  =  0. 
Henoe  033  =  0,  and  therefore  S  goes  tlirougli  the  remaining  summit. 

2.  tn  tlie  same  case,  the  six  sides  of  tlie  tiiangle  toucb.  a  conic. 

3.  The  Jacobiaa  of  any  conic,  its  orthoptic  circle,  and  the  line  at  infinity, 
gires  the  aios  of  the  conic. 

i.  If  B^he  tho  Jacohian  of  the  conic  a.'  =  0,  tie  circle 

(i~*7+(!/-/)=-r'  =  0 

and  tic  line  at  infinity,  the  discriminant  of  Jfwill,  after  removing  accents, 
be  the  aics  of  a.^  =  0. 

6.  Any  two  trianglca  in  perspeetiTe  are  poliir  recipiocala  with  respect  to 

6.  If  a  triangle  he  aufopolar  with  respect  to  a  conic,  its  circumoircle  cuts 
the  orthoptic  circle  orthogonally. 

7.  If  5  =  fl,=  =  0,  tiie  conic 


passes  through  all  the  points  of  intersection  of  non- corresponding  sides 
-of  the  triangle  of  refei-ence  and  its  self  reciprocal  with,  respect  to  S. 
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8.  H  two  of  tte  yerlioaa  of  a  self -conjugate  triangle  with  respect  to  S 
lie  CO.  S',  tbe  locus  of  the  third  vettei  is  @'S  —  AS"  =  0. 

DBF. — Tfifi  loeiis  of  a  point  mlienee  tangents  to  a  conic  make  a  given  angle 
it  nailed  the  isopno  cctbye  of  the  conic. 

9.  If  S  be  the  conic,  X  its  orthoptic  circle,  prove  that  the  isopiic  curve 
for  tte  angla  <p  is 

Z= taa>  +  4Afi^  [ai  sin  ^1 -I- 3Tj  sin  ^3  +  its  sin  ^3)=  =  0 . 

10.  If  the  lines  K,  =  0,  k',  =  0  intersect  on  the  conic  aji  =  0, 


1 1 .  Transform  the  central  conies 

Bu^i'  +  oaja:!'  +  2«ja3:ir3  =  1,     hi^i^  +  ht^i^  +  ^h^xixi  =  1 
to  a  system  of  common  conjugate  diameters. 

13.  Tho  points  of  section  of  two  conosntric  conies  lie  on  two  diametera. 
whici.  form,  a  harmonic  pencil  M'ith  their  pair  of  common  conjugate 
diameters. 

Method  of  Idbntjtibs. 

To  demonstrate  certain  properties  of  conies  it  is  often  useful  to  consider' 
the  equation  of  the  curve  iin(Ier  two  different  forms.  The  following  eser. 
cises  will  illustrate  the  method  ; — 

13.  1".  If  a  conic  S  pass  tlu'ough  the  points  of  intersection  of  the  conica 
Si  and  S3,  and  also  through  those  of  the  conies  ^3  and  Si,  the  eight  points  of 
intersection  of  the  conies  Si  and  Ss,  Si  and  Si,  lie  on  a  conic. 

For  the  identity    oSi  -  bSi  ^  cjSs  -  dSt  giToa  aSi  -  0S3  =  JSj  -  dSj.&o. 

Cor. — Tiie  inteiseclions  of  the  three  pairs  of  opposite  sides  of  a,  heiagon 
inscribed  in  a  conic  lie  on  a  right  line. 

If  ABCBMF  he  the  hesagon,  and  we  take  for  Si,  &,  S3,  Si  the  pairs  of 
lines  {AB,  SO],  (AB,  OS),  {AD,  EF),  {SE,  FA),  the  conb  aSi-cSi 
consists  of  tbe  line  AB  and  the  line  passing  through  the  points 
(£C,  EF),  (AB,  SE),  {CD,  AF). 
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.  .  .  be  the  trilinear  co-ordinates  of  sis  poin 
Tlien  from  the  sis  equationB  of  condition  n 


Adding  to  the  first  column  nmltiplied  hy  A.*  the  siieeessivo  columns  mul- 
tiplied respectiTely  hy  )>?,  v',  2,ui',  2^^.,  IXn,  the  elements  of  the  fivst  coIuiuti 
become  [hici  +  liyi  +  ni)^  or  Bi'  (i  =  1,  3,  .  .  .  6).  Developing  this  determi- 
nant according  to  the  elements  of  the  first  column,  if  B-,,  IS2,  . . .  denote  the 
corresponding  minors,  we  shall  have  the  relation 

-SiSi^  +  -Bs!s=  -I-  JSaSj'  +  ^'484'  -f  Bs.Si^  +  A5b^  =  0, 
which  should  be  true  for  all  values  of  A,  ^,  v. 

Now  Si  is  proportional  to  the  distance  of  Hie  point  Ai  from  the  line 
hji  +  fiij  +  vz  =  0  ;  thus  thereexists  a  homogeneous  linear  relation  between 
the  distances  of  six  points  on  a  conic  feom  any  line  in  its  plane. 

Let  ns  now  consider  7i,  /i,  r  as  tangential  co-ordinates.  The  equation 
8j  =  0  represents  the  point  Ai ;  from  the  identity  (I)  we  conclude  that  the 
equations 

S,Bi=  +  5sBs=  +  Bsii"  =  0,     BiSt^  +  B^Ss^  +  JSoSe,'  =  0 
are  identical.     Now  each  represents  a  conic  aiitopolar  with  respect  to  tho 
triangle  818583  =  0,  Or  848588  =  0.     Than  iftwo  trinngles  ^i^s^3, -Si^ffsSs 
are"  inscribed  in  the  same  conic,  they  are  also  autopolar  with  respect  tO' 
aaotlier  conic. 

3°    From  (!)  the  equations 

-Bi8iU.BSj=  +  A!a'-l--S484^  =  0,  568,  +  BeSi      0 

aie  identical  the  first  lepresenls  a  conic  autojolar  with  respect  to  tht 
complete  quidncole  AiA  AjAi  [two  opposite  sides  lie  conjugite  wi  h 
respett  to  the  curve)  the  serond  represents  two  points  haimonic  con 
jugatus  iifh  respect  to  j^B  and-le  Then  if  a  conic  be  insciihed  in  a  quad 
ranglo  A\A%AsAi,  there  esists  on  a  choi'd'jij.^s  two  points  Jf,  if,  which  are 
separated  harmonically  by  the  couples  {AiAi,  AiAi),  {A^A:i,  AiAi), 
(AiAi,  AiAa).     This  is  the  theorem  of  Dssarguen. 
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i".  If  six  pail's  of  points  A\A\',  A2Ai  ...  be  conjugate  witi  respect  to 
a  conio,  we  can  demonstrate  as  aliove  that  we  have  iilentica,lly 

B\?iSi  +  JhSM  +  ■  ■  ■  +.B6W5'=0, 
where  5,- =  Aij  +  >iy;  +  r^;,  8j  =  \j;,' +  ;if/,' +  W,  &o. 

5°.    If  5lSOj3=0,      62  =  V=0,        .S%^fi=^ 

be  six  eonica  harmonically  circumscribed  to  the  same  conic,  their  eqoations 
are  connected  by  an  identical  relation  27i  5*1  =  0. 

Dem.— Let  2  =  0  be  the  tangential  equation  of  the  conic  to  which  Si, 
8i,  &c.,  are  harmonically  ciroumaoribed,  then  wo  have  sis  equations  con- 
sisting of  the  products  of  2,  and  the  coefEnenta  of  S|,  S%,  &c. ;  and,  elimi- 
nating the  coefficients  of  2,  we  get  the  determinant 


HoTT,  multiplying  the  columns,  respectively,  by  xi',  *s*,  11:3',  ixiXi,  tixtxi, 
^1X1,  and  adding  to  the  first,  ibe  determinant  will  be  changed  into  one  whose 
first  oolumn  will  be  Si,  Si,  . . .  Se.  Henoe,  denoting  the  minors  of  oii,  in, 
&o.,  by  li,  h,  &o.,  we  have  2/151  =  0. 

Cer.  1. — If  a.  Si, ...  Bs  repi-esent  line  pairs,  we  have  P.  SBRBEr'a  theorem 
that  if  six  line  piurs  x\x'\,  x^x'i, .  .  .  lar's  be  conjugates  with  respect  to  tie 
same  conic,  tliey  are  connected  by  a  linear  illation  2/i!i;!a:'i  =  0. 

Cm:  2.  —If  the  line  pairs  coincide,  Sen-et's  theorem  becomes — "If  sis 
lines  ail,  xi, .  . .  ig  be  tangents  to  the  same  conic,  their  squares  are  connected 
by  a  linear  relation  2Ji3;i'  =  0," 

Cor.  3.— If 

hxi^  +  hXi^  +  kxi'  =  0,     and    h^,-  +  kxs'  +  l^f  =  0, 
by  addition,  lixi"  +  hxi^  ■  ■  ■  k^s'  —  0, 

and  we  have  the  theorem  of  Ex.  I,  If  two  triangles  be  autopolar  with  respect 
to  the  same  conic,  their  six  sides  touch  another  conic. 

Cor.  4.— If  Shx{?  =  0,  then 

hx^  4-  feiJa'  +  ijis'  -I-  kx^  =  -  {hx^  +  Ux^). 
Hence  the  left-hand  side,  equated  to  zera,  denotes  aline  paii' forming  a  bav- 
monic  pencil  with  Xi,  Xe,  and  dividing  harmonically  tbo  three  diagonals  of 
the  quadrilateral  formed  by  3:1,  x-i,  xi,  xi. 
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Cor.  S. — If  Hi,  XI,  xi,  Xh  xs  lie  any  live  lines,  no  three  ol  whict  are  con- 
current, and  ^1,  h$  ■  ■  ■  h  multiples  wMoh  raalte  2l\xi^  a  perfect  square,  tlnj 
eavelope  of  the  line  whose  square  it  denotes  is  a  conic  which  toucHea  the 
fiye  lines. 

14.  Prove  that  the  tangential  equation  of  the  centre  of  the  conic  Oi'  =  0  is 
-*A   A,^A~0  (1072) 

16.  If  a  circle  be  h^Imonlcally  circmnsLnbetl  to  i  parabola,  the  loons  of 
its  centre  ia  tho  directnx 

16.  If  a  ciruie  of  given  radius  Le  liirn  on  illy  iiacribed  in  a  parabola, 
the  locus  of  ila  centre  la  a  pinb  1 1 

17.  Transform  tie  toniL 

S  s  (ri' +  i-j2  +  ij')  =  0    (5405) 
to  the  triangle  formed  by  tlio  polea  of  the  lines  Oi  =  0,  i,  =  0,  c^  =  0. 
Tho  substitutions  are : — 

Xl  =  BalCt  +  ilX3  +  CEiCj, 


and  the  equationE  of  the  four  conies  J,  Ji,  Xi,  /a  cutting  orthogonally  the 
conies  S -(«,=),  S-(M=,  S-{c.)\  5!405),  aie 

S-(x,tXi±i>i)=  =  (l.  (1074) 

18.  Tho  equations  (1074)  can  be  expressed  in  terms  of  the  anhaamonic 
angles  of  the  conies ;  for  wo  have 


J-^(1-Si,  1 
And,  putting 

.-S^,  l-S„  I 

(1075) 

i-.Bis=V(r 

i+ji:js  =  V(r 

-e,)(i-&)oos,l',. 

Then,  if 

-,Sj)(l-Si)coaf,,  &c. 

wo  get 

Si  =  cosVi,     S 

'j  =  cosVs,    Ss  =  cos'p3, 

/  s(I,  1,  I,  -. 

uos^,,  -ooafe 

-C0Bif3)(,risinfJi,  Xidnp^,  3:ssra()s)=  =  0. 
(1076) 

Ji  -  (1,  X,  1, 

cos,^i,  -cosf,. 

-eosfsXi-isinpi,  aissinpj,  Sasinpsj^^O. 
(10771 

Ji=(,l,  I,  1,  -. 

cosfi,     cos.)^, 

-cosf3)(siEinpi,  a^jsinps,  a^j sin pj)=  =  0. 
(1078) 

^3^(1,    1,1,    -, 

lOSl^'l,    -COStj/j, 

cosi^3)(*isinp,,  ^ssinpj,  a:sain^3)'  =  0. 
(1079) 
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19.  Each  of  iie  four  orfiogonal  conies  /,  Ji,  Jt,  Js  has  double  contact 

Kisinpi  trssiujis  ±  X3S,iap3  =  0.  (1080) 

20.  Through  three  given  points  can  hs  deKoribed  four  conies,  eaoh  having 
double  contact  wilL  a  given  conic  S. 

This  is  a  pai-ticular  case  of  the  four  orthogonal  conies  J,  Ji,  Ji,  Js,  namely, 
when  iS  —  {ax)',  S  —  {hY,  S  —  (ci)'  denote  line  pairs  ;  but  we  can  give  an 
independent  proof.    Thus,  let 

Then  the  four  conies  are 

S^(xi  ±  3-2±3ia)^  =  0.  (1081) 

21.  The  four  conies  (1081)  have  eacli  double  contact  with  each  of  four 
others,  viz., 

8-  [x,aos[A,-  Ai)  +:siMsiJ^-  A,)  +  i^^QOslAi-  As)}  =0, 

(1083) 

and  three  others  get  by  changing  the  signs  of  Ai,  A2,  A3  in  this  equation. 

In  these  exercises  Ai,  Ai,  A3  have  been  used  for  facility  of  demonstra- 
tion, and  are  not  necessarily  the  angles  of  a  triangle.  In  other  words,  the 
eq^uality  .^i  +  ^3  +  ^s  =  ir  neud  not  hold  ;  in  fact,  the  angles  may  be  even 
imaginaiy. 

22.  Find  the  conditions  that  three  couios  Si,  &,  1S3  may  have  double  con- 
tact with  the  same  conic. 

23.  The  polar  triangle  of  the  middle  points  of  the  sides  of  a  triangle  ABO 
with  respect  to  any  conic  ib  a  triangle  equal  in  area  to  ABC.       (Pause.) 

24.  State  the  polar  reciprocal  of  Eiereiae  21, 

25.  Given 

iSi  =  Hiii^  +  aiXi^  +  flgij^  =  0,    Si  ^  ii*'i*  +  61x3'  +  bsxa'  =  0, 

find  the  envelope  of  Aj  =  0,  if  the  tiingent  pEiirs  to  Si,  S3,  where  they  meet 

Ai,  intersect  on  a  conic  of  the  pencil  Si  -~  IcSi  =^0.     If  the  conic  on  which 

the  tangent  pail's  intersect  be  i;ia:i^+ft!a:a'+ft*a'  =  0,  tie  required  envelope  is 

aih     ,     Bih     ,     "3*3     ,      .  /I  ADO, 
1,3  4.  _J  5:33  ^ x^  =  Q,  (1083) 

Cl  C3  Ci 

2e.  Piovo  that  the  cornea  Si,  Si,  and  (1081)  are  inscribed  in  the  same 
HuadiilateraL 

27.  The  Jacobian  of  the  three  conies  81,  Sj,  S3  (j  424),  is 

A^jxi  -v  A'4xz  +  Aijxi  +  A,l^i  =  0,  (1084) 

and  the  Hevmite  curve  is 
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Miscellaneous  Exercises, 

1.  'I'he  two  lines  forming  any  of  the  three  line-pairs,  joining  ioar  eon- 
cjclic  points  on  a  conic,  aro  equally  iHolined  to  eitier  axis. 

2.  The  asea  of  all  conica  passing  through  four  concyclic  points  are 
parallel. 

3.  Find  the  equation  of  the  circle  whose  diameter  is  the  normal  at  tlie 
origin  to  the  oooio  ax'  +  Uxy  +  by'  4-  3/V  =  0. 

Am.  b{x'  +  y']^2fy  =  0. 

i.  Find  the  loous  of  a  variahle  point,  if  the  perpeadieuJar  from  a  fixed 
point  on  its  polar  wift  respect  to  (a,  b,  c,  /,  g,  h)  {x,  i/,  1)^  =  0  he  constant. 

6.  If  two  lines  he  at  right  angles  to  each  other,  the  diameters  with  respect 
to  them  of  the  triangle  of  reference  meet  on  tlie  line 

a  cos  ^  +  fl  Cos5  +  7  cos  <7  =  0.  (M'Cay.) 

6.  If  io  he  the  Brocard  angle  of  the  trinngle  of  reference,  prove  that 
(a''-^g'  +  y')dnco-{eyBm{A-^)  +  ya>!m(S-0)  +  alism{O^^)i  =  O 

is  the  equation  of  its  Brocard  oii'de. 

7.  The  locus  of  the  point  of  intersection  of  the  polara  of  any  point,  with 
respect  to  two  conies,  is  a  oircumeonic  of  their  common  self -conjugate  tri- 
angle. 

8.  Find  the  loouB  of  the  pole  of  the  line  Ai  =  0  with  respect  to  a  system 
of  eonfocal  conies  given  hy  their  genei'al  equation. 

9.  It  8  =  0,  iS'  =  0  he  two  circles  in  tiilinear  co-oiiiinates,  and  in,  m' 
their  moduli,  find  the  equation  of  their  radical  axis. 

Am.    ,i^3-mS-  =  0. 

10.  Find  the  locus  of  a  point  from  wliieh  taugents  to  two  given  conies 
ace  proportional  to  their  parallel  Betoidiameters. 

11.  If  two  figures  he  directly  similar,  and  if  corresponding  points  be 
conjugate  witli  respect  to  a  given  cii-cle,  the  loous  of  each  is  a  mrola,  and 
the  envelope  of  their  line  of  connexion  a  conic. 

13.  The  directrix  of  a  conic,  and  any  two  rectangular  lines  through  the 
focus,  form  a  self -conjugate  triangle  with  respect  to  the  conic. 

13.  The  equation  of  a  tangent  to  a  conic  may  ha  written  :c  cos  ^  +  f/sinifi 
—  ey  =  0,  the  origin  haing  the  focus,  and  •)'  =  0  a  directrix. 

14.  If  two  points  on  a  conic  subtend  a  given  angle  at  a  focus,  the  locus 
■of  the  intersection  of  the  tangents  at  these  points  is  a  conic,  having  the  same 
focus  and  directrix  ;  and  so  also  is  the  enyelope  of  their  chord. 
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15.  If  two  semidinmetere  of  an  slEpsc  mate  a  given  angle,  the  line  join- 
ing their  extremities  meets  its  envelope  at  tlio  point  in  ivMeli  it  meeta  a 
symmediau  of  the  triangle  formed  ty  it  and  the  aemidiameters. 

{D'OCABNB.) 

16.  If  two  tangents  (w  an  ellipse  intersect  at  a  given  angle,  their  otonl 
of  contact  meets  its  envelope  at  the  point  in  whicli  it  meets  a  symmedian  of 
the  triangle  formed  by  it  and  the  tangents.  {Ibid.) 

17.  Given  the  base  and  aiea  of  ft  triangle,  prove  that  the  iocua  of  its 
synunedian  point  is  a  hypei'bola. 

18.  A  circle  8  passes  through  a  fixed  point  0,  and  intersects  a  fixed  circle 
in  a  varying  chord  L.  Show  that  if  L  envelops  any  curve  given  by  its 
polar  equation,  witb  0  as  the  origin,  the  polar  equation  of  (he  envelope 
of  S  may  be  at  onee  written  down ;  and  hence  show — 1°.  If  S  envelop 
a  conic  concentric  with  O,  L  will  envelop  a  conic,  having  0  as  focus. 
2°.  If  8  touoh  a  line,  L  will  envelop  a  conic. 

(Mb.   p.   pDBaBH,   P.T.C.D.) 

19.  Two  conies  U,  V  are  taken;  TJ  inscribed  in  a  triangle  ASG; 
rtouching  the  sides^C,  SOin  A,  IS.  Prove  that  the  pole,  with  respect 
to  F  of  a  common  chord  of  U,  V,  lies  on  V.  (Ibid.) 

20.  The  locus  of  the  centre  of  a  conic,  self- conjugate  with  respect  to  a 
given  triangle,  the  siun  of  the  aquares  of  whose  axes  is  constant  is  a  oirele. 

(Faurb.) 

21.  If  a  variable  eonic  8'  be  harmonically  inscribed  in  two  fixed  conies 
Si,  Si,  the  locus  of  the  centre  of  perspective  of  tie  triangle  of  reference, 
and  its  polar  reeiprocol  with  regard  to  jS',  is  a  conic. 

22.  Two  concentric  and  coaxal  conies  TT,  V  are  such  tliat  a  tiiangle  can 
be  inscribed  in  TT,  and  circumscribed  to  V.  Show  that  the  normals  to  V  at 
the  summits  are  concurrent,  and  that  the  locna  of  their  centre  of  coueur- 
rence  is  a  coasal  conic.  (Mft.  F.  Puksei.,  f.t.o.b.) 

23.  If  a  self- conjugate  triangle,  with  respect  to  a  conic  section,  be  inde- 
finitely small,  the  radius  of  its  circumcirole  is  half  the  corresponding  radius 
ofci 


25.  If  a,  ^,  7  be  the  noimai  co-ordinotea  ol  a  point  m  the  plme  of 

triangle,  through  which  are  drawn  paiallels  to   the    =idea    me  ting   the 

rceppptively  in  the  points  1,  4 ;  2,  5 ;  3,  6  ;  prove  that  the  tiihnear  ci 

ordinates  of  the  centre  of  the  conic  inacrihed  in  the  he-sao-ju  UD466  a 

i(,.+  JsinC),      i,3  +  fsin^),     \{y  +  a^nS) 
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26.  Tlie  locus  of  tlic  pointe  of  contEict  of  tangents  from  the  point  a',3'y' 
:0  tho  system  of  ooni«a  a3  =  /ij'  wien  S  varies,  is  the  oonio 


27.  If  e  vary,  tte  loona  of  the  points  of  oontact  of  tangents  from  xY  fo- 

28.  Tlielocua  of  a  point,  whose  polara  with  respect  to  two  circiles  meet 
on  a  giTen  line,  ia  a  hyperbola. 

29.  The  eqnatlon  Vnsiii^  +  V^ainS  4  'J-yamO=  0  denotes  »  hy- 
peibola  whose  asymptotes  ore  parallel  to  the  lines  a,  B- 

30.  If  a  circle  whose  diameter  ia  d  passes  through  the  origin  and  JHter- 
aects  the  conic  (a,  J,  c,/,  ?,  h){x,  y,  1)'  =  0  in  four  points,  whose  radii 
vectores  are  pi,  pa,  pi,  pi,  prove  thai 

pipiP3pi  {i^°  +  (b  -  S)'(  J  =  C(i=. 

31.  The  lines  through  the  origin,  and  the  intersections  of 

{a,  b,  c,  /,  g,  h)  {X,  y.  If  =  0,  with  Xx  +  ^yiv  =  <}, 

are  at  right  angles  if 

,(^>  +  ^i)_2  0  +  ?A). +  («  +  *).'=  0. 

32.  In  tliB  same  case,  the  locus  of  the  foot  of  the  perpendicular  from,  the 
origin  on  M;  +  ,u!/  +  f=0  is  the  circle  (a^-b){i!^-\-y'-)  i  Igx  +  lfy  -^0=0, 
and  the  envelope  of  Kx  +  fiy -V  f  == 'i  is  tie  conio 

.{(»4  6)(^  +  '/)  +  2?^  +  2/s,  +  =}  =  {/^-i.!')'- 

33.  If  the  aseshe  oblique,  find  the  equation  of  the  rectangular  hyperhola, 
maiing  intercepts  A,  A';  ^,  ^'  on  them. 

34.  Find  the  conditioc  that  ai  +  ^y  +  p  =  0  should  be  normd  to 


Ans.  _  4-  —  =  ::^  . 

35.  Find  the  equation  of  the  locua  of  the  centre  of  a  conic  touching  tha 
four  right  lines 

a  =  a;coaa  +  j,sino-j'i  =  0,     ^  s  acos  fi +  y  sin^ -j:^t=  0,    &c. 

{P.iot'.  CuuTis,  e.j.) 
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3,  Art.  188,  from  the  given  coiidltiona  we  have  four  eq^uations  of 


tlie  form 


coa'3,  sm^ft  Em3  C03  ft  p42$  +pi], 
«os'7,  siii»7,  aiQ^oosy,  i^aCSy  +  ft), 
C0S=5,         sin^B,        sin  S  cos  5,       pt  (2S  -\-p,) 

"which,  is  the  required  equation.     If  the  detemii'naiit  he  expanded,  and 
putting  AAA 

I  =  Gin  $y .  sin  78 .  sin  S0,  &c.,  we  get 

Ls  ^i{2a  +  p,) -mpi{i&+ pi) +  Kpi{2y+ Pa) -rpilU-h  Pi]  -0, 
and  the  origin  being  transferred  to  any  point  of  the  locus,  by  putting 
Pi  =  a,  p%  =  j8,  te.,  this  heoomee  L^  Ic^  -  mS'  +  n-/'  —  rS^  =  0,  whioh, 
though  apparently  of  the  second  degree,  is  only  of  the  first ;  for,  on  suhefi- 
tntiug  a:cos  a  +  ^sin  a  -  pi  for  a,  &c.,  the  coefficients  of  a?-,  xy,  y'  vanish 
identically. 

36.  If  the  eqaatioa  in  Ex.  35  be  ivritten  in  the  form 

lo'  -  Mi@'  +  n-f^  a  rB'  +  L, 
we  infer  that  a  parabola  may  be  described,  having  the  tiiaugle  aSy  as  self- 
conjugate,  and  touching  L  at  the  point  where  it  meets  5.  [IHd.) 

37.  In  the  same  case,  prove  that  la'  -  mS"-  =  0  is  a  paii'  of  common  tan- 
gents to  the  parabolie  rS'  ^■  L  =  Q,  ny'  ~  Z  =  0,  and  ny''  —  rS"  =  0  a  pair 
of  coizunon  tangents  to  the  parabolse  niQ^  +  i  =  0,  la^  -  Z  =  0,  and  that 
the  foi-mor  pair  intersects  tie  latter  on  Z, 

38.  If  a  vary  in  position  while  g,  7,  B  remain  fixed ;  then,  if  a  touches 
a  fixed  conic  to  which  0  imd  7  ate  tangents,  the  envelope  of  Z  is  a  conic. 

{Ibid.) 

39.  Given  thi-ee  tangents  to  a  conic,  and  the  sum  of  the  squares  of  its 
axes,  the  locus  of  its  ceati'O  ia  a  circle.  (Sibimbe.) 

10.  The  distances  of  three  poinis  P,  0,Ji  on  a  oonio  from  either  focus  are  in 
arithmetical  progression.  If  QNxs  the  noi-mal  at  Q,  prove  that  JfF  =  JVS. 
(CaoPTON.) 

41.  If  the  joins  of  the  points  in  whiut  {a,  i,  c,  f,  g,  A)  {n,  ft  yf  meets 
the  aides  of  the  triangle  of  reference  to  the  opposite  veitices  form,  two  triads 
of  concurrent  lines  ;  prove  aic  -  iftjh  ~«f--  hf  -  cS=  =  0. 
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Compare  tba  eqiiatlon  witli 

If^^  +  mm-fi^  +  m'r'  -  {>»«'  + '»'«)  By  -  {"I'  +  ^'i)  7"  -  [^>'''  +  M  "3  =  0, 
■which  mectB  the  eides  in  points  whose  joins  with  the  opposite  veiliQcs  ara 
ithe  two  conourront  triads  la.  —  in^  =  ny,    I'a  =  iii'3  =  «'t. 

42.  Find,  in  this  manner,  the  e([uatioii  of  the  jiine-pomtB  circle,  the 
Lemoine  eirole,  (he  inscrihed  conic,  and  the  inscrihed  circle,  &o. 

43.  If  K,  /t,  V  denote  the  perpendiculars  from  the  angular  points  on  a 
tangent;  prove  that  \'ts,v.A  +  iiftaaB  +  i^'tanC^  0  denotes  a  oirole. 

44.  From  last  Example  proiio  hy  reciprocation,  if  Ib?  +  las'  +  ny'  =  0 
denote  a  circle,  that 

I-  m-  n--  *''"''''.^"'^'>"'^^ 

■where  a',  fi',  y'  denote  the  co-ordinates  of  the  centre,  and  ijrj,  i^,  ijri  the 
angles  subtended  by  the  eides  at  the  centre. 

45.  rom-  concentric  equilateral  hyperbolas  can  he  described,  haying  the 
four  triangles  formed  by  any  four  arbitrary  lines  as  self-oonjugata. 

46.  If  through  any  point  in  the  ajie  of  perspective  of  a  triangle  and  its 
Orthique  triangle  parallels  he  drawn  to  the  three  sides,  these  pai'alleiB  meet 
the  sides  in  sis  points  which  are  On  nn  equilateral  hyperbola. 

47.  In  a  given  conic  inBoribe  a  triangle  whose  sides  shall  pass  through 
given  pointa 

Let  the  given  come  be  oS  =7'  the  given  points  aim,  o'S'c',  c^'b"e",  and 
the  parametric  angles  of  the  angular  points  of  the  inscribed  triangle 
a,  fl',  fl',  then,  putting  <  =  tanfl,  &c.,  we  have  {Art.  160)  the  three 
cq^uations 

■a-¥iU'->![t  +  e)  =  0,  b'+STC -<:'(<'  + r)  =  0,  a"  +  b"rt~c"(f'  +  t)  =  a. 
Hence,  eliminating  f,  t",  we  get  a  quadratic  in  I,  viz. ; 

{a'l>b-  +  iW~co'i"-c'c''i]i'  +  {2o{c'o''-a"l>')-A}l 

-where  A  denotes  the  determinant  {ab'c").  Hence,  in  general,  two  triangles 
■can  be  inscribed ;  the  condition  for  only  one  is  the  equation  in  (,  having 
equal  roots.  Hence,  if  two  of  the  points  be  given,  and  the  third  Taiiohle, 
its  locuB,  so  that  only  one  triangle  can  be  described,  is  a  conic. 

48.  The  conies 

i  +  l  +  i.  =  0,      sln5^.VB  +  sini5.V^-!-ainJCr.V7=0, 
are  confocal.  (Lehoine.) 
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49.  In  the  same  ohsb,  the  symmedian  point  of  tie  triangle  foimed  by  the 
centres  of  the  escribed  circles  of  tto  triangle  of  reference  is  the  common 
centre  of  the  conies.  (LEHOraE.) 

50.  Let  (J,  B)  and  (a,  5)  be  tlie  principal  semioies  of  a  confooal  ellipse 
and  hyperbolathrough  anypoint-P;  draw  the  taagent  to  the  eliipae  at  i* ;  let 
X,  ybe  the  pointa  where  it  meets  two  tangents  perpendicular  to  it  to  any 
eonf  ocal  ellipse  {a,  b)  ;  prove 

XP.  Pr=  e"-  +  b".  (Crofton.) 

51.  A  triangle  ia  insciibed  in  a^  +  j' —  3*  =  0,  and  two  of  tbe  sidos  touch 
Bx^  +  bi/'  —  1)3^  =  0  ;  Snd  tia  envelope  of' the  lliird  side.  (Salmon.) 

The  condition  that  kx  +  fiy  +  vs  shall  touch  ax^  +  Jy'  -  es'  =  0  is 
A^      u=      "'      ^ . 


and  denoting  (Art.  159,  Goi:  2)  the  pararaetric  nnglee  of  the  vertices  of 
the  triangle  inscrihod  in  a'  +  j/'  -  z'  =  0  by  S,  0',  0",  the  equation  of  the 
join  of  8,  fl"  is 

a  cos^  (9  +  e"l  +  !/ Bin  Ha  +  fl")  -  ^  MS  J  (S  -  fl")  =  0. 

Hence  the  oondition  for  this  touching  ax^  +  by''  —  cs'  =  0  in 

C09'  j  {9  +  S")       sin^  i  (fl  +  S")      cos^  ^  (3  -  fl")  _      . 


Hence  "'°°^^"  =  _  '"'^  "  ^^  "I' ^'^      "^''^"  =  _  ^'"  *  '^Jt^!', 

!N"ow  the  chord  of  a:'  +  J/^  -  s^  =  0,  which  ia  the  join  of  the  points  e,  &,  is 
Kcoai(fl  +  9')  +ysin|(e  +  9')  -^coaH^  -  e']  =  0- 
Henee  mx  cos  fl"  +  Ms/  sin  fl"  +  &  =  0, 

and  the  envelope  is  m's?  4-  ra'j*  -  ?'a'  =  0. 
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52.  The  equation  of  a  eonie  confocal  with 

Ss(=,  *,«,/,  J,  ft)  {a,  ft  7)^  =  0, 
and  foueliing  Aa  +  /iB  +  v7  =  0,  is 

Q'A=5-n27+2W=  =  0  \_M^  asm  A  +  fi  sin^B  +  7  sin  (7], 

53.  FT,  QT  are  tai^enta  to  a  conic  at  the  points  P,  Q ;  from  the  centres 
of  curvature  at  F,  Q  pfirpendioulars  are  drawn  to  the  chord  of  contact  PQ ; 
prove  that  the  parallels  to  FT,  FQ  drawn  through  the  feet  of  the  perpen- 
diculars meet  on  the  ajmmedian  line  of  the  triangle  i'Qrdrawn.  through  T. 

(D'OCAONE.) 

64.  Find  in  tho  plana  of  an  ellipse  a  taiangla  AFC  such  that  the  sum  of 
the  squares  of  the  perpendiciilaxs  from  the  summits  on  any  tangent  is  cou- 
stant.  If  the  triangle  be  fixed  and  the  ellipse  Taries  we  obtain  a  confocal 
system.  (N^uE^aG.) 

55.  The  hyperbola 

i+i-i... 

and  the  hyperbola 


aio  confocal,  and  their  common  centre  is  the  symniedian  point  of  one  of 
tie  triangles  formed  by  the  ineentre  and  tho  ccinfres  of  two  of  tho  escribed 
circles,  (Lemoine.) 

56.  The  locus  of  the  foci  of  all  ellipses  touching  a  given  circle  at  two 
fised  points  is  tie  perpendicular  bisecting  tJie  join  of  those  points  and  the 
circle  pafising  through  them  and  the  centre  of  tho  given  circle.      (Cuoptoh.) 

57.  A  system  of  four  conies  having  two  points  common,  and  each  harmo- 
nically circumscribed  to  a  flf  tb,  are  such  that  their  points  of  inteiaection,  sii 
by  sis,  lie  on  three  conies. 

For,  tailing  the  common  points  as  veitices  of  the  triangle  cf  reference, 
their  equations  will  ba  of  tho  form 

5  ^  oj*=  4  2fiyi  +  Igizx  +  2hixy  =  0,  &c. ; 
and  there  are  four  relations, 

a-iA'+  1fi]!"+  2sie'  +  2hiS'  =  0,  &c. 
Hence 

liSi  -  mSi  +  hSj  ~pSi  =  0,  &c. 
2m2 
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58.  The  condition  that  tha  line  (;/-/)  =  »!  (a-*')  ahould  be  normal  ti 


Hence,  find  au  eipreasion  for  the  sum  o£  the  angles  -wMcli  the  four  normals 
from  any  puiut  mEite  with  the  axis  of  jp. 

59.  The  Eum  of  the  angles  made  with  a  given  line  by  the  four  normals 
from  any  point  to  a  aeries  of  coiifocal  conies  is  constant. 

60.  The  locus  of  points  having  tie  same  eccentric  angle  on  a  series  of 
confocal  ellipses  is  a  confocal  hyperbola. 

61.  A  circle  passing  through  three  points  on  any  one  of  a  series  of  con- 
focal ellipses,  the  points  always  lying  on  fixed  confocal  hypeibolfe,  meets 
the  elUpae  again,  where  it  is  met  by  another  of  the  confocal  hyperbola. 

62.  In  the  last  quosfion,  supposing  the  three  points  to  coincide,  we  have 
a  theorem  for  the  circle's  curvature  of  a  series  of  confocal  ellipses. 

63.  The  locus  of  the  centres  of  curvature  at  points  on  confocal  ellipses 
where  a  confocal  hyperbola  meets  them  is 


64.  If  four  normals  OA,  OB,  OG,  OB  be  drawn  to  a  conic  from  the 
point  a'^' ;  prove  that  the  tangents  at  the  points  A,  3,  G,  I>,  and  the  axis 
■of  the  conic,  all  touch  the  parabola 

65.  Prove  that  the  directiis  of  the  pai-abola  in  Ex.  64  is  the  join  of  the 
given  point  aV'  ^  ^^^  eentve. 

66.  Given  four  tangents  to  a  conic,  viz.,  a=0,  3  =  0,  7  =  0,  5  =  0; 
find  the  locus  of  the  foci.  Let  oa  +  W  +  cy  +  d5  s  0  he  an  identical 
relation;  then 

-  +  ^  +  -  +  i  =  0  (Salmon.) 

o      B      7       S 

is  the  locus  required. 
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67.  H  a  Tariatle  conic  pass  thTough  two  givea  points,  and  have  double 
eontaet  with  a  given  conic,  tie  cHord  of  contact  passes  through  one  or  other 
of  tiro  given  points  :  prove  ttis,  and  thence  infer  ftat  four  ciruumoonicB  of 
a  given  triangle  can  be  deseribed,  each  having  double  contact  with  a  given 

68.  Prove  that  if  (a',  S'l  7')  Iwa  point  onthe  conic  ^b^+ fifi' +  Oy'  =  0, 
the  conies  A  [a-  An')'  +  £  (jS  -  XS^)'  +  C{y  -  Xy^)"^  0  touuh  the  former  at 
that  point,  h  being  any  constant.    The  same  is  true  if  \  =  ax  +  6j/  +  c. 

(CaOPTOK.) 

69.  If  s/  =  0,  ii^  =  0,  cj'  =  0  be  three  COnics,  such  that  each  is  harmo- 
nically eitcumaciibed  to  the  other  two  ;  prove  that 


70.  Given  a  tangent  to  a  variable  conic,  its  eccentricity,  and  on©  of  tte 
foci,  prove  that  tlie  locus  of  the  other  focus  is  a  circle. 

71.  If  two  triangles  ASG,  A'B'C  are  reciprocal  polars  with  respect  to  a 
wrele  (centre  0),  the  polar  of  the  centroid  of  ABC  with  I'espect  to  the  oiixile 
0  ooincjdes  with  the  polar  of  0  with  respect  to  the  tnangle  A  SC 

73  If  a  quadnlxteral  he  described  about  a  parabola,  thp  three  circles 
deaciibed  on  the  diagonals  of  the  quadriliteral  as  diE.meti.iB  have  the 
directrix  lui  then  common  rad  eeiI  axis 

nz  A  B  C  A  B  C  are  two  tiLils  ot  points  on  t«o  lines  L  M 
Three  homothetic  com  a  thiough  ABI  BCA\  CAB'  meet  M  again  in 
the  points  F\  Q',  K ;  and  three  other  homothetic  conies  through  AB'C, 
BG'A\  CA'B'  meet  i  flgain  m  P  Q  S  prove  that  the  lines  Pi",  Qd, 
JtB'  are  parallel.  {Ms..  F.  Pubsbh,  f.t.o.d.) 

74.  If  X,  T  be  the  co-ordinates  of  a  focus  of  ax'  +  Ihxy  ■yhf^c  =  ^, 
prove  that 


and  if  fi  denote  the  product  of  the  perpendiculars  fi-oi 
tangent,  prove  that 


C-)^ 
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75.  Prove  that  the  eceentricity  of  fie  conic  girwi  by  the  general  equation 
in  f  Bnns  of  its  iaToriants  I\_,  Jj  of  the  GrEt  and  second  degree  in  the  coefficients 
is  given  by  the  equation 


76.  If  from  the  points  I,  2,  3,  i 


0,    (3  =  0 

7  = 

0,     S 

=  0 ;  then 

aj,     ft 

71. 

Sj, 

as,     0Z 

7!, 

3s, 
83, 

^0.   Also 

04,      ^i 

V, 

B4 

I  infer  that,  if  p',  p",  p'"  be 


fli,     7*,      1 
iGi-pendiculars  of  a  triangle, 


"  the  radii  of  its  inscribed  and  escribed  circles, 


Also,  if  A.',  a",  7.'"  denol 
on  any  lino  through  the  ci 


p'" '      /     p"     p"'     p" 
erpendieulara  from  the  Tecfioea  oi 
■e  of  the  in-circle,  prove  that 


{Itiid.) 


78.  If  Zi,  Zi,  Z3,  Zi  be  perpendiculars  from  four  points  ji,  Z,  C,  I> 
to  a  lino  Z;  than  Zi{SCZ)  -  Zi{CI)A)  +  U{SAB)  -  Zi(ASO}  =  0. 
(Compare  equation  (216).)  [Iltid.) 

79.  Given  three  tangents  to  a  cooie,  and  the  length  ol  the  minor  uiis  b, 
to  find  the  foeua.  Let  tie  co-ordinafes  of  the  foci  be  aji-y,  a'^V'^  "■'"^  ^^ 
perpendieulai's  of  the  triangle  of  reference  p',  p",  p"' ;  then,  from  (108), 


■Bget 


b%     *', 


where  S  denotes  the  cirouraoircle  of  the  triangle  of  reference.     When  the 
conic  is  a  parabola,  i  is  infinite,  and  the  equation  reduces  to  iS  =  0. 
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80.  If  ABC  lie  a  triangle  eelf-conjugEite  to  a  conic;  \,  p.,  v  peipen- 
■diculare  from.  A,  B,  C  on  tLe  tangent  at  any  yariable  point  B  On  the  curve  ; 
prove  tliat 

X{BCD)  +  ii.(CAJ))  +  v[ABI>)  =  Q. 

81.  Tlie  circumoircles  <£  the  tiianglea  formed  by  four  rigtt  lines  a,  ,3,  7,  8 
meet  in  a  point  0 ;  tangents  at  tte  veiiieea  of  tbo  triangle  ayS  to  its  circum- 
«irole  meet  a  in  the  points  A,  A',  A".  Similarly  are  found,  on  the  lines 
B,  y,  B,  the  triads  B,  B',  -B";  C,  0',  0";  B,  I>\  B".  These  points  lie  four 
by  four  on  three  circles,  eact  passing  througt  O,  and  through  tho  extremi- 
ties of  a  diagonal  of  the  quadrilateral  njSyS. 

82.  If  a  ho  the  circle  through  the  ciroumoentrea  of  the  triangles  n^y, 
ofSB,  ayi,  Byd,  the  diameters  of  the  ciroumoirEles  of  the  triangles  e^y,  o^S, 
ayS,  passing  through  the  vertices  opposite  the  common  hase  a,  concur  in  Z. 

83.  If  through  the  sjmmedian  point  three  antiparallela  bo  drawn  to  the 
adea  o£  the  triangle  of  reference,  tlie  six  points  of  intersection  with  the  aides 
lie  on  a  drole  [second  circle  of  Lemoine].     Find  the  equation  of  this  circle. 

Ans.  237  sin  .^  -  tan^a  2a  sin.^2a  cos  A  coseeM  =  0. 

84.  Ecing  given  a  self -conjugate  triangle  and  a  tangent  to  a  conic,  the 
locus  of  its  centre  is  a  right  line.     (See  Ait.  138,  Ex.  3.) 

85.  If  one  of  four  sides  of  a  quadiilateral  envelop  a  tonic,  the  other  three 
being  fixed,  the  line  through  the  middle  points  of  tie  diagonals  will  also 
envelop  a  conic. 

86.  Tangents  drawn  to  a  parabola,  from  the  centre  of  a  ciroumconic  of 
a  self -conjugate  triangle  of  the  parabola,  are  conjugate  diameters  of  the 

87.  If  the  centre  of  the  conic  be  a  point  on  the  parabola,  an  asymptote  of 
the  conic  is  a  tangent  to  the  parabola. 

88.  If  corresponding  points  of  similar  figures,  similaily  described  on  two 
sides  of  a  tjiangie,  be  the  poles  with  respect  to  a  circle  of  corj^sponding 
lines  of  the  same  figures  ;  prove  that  the  points  are  equally  distant  frcon  the 
centre  of  iha  circle. 

89.  Given  iS  ^  ax'  +  ihxy  +  Sj'  +  c  =  0 ;  prove  that  the  equulion  of  any 
pMr  of  conjugate  diameters  is 

Ix^+m   — =0- 

!ind  it  the  diameters  be  equioonjugato,  their  equation  ia 
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90,  The  equation  of  tlie  four  normals  from  fie  point  (aS)  fa  the  ellipse 
is  («V»^  +  «=/*"  -  1)  -ff"  +  2  (a3^/a=  +  Sj./*=  -1}SZ 

where  M  =  dhj  (s  -  a)  -  i%  (j/  -  3), 

(CeOI'TON,) 

91.  The  equation  of  the  reciprocal  of  the  parallel  to  the  parabola  at  the- 
distance  r  with  reaped  to  the  circle  a*  +  j/^  =  A'  is 

82.  The  reciprocal  of  the  parallel  to  an  ellipse  at  the  distance  r  with 
respect  U>  the  circle  ic'  +  j/'  =  li'  is 

93.  If  the  haae  and  the  Brocard  angle  of  a  triangle  be  given,  fie  lonna  of 
the  centre  of  the  Brooard  cirola  is  an  ellipse.  (Neubbkq.) 

94.  If  a  variable  oonio  S,  passing  through  two  fined  points  J,  /,  touch  a 
flsed  conic  S'  at  a  fixed  point,  prove  that  the  locus  of  the  point  of  inter- 
section of  a  pair  of  common  tangents  to  S,  S'  is  a  conic  inscribed  in  the 
quadrilateral  formed  by  the  tangents  from  tie  points  J,  J"  fa  S'. 

95.  If  the  a^ea  and  a  tangent  to  a  conic  be  given  in  position,  prove  that 
lie  locus  of  tie  centre  of  the  circle  osculating  it  at  the  point  where  it 
touches  the  tangent  is  a  parabola. 

96.  If  the  eitremitics  of  the  base  of  a  tnangle  be  given  in  position,  and 
also  tbe  symmedian  passing  through  one  of  these  extremities,  tie  locus  of 
the  vertex  is  a  circle.  (Nbubebo.] 

97.  In  the  same  case,  the  envelope  of  tie  symmedian  passing  through 
the  vertex  is  a  conic. 

98.  Tie  esiremitiea  B,  C  of  a  triangle  ore  given  in  position,  and  the 
vertex  moves  on  a  given  conic,  passing  throagh  the  points  B,  C;  prove,  if 
BA,  AC  pass  through  coiTeaponding  points  C,  B'  of  two  similar  figures, 
that  the  loci  of  the  points  C,  B'  are  oonica.  (Neubkko.) 

99.  The  base  BC  of  a  triangle  is  given  in  position,  and  the  anglo  B  in 
magnitude;  prove,  if  A'B'C  be  the  triangle  formed  by  the  tangents  to  the 
ciroumcirele  at  A,  B,  0,  that  the  following  loci  are  conies;— l".  of  the 
point  C ;  2°.  of  tie  symmedian  point  of  ABO;  3".  of  the  point  of  inter- 
section of  BB'  and  AC.  (Ziirf.) 
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100.  In  lie  same  case,  proye  that  the  envelopes  of  the  lines  B'O',  AA', 
and  the  join  of  the  clroumoentre  and  orthooentre  are  oonioB.  {Ibid.) 

101.  Prove  that  the  equations  of  the  three  aies  of  perapeofive  of  th» 
triangle  ABC  and  Brocaid's  first  triangle  are,  in  normal  co-ordinates, 


m(^-2w)       sin(S-2»)      Bin(0-3w) 


:0; 


and  in  baryeentric  co-oidinates 

where  i=3V-a»,    m  =  e'o^-i',    n  =  ifi¥-d^. 

103.  If  two  triangles  eiroumsoribed  to  a  cifde  be  in  pexspectivo,  their 
Gergonne  points  and  their  oenti'e  of  parspeotive  are  collinear.       (Ahtzt.) 

103.  If  A',  B\  C  be  the  middle  points  of  the  aides  of  a  triangle  ABC,  and 
Ai,  -Bi,  Ci  the  feet  of  its  altitudes ;  a,  0,  y  the  double  points  of  its  line 
paiis  B'Ci,  B\C';  CAi,  C,A' ;  A'Bi,  A,B';  snd  ni,  Hi,  71  the  double 
points  ofB'C,  BiCi;  O'A',  C,Ai;  A'B",  AiB,,  then  the  point  pairs  am, 
/SjSi,  771  form  Ihe  opposite  summits  of  a  complete  quadiilateral,  three  of 
whose  sides  pass  through  the  points  A,  B,  0,  and  the  fourth  containing  the 
points  a,  ^,  7  is  the  Euler  line  of  the  triangle  ABO.  Also  the  lines  Aat, 
J5j3i,  C71  are  each  perpendicular  to  the  Euler  line.  (ScHnoETBR.) 

10*.  IftwoYectices£,  Cof  a  triangle  be  fixed,  prove  that  the  two  vertices 
A,  A'  of  the  triangles  BCA,  BCA',  which  have  a  common  symmedian 
point  iT  describe,  when.  X  moves,  two  inverse  figures. 

105.  The  chords  of  contact  of  the  exciroles  of  a  triangle  ABC  with  the 
sides  produced  foim  a  triangle  AiBtOi  in  perspective  with  ABC.  The  cir- 
cumcentre  of  AiBid  is  the  orthoteatre  of  ^-BC,  and  also  the  centre  of 
perspective  of  the  triangles. 

106.  In  the  same  ease  the  axis  of  perspective  is 

This  line  is  perpendicular  to  the  join  of  the  inoentre  and  orthocentie 
of  ABG. 
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107.  If  n,  0,  T  be  the  equations  of  the  sides  of  a  triangle,  tlie  equations  of 
the  Bides  of  its  ooaymmeclian  triangle  are 

(&»Mor,s.) 
lOS.  The  asii  of  perspective  of  a  f limgle  and  its  oosymmedian  triangle  is 
the  line 

=/»  +  fill  +  ijc  =  0. 

109.  The  sii  remaining  points  in.  wbicli  the  lines  a,  (i,  y  meet  the  sides 
of  the  cosymmedian  triangle  lie  on  the  eouic 

6  (<t^/«i  +  ffyji^  +  yaH  -  2  (aVa'  +  ^^/i=  +  v'M)  =  <>. 

110.  The  diagonals  of  the  hexagon  in  Ex.  109  are  concurrent.  Their 
equations  are 

^jb  +  yjc  -  2a/o  =  0,  &C. 

111.  Tlie  equation  of  the  oirnnmeircle  o!  tie  triangle  formod  by  the  poles 
of  the  aides  of  the  triangle  of  reference  witli  respect  to  its  eircumeircle  is 

(asin^  +  S  sini  +  7  sin  0)  {^emA  +  fl  ooafl  +  7  cos  0) 

+  4  COB  ^  COB  B  cos  C{Py  sin  A  +  yaAnff  +  aS  sin  0)  =  0. 

112.  Let  n,fl,  7,  She  four  lines  cutting  any  fifth  6  in  ^,5,  C,iJ.  Prove 
that  the  four  conies  circumscribed  to  the  triangle  ^yS,  78a,  SoS.  oSy,  and 
touobing  a,  Si  7,  6  respectively  in  A,  B,  0,  B,  intersect  e  in  tie  same  point. 

(HEUBmO.) 
TeSCh'S  HiPEREOLJE. 

113.  Def.— A  line  JfJT  through  aor  I  iml  M  of  lu  ellii^e  railing  an 
angle  0  with  the  tangent  MT  is  called  a  6  nnrrail  (Tebch.) 

Thsorem. — Through  a  given  point  hk  m  the  plane  of  ^n  ollipae  can  be 
drawn  four  6  normals.  Their  feet  are  th»  inteiaer  tions  of  the  ellipse  with 
the  Tesch  hyperbole  JT—  Pcot  fl  =  0,  where  3"=  0  denotes  the  Apullonian 
hyperbolEe  of  hk  and  P=  0  its  polar  witii  respect  to  the  ellipse.  Any  three 
feet  and  the  point  diametrically  opposite  the  fourth  lie  on  a  circle. 

For  if  the  co-oiiiinates  of  M  be  aV,  and  if  we  form  the  condition  that 
xx'ja^-t-  yj/jH'  —1  =  0  mates  an  angle  9  »'ith  the  Join,  of  the  points  x'y',  hk, 
we  get  an  equation  which  after  removing  acoanta  gives  S—  P  tot  9  =  0. 

Cor. — If  0  varies  and  the  point  hk  remains  constant,  the  Tesoh  hyperbola 
pasaes  through  two  fixed  points,  viz.  the  points  common  to  M  and  P,   and 
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114.  If  a  T^eh  h  p  I  pom.  hh  mee  ilia  eUipse  in  the  poiute 
Jtf,  N>  P,  Q  any  tw  f  h  se  p  wis  say  Mh  he  pole  of  their  chord  MN 
and  the  point  hk  are 

115.  If  an  equilate  p  b  wh  yin  totes  are  parallel  to  the 
aiea  of  an  ellipse  m  p  Jf  Y  P,  Q,  the  circle  through 
M,  JVand  the  pole  M  h  sp  llipsu,  and  the  analogous 
cirolos  for  the  point  pair  JfP,  NP,  &    ,  ill  i         h  ough  a  oommon  point. 

(Neubeho.) 
For  the  equation  of  sucB  a  hyperbola  is  xy  +  Ax  +  B;/  +  C  =  d,  and  thia 
■can  be  idcntifiod  n'llb  the  Teach  hyperbola  of  the  point  hi. 

116.  If  a,  j8,  y  be  the  euoeotric  angles  of  three  pointa  on  an  ellipse  whose 
J  normalfl  are  concurrent,  prove  tbat 

2aicote  =  ^{ain(S  +  7]  +  em(7  +  a)  +  ein(a  +  y3)j. 

117.  If  a.  By  ft  B  be  the  ecoentrio  anglea  of  the  feet  of  four  6  normals 
&oni  a  common  point,  n  +  ^  +  y  +  iS  =  (i»+  i)ir.  Heuee  we  have  a 
generalization  of  Joachimstfll'a  circle. 

US.  If  xi,  XI,  X3,  xi  be  the  four  sides  of  a  quadrilateral,  the  equation  of 
the  conic,  which  touches  ttixi  +  ajiCj  4-  »s»3  +  ai^  aud  is  iusoribeii  in  the 
quadrilateral   ia 

119.  Find  the  1  ous  of  the  centre  of  a  eon  c  whi  b  iupe  o  c  lai  a 
no'  +  "ihisy  +  hti  +  .  j*  it  the  ou^  n 

120.1fi;y  avi  im  nWileinyfoi  lontoonacnc  eJpr  ed  to 
the  centre  aa  origin 

3  ±  {inWi-x^yi)  {x^yt  -  3:0i)  {x&i-a^n)  ~  "■       (Neubebg.) 

121.  Prove  that  the  asia  of  Hie  parabola  {xja)h  +  {y/*)4  -  1  =  0  is 

xja  -  y/i  +  (a'  -  4')/(o^  +  4'  +  2(iS  cos  fl)  =  0, 
where  9  in  Ihe  angle  between  the  asee. 

122.  If  die  oonios  S,,  Si,  S3  hyperaeculate  in  the  point  A,  and  meet  two 
Unea^X,  ^Fin  the  point  pairs  Si,  Pi;  JS-j,  d;  3i,  d,  &a.,  the  chords 
£,Ci,  SiGi,  B3O3,  &e.,  are  concurrent.  (Poncelbt.) 

123.  In  the  same  caae,  the  tangents  at  Bi,  Bi,  Pj  are  eoncurront. 

{Ibid.} 

124.  If  a  variable  parabola  touch  three  fised  lines,  fhe  chords  of  contact 
pasa  thi'ough  three  fixed  poiate. 
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126.  All  elJipses  which  hare  double  contact  with,  each  of  two  fixed  circleH 
(one  interoal  to  the  othor)  ure  similar  eiirves.  The  locus  of  their  nentres  is. 
the  circle  on  the  line  joining  the  centres  of  the  circles  as  diameter.  Alao 
the  looue  of  their  foci  is  a  circle  concentric  with  the  outer  circle. 

126,  li  two  coTiica  of  a  oonfocal  system  whose  Bemiases  are  s,  5;  a',  h' 
respectively  intersect  in  a  point  Jf  oo-ordinatea  x'y',  (ien  if  JV,  N"  be  the 
centees  of  the  cireles  osculating  the  conies  at  M,  the  equation  of  NSf  is 


127.  The  same  line  in  terms  of  the  oo-ordinatee  of  Jlf  is 

(^  +  ^  _  ^)ii'  +  (^  +  J^  +  «!(J,/  «  ,=(,/=  _  3/3  -  c=). 

128.  If  a  parahola  teach  the  ald^  of  a  given  triangle  ABC  in  A',  B',  C, 
the  loous  of  the  centre  of  perspective  of  the  triangles  ABC,  A'B'G'  is  an 
ellipse  touching  the  sides  of  ABO  at  their  middle  points. 

129.  If  two  trianglea  be  polar  reciprocals  with  respect  to  a  circle,  the 
bacycentric  co-ordinates  of  the  centre  of  the  circle  aro  the  same  for  both 
triangles. 

130.  Find  a  point  Jlfi  such  that  parallels  through  B,  C,  A  to  AMx,  BMi, 
C-ifi  meet  in  a  point  Mi.  Show  iliat  parallels  through  C,  A,  B  to  AMi, 
BMi,  CMi  meet  in  a  point  Mi,  and  prove — 1°.  that  the  points  Mi,  M%,  Ms 
areisobaryc ;  3°.  that  their  co-ordinates  satisfytiie  relation  a"' -t  g-^  -i-y-'  =  0. 

131.  Prove  that  N  in  Ei.  126  is  the  intersection  of  the  polar  of  M  with 
respect  to  the  orthoptic  circle  of  the  hyperbola  with  the  tangent  at  -iff  to  the 
hyperbola,  and  N'  ie  the  intersoction  of  the  polar  of  JH"  with  respect  to  Hie 
orthoptic  circle  of  the  ellipse  with  the  tangent  at  ,M  to  the  ellipse. 

132.  Ill  the  same  esse,  if  MM'  be  the  perpendicular  from  .3f  on  NN',  the 
points  M,  M',  and  the  foci  are  concyclic,  and  the  line  MM'  is  a  symmedian 
of  the  triangle  formed  by  Maai.  the  foci. 

133.  If  Si,  Si  be  conies  osculating  in  A  and  intersecting  in  Ai,  then  if 
an;  line  through  A  meet  the  conies  again  in  B\,  B%,  the  tangents  at  .Si,  B-t 
meet  on  AAi.  (PLucKBn.) 

134.  If  a  cosfl,  i  sin  8  be  the  co-ordinates  of  a  point  on  the  ellipse 
ie'/b^  +  y'^jh^  =  1,  prove  that  the  co-ordinates  of  the  second  point  in  which 
the  osculating  liirole  there  meets  the  curve,  ai-e    a  cos  39,  -  *  sin  36. 

(Crofton.) 
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(2/a'  +  216')  ain  (rj;^)  sin  (rs^,)  ein  (nrj)  =  2  siu=(n''a)/''s=. 

[FAuaa.) 

136.  la flie>me  case,    4siii=(>'i!-i)sin=(rj!^)dn»(.w)/{»'4^) 

=  2Sem=(ri'-!)B>n^('-irs)/{rjV)-2siiiH'-i'^)M'.         (J^«^.) 

137.  The  loous  of  the  centre  of  a  conic  circumscribad  to  a  given  triangle 
■Und  whose  aiee  have  a  given  ditection  ia  a  conic. 

138.  Find  the  loci  of  the  extremities  of  the  minor  axis  of  a  conic  touching 
two  sides  AS,  AO  of  a  given  triangle,  if  tlie  foci  be  poiats  on  the  third 

139.  Find  in  the  plane  of  a  triangle  ABG  a  point  M  Buch  that  the  per- 
pendiculars from  ^,  B,  C'oaBM,  CM,  ^ilf  meet  in  the  Sime  point  iT,  aad 
prove  that  the  loons  of  M  and  M'  are  Neuberg's  Hyperbolie. 

140-144.  Trove  the  following  propertios  of  the  common,  chord  of  an 
■ellipse  and  its  osculating  circle — ■ 

1°.  Its  envelope  is  (t/u  +  j^/*)^  +  {^/a  -  j'/i)'  =  2. 

2\  The  locus  of  its  middle  point  is  (s=/a=  +  VV^V  =  (*^/o^  -  ?'/*')'■ 

3°.  The  locus  of  its  pole  is  x'la'  +  fjb^  -  (a;=/o'  -  s-^/S')'. 

4°.  Thelocua  of  the  projection  of  the  centre  of  the  eUipse  on  the  chord  is 

(•'  +  y>)"(.>i"  +  i"rt  .  (.V  -  >;•)•. 
5°.  Its  lengtli  is  a  masimum  at  the  point  whose  M 


146.  The  centre  of  Ihe  eqailateral  hyperbola  determined  hy  any  four  powiU 
\A,  B,  C,  S)  lies  on  the  pedal  circle  of  any  of  them  {S)  icith  respect  to  ike 
triangU  formed  by  the  rnnainiMjr  three  {ABC). 

Dem.— Let  EFG  be  the  pedal  triangle  of  S  with  respect  to  ABO,  bisect 
BC,  DC,  AC  in  S,  I,  J;  then  the  circles  through  E,  H,  I;  I,  J,  F  ore 
evidenUj  the  nine-points  cl.-cles  of  the  triangles  BCD,  CD  A.  Heuce  K, 
their  second  point  of  interaection,  ia.tie  centre  of  the  equilateral  hyperbola 
ABCD.  ioia  KE,  SI,  KF.  Then  [Euc.  III.  skii.]  the  angle  ££rj=ZffC 
=  DBC,  bucuuso  III  ia  parallel  to  BD  =  EGD  [Euc.  Ill,  sxi.]  In  like 
jnanner  IKF  =  DGF.     Hence  EKF=  EOF,  and  the  proposition  is  proved. 
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JTia  one  of  the  points  of  intecsection  of  the  nine-points  circle  of  the  tri- 
angle ABC  and  the  circumcircle  of  the  pedal  triangle  SFG.  If  K'  be  their 
second  intersection,  K'  will  be  the  eentie  of  (te  equilateral  hyperbola,  deter- 
mined by  the  points-;!,  B,  C,  audi)' the  isogonal  conjugate  of  i)  "with  respect 
to  the  triangle  ^BC 


Cor.—li  D,  jy  be  collinear  witi  the  ciieuracenbe  of  AE C,  the  hyperbolce^ 
AHOII,  ABCD'  coincide,  for  each  is  the  isogonal  tranaformaiion  of  the  line 
Diy.  Hence  the  points  K,  K'  coincide,  and  we  baTe  the  theorem— J/' ijtfo 
painti  J),  S',  ichieh  an  isogonal  coiy'ugaies  leilh  respect  to  a  irimiffle,  be 
eolUnear  leith  its  cireiimeeHir^,  thfir  pedal  circle  touches  its  nine-point  droit 
(j  268). 

146.  Baing  given  any  four  pointa,  the  pedal  circle  of  any  point  wili 
respect  to  the  triangle  foimed  hj  the  remaining  three  all  pass  through  a 

147.  If  a  point  D  deacribe  an  equilateral  hyperbola  passing  through  three 
given  pointa  _i,S,  C,  the  pedal  circles  of  Dwithreapect  to  tbe  triangle  jiB(7 
all  pass  through  a  fiied  point.  (SoLLEaTiMSXY.) 

148.  If  a  point  D  deacribe  a  fixed  diameter  of  the  circiimcirde  of  the 
triangle  ASC,  ita  podal  circles  pass  thraugh  a  fixed  point.  ilbid.) 
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149.  The  twin  point  of  -D,  with  I'espeot  fo  tlie  trisingla  ABC,  and  its 
Bjmetciqnti  with  respect  to  the  Bides  olABOave  concyclic. 

150.  K  i»,  J>  be  isogoniil  conjugates  with  respect  to  the  tiiongle  ABC, 
and  collint  ir  with  the  point  oijSi^i,  their  locus  ia  the  cubic 

5.«(B"-v')-0. 

normals  at  P,  Q,  M  eonour 

5.  («'  -r-li^J-ml  m  (7).  {Hbub.1..  and  Sonomi.) 

152.  The  point  S  and  its  isogonal  conjugate  with  respect  to  ^BO  aie 
collinear  with  the  aym6trique  of  the  orthocentcc  with  respect  to  the  oiroum- 
eenfTB.  (Itdd.) 

153.  The  eircumcGntre  is  the  centre  of  Bynimetry  o£  the  cubic  (Ek.  151). 
For  the  Bym^triquee  of  F,  Q,  B  with  respect  to  the  middle  points  of  the 
Bides  oi  Af  B,  G  are  points  of  contact  of  another  satisfying  the  question. 

a  T,  thebcuaof  Tin 

SaiS'~y')ootA^O.  (Ibid.) 

155.  In  the  same  case  the  locus  of  the  centre  of  the  iuscrihed  conic  in 
haiycentrio  co-ordinatea  with  the  complemeutury  of  ABC  as  triangle  of 
reference  is 

3«(fl=-7'>eot^  =  0.  Rid. 

156.  If  ABCD,  A'B'C'iy  be  two  quadrangles  so  related  liat  A,  A'  are 
isogonal  conjugates  with  respect  to  the  triangle  B  CD ;  B,  S  with  respect 
to  CBA ;  0,  0'  with  respect  to  BAB ;  B,  If  with  respect  t«  ABO,  then 
the  aides  of  A'B'C'D'  are  bisected  perpendicularly  by  the  sides  of  ABCD, 
Tiz.,  A'B-  by  BC,  B'O'  by  AM,  &e.  (Hid.) 

157.  In  the  same  case,  if  The  the  mean  centre  of  the  points^',  S",  C,  I)\ 
the  niue-points  circles  of  the  triangle -i'-B' (7,  B'O'J),  &c.,  are  the  sym^triques 
with  respect  to  JTof  the  pedal  circle  of  B  with  respect  to  ABO,  ot  A  wiUi 
respect  to  BOB,  &c. ;  and  the  equilateral  hyperbola  A'B'C'B'  is  the  sym^- 
trique  of  the  hyperbola  ABOB.  (Hid.) 

168.  If  J  be  any  of  the  escentres  of  the  triangle  ABC,  and  IE  s,  tangent 
from  I  to  the  circumcirde,  the  isogoniJ  transformation  of  IE  is  a  parabola 
touching  IE  in  I,  and  passing  through  the  points  A,  £,  C  If  the  isogonal 
conjugates  of  AE,  BE,  CE  meet  IE  in  FGE,  the  medians  through  A,  B,  G 
of  the  triangles  lAE,  IBG,  ICK  are  tangents  to  the  parabola. 
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159,  Find  in  the  plane  ot  a  triangle  ^SC  a  point  ^aui^h  that  the  sum 
of  the  powers  of  A  with  rsBpcct  to  the  circles  on  -BJf  and  OM  as  diameters 
shall  bo  equal  ia  the  floalogous  sum  relative  to  £,  and  also  equal  fa>  the 
analogous  sum  rulative  to  C  Show  that  this  point  is  the  symeliiqne  of 
the  uentroid  of  ABC  with  respect  to  the  circumcontie.  (Lemoine.) 

160.  Let  A',  S,  V'  be  the  middle  points  of  the  sides  of  the  triangle 
ABC,  and  0  its  ciroumoenfre.  On  AO,  SO,  CO  are  taien,  either 
towards  0  or  in  the  opposite  sense,  equal  leogtis  A'Fb  =  B'Ft  =  CPc  =  X. 
When  K  varies  the  sides  of  the  triangle  FaPhF^  laove  oa  three  parabolas 
5rn,  jrt,  TTc  whose  foci  are  the  projections  of  0  on  the  bisectors  AI,  SI,  CI, 
and  whose  directrices  are  the  internal  bisectors  of  tlio  triangle  A'B'C. 

(Manoaut.) 

lai.  Being  given  a  triangle  ABC  and  a  point  M,  we  draw  through  M 
three  lines,  so  (hat  M  is  tho  middle  point  of  the  pacts  NaNz,  F^Bi,  QiGa, 
intercepted  in  tie  angles  A,  B,  0;  let  JVi,  Ps,  Qs  he  the  points  where  those 
lines  meet  the  third  side  of  the  tiiangle.  The  sis  points  ifa,  ffs,  B,  Fi,  Qi, 
Qi  lie  on  a  conic  whose  equation  in  barjccntrio  co-ordinates  is 

ayn  -  (a;  -  2=)  (,j  -  2^)  (a  +  27)  =  0, 

a,  fi,  f  being  the  co-ordinates  of  M.  It  is  an  ellipse  or  hyperbola  according 
AG  .^  is  interior  or  exterior  to  the  ellipse  S  which  touches  the  sides  of  ABC 
at  their  middle  points;  it  is  an  equilateral  hyperbola  if  Jf  is  situated  on  the 
radical  asis  of  the  ciroumcirole  and  nine-points  circle  of  ABC.  If  J(f  is  on 
the  ellipse  E,  the  points  JVsPsQi,  NsF\Q,-i  are  on  two  paiallel  lines  which 
-enTclope  two  curves  whose  tangential  equations  are 

\ll^  +  W  +  "A  =  3,     M"  4-  W^  +  I'h  =  3- 
The  line  NiTi^T,  has  for  equation 

ar/a  +  yjQ  +  1/7  =  2. 
The  triangks  JV2-P3Q),  iVali^  Iiave  for  area 

^JC  [22,97 -2«']/2a»; 
if  this  area  is  constant  the  point  M  describes  an  ellipse. 

(Steinee,  Lemoihe,  and  Newbero.) 
162.  There  exists  an  ellipse  which  has  the  incentre  of  tbe  triangle  ABO 
for  its  centre,  and  which  ponies  through  A',  B\  G'  the  feet  of  the  internal 
bisectors  AT,  BI,  CI.     Its  equation  in  normal  co-ordinates  is 

3:^{i  +  c  -  h)  +  i^'{(  +  It  -  i)  +  j=(a -H  J  -  e)  -  2oyi  ^  2Ssc  -  2i!j!j/ =  0. 
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lis  conic  are  )•  and     /— ;  the  major  a 

feet  of  the  external  bisectors  of  (he  tiianglo  ABG. 

{De  Lomoohsmpb.) 

Mi,  Ml  be  the  points  of  iutersectioii  of  the  sides  £U,  CA, 
ABC,  with  the  lines  AM,  BM,  CM  joining  the  summila 
M.     The  conic  wliioh  haa  JKfor  centre,  and  which  paaaea 
has  for  its  equation,  in  horycentric  co-ordinatea 


',  -  ai)  -  2  3 


0^71 
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NOTES. 


This  theorem,  teing  siibse^viently  quote:],  shoidd  te  proved. 
Ou  AB,  OJ)  as  diameterB  describe  oirclca.    Let  0,  0'  be  their  ci 
J"  one  of  their  points  of  intersection :  then  OPO'  ia  equal  to  one 


angles  of  intoiaection  of  tlia  circles.     Now  if  the  sides  OF,  !'</,  CfO  he 
denoted  by  a,  b,  c,  we  have 

si-a'-iOFO-  =  {s-a){s-h)j<,b  =  {b  +  c~a){<i+a--b)H<ih 
=  {BD  .AC)I{AB  .  CD), 
or  denoting  the  angle  OFO'hy  0,  wo  have  sin'^e  =  CA  j  CS  :  BAjBD, 
and  eimilaily  for  the  other  ratios. 


It  should  be  shown  that  the  circle  whose  equatioi 
37sin^  +  7asinB  +  a(3ainC  = 


pBseea  through  the  oycKo 
(X/.).r. 


The  co-ordinates  of  the  cyclic  poin 
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aubetitiitjiig  those  of  L,  we  get 

/l^+^l  .  Ein^  +  .''^+"'  .  duS  +/'"+»'  .  einC  =  0, 

or  [i)oa(3  +  7)  +  !am(j3  +  7)]em(j3-'y)  +  &c.  +  &c.  =  0, 

■wMch  being  siinpHfied,  vanishes  identioallj.  Hence  the  cii'de  passes 
through  /.     Simikrlj  it  passes  tbraugh  J. 

III. — Page  136. — Ekamfle  6. 

We  giro  the  proof  heie  for  a  similai'  reason  to  that  in  Bote  I , 
Transforai  tht  equation 

(a  +  ,8  +  7)  (la  +  ro^  +  ny)  -  ^fly  +  i V  +  "^ V)  =  0 
into  Cartesiaa  co-ordinates  by  the  suhstitution 

a  =  \mjimC,         $  ^  Ihx.  f,m.C,         y  =  |(n6 - aj, -  te)  sin  C, 
and  we  get 

x^-Hf  +  ixyeosC  ^-  (m-n-o.^)x  I  a+  {l-n-b^)y  I  b  ^  tt  =  0, 
which  denotes  a  circle  such  that  the  powers  of  the  points  A,  B,  C,  witi 
wspeet  to  it,  are  reep«ctiTely  I,  m,  n. 

IV. — Paoe  1o9. — EauATion  383. 

'I'Mb  req^uires  a  short  discussion. 
Let  2a  be  the  angle,  hetweeu  o  and  b,  which  haa  for  tangent  2h  /  {a-  b). 
Then  we  can  put  SS  =  2a4-  nv.     Hence 

fl  =  a,         a  +  iry2,         a  +  2ir/3,       or     aA-RTijI. 
These  values  give   four  possible  diEtijict  pOEitions  for  tlie  new  positive 

{0X-,  OT),     {OT,  OX"),     (OX",  OY"),     {0Y-,  OX'). 

That  is,  we  can  turn  the  primitive  axes  OX,  OY  through  any  one  of  the 
four  angles  a,  a  +  5r/2,  a-f2ir/2,  o+3ir/2,  in  order  to  get  the  new 
axes.     Taking  fl  =  n,  from  (379),  (380),  we  infer 

a' -A'  =  (a-*)coa29  +  2Ssin2fl  =  27^s^n2e[H-^-oot2fl] 
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nd   eiacB   3iii3e    is   positive,   «'-i'  has  the   same   sign   be    2h.      Than 
ffl'-i'=  +iE   or  -ii. 
According  ae  A  is  positive  or  negative. 
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centre  is  pole  of  line  at,  167- 
Intersection  of  line  and  conic,  163. 
of  two  lines,  co-ordinates  of,  43. 
of  two  lines  given  by  a  single 
equaiion,  co-ordinates  of,  52.      | 
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Lasuerre's  theorem,  219. 
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Lamp's  equation,  462. 
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Lines,  conjugate,  lOG. 
double,  a86._ 
four  ooaoyolio,  200. 
iQTerse,  106. 

Bjmmedian,  63,  440. 
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of  eeiitie  of  conie  through  four 

points,  171. 
of  centre  of  circle  hannonically 

oircumsciibed     to     parabola, 
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quadrilateral,  355,  3S3. 
of  centi'e  of  equilateral  hyperbola 

deBeiibfld  about  a  given  tri- 
angle, 260,  290. 
of  centi'3  of  circle  touching  fiied 

lina  and  cii'de,  196. 
of  centre  mean  oi  feet  of  notmala 

to  a  parabola,  185. 
of  centre  of  conic  thioagli  three 

points,   having  an   asymptote 

parallel  to  a  given  line,  172. 
<if  centre  of  reeiprooation,  when 

redprocul  conio    is  an   equi- 
lateral hyperbola,  886. 
of  centra  of  conic  hai'monically 

inscribed  in  four  conies,  478. 
of  oend'e  of  currature,  137. 
of  centre  of  ineoniu  through  cir- 

cum-  and  orthoeentre,  343. 
of  centre  of  conio  touching  four 

given  lines,  326. 
of  centra  of  circumcirele,  given 

three    tangents   and    buul   of 

squares  of  Eses,  527. 
of  centre,  given  a  self-conjugate 

triangle  and  a  tniigent,  533. 
of  oenti'e  of  Brocard  ellipse,  given 

base  and  Brocard  angle,  534. 
of  incentre  given  base  and  sum 

of  sides,  204. 
of  double  points  of  a  given  net  of 

EOnics,  501. 
of  double  points  of  lines  cutting 

three  conios  in  involution,  603. 
of  focus  of  variable  conio,  given 

tangent,  one  focus,  andocceii- 

trieity,  531. 
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estremines  of  a  pair  of  con- 
jugate diameters,  241. 
"   ■         ■  ■        f  normals  at  ex- 
i  chord   passing 

through  a   given  point,    188, 

466. 
of  intersection  of  tangents  at  two 

points,  whose  join  subtends  a 

given  angle  at  focus,  524. 
of  middle  points  of  a  system  of 

parallel  chords  of  a  conic,  155, 

166,  179,  2S5,  208. 
of  middle  points    of   chords  of 

ellipse  passing  through  a  given 

point,  239. 
of    middle   points    of   vaiiable 

chords  of  a  cii'de  subtending 

a  right  angle  at  a  given  point, 

101. 
of  middle  points   of   chords   of 

parabola    subtending   a   right 

angle  at  the  vertex,  106. 
of  oi'thocentre,   given  base  and 

vertical  angle,  99. 
of  point  whence  sum  of  tangents 

to  tff'o  circles  is  given,  230. 
of  point  the  area  of  whose  peilal 

triangle  is  given,  135,  297. 
of  point  whence  tangents  to  conic 

contain   a  given   angle,   184, 

620. 
of  point,  fixed  in  line  of  given 

length    sliding    between    two 

fixed   rectangular   tines,    205, 

213. 
of    point    whence    tangents    to 

two    oonfooals    are    at   right 

angles,  225. 
of  point  whose  pedal  triangle  hsM 

u  constant  Bracard  angle,  300. 
of  point  where  pai'allel  chords  of 

a  conic  are    cut  in   a  given 

ratio,  355. 
of  point  whose  polars  with  re- 
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LocuB  of  point  whoso  polaia  witt  le- 
Bpect  to  two  circles  meet  on  a 
given  line,  626. 

of  point  the  cliocd  of  contact  of 
tangents  fromwliich  to  a  given 
cJrde  subtends  a  right  angle 
at  a  given  point,  104. 

of  points  of  contact  of  parallel 
tangents  to  a  syBtem  of  oon- 
focal  ellipses,  236. 

of  points  having  the  same  eccen- 
tric angle  on  a  system  of  con- 
fooai  ellipses,  236. 

of  points  the  sum  of  the  squai'es 
of  the  Bides  of  whose  pedal 
triangles  is  given,  300. 

of  points  on  a  system  of  conf  ocal 
conies,  the  oaeulating  circle  at 
which  parses  through  a  focus, 

of  points  wlience  tangents  to  two 
conicBfonn  an  harmonic  pencil, 
370,  477. 

of  pole  of  a  chord  of  a  conic  sub- 
tending a  right  angle  at  a  given 
point,  196,  277. 

of  pole  of  lino  with  respect  to  a 
coniocfll  BjBteiD,  235. 

of  pole  of  normals  to  ellipse,  24 1 . 

of  pole  of  chord  of  cquilatEral 
hyperbola  snch  that  the  oscu- 
lating circle  at  one  eKti'cmlty 
passes  through  the  oUier,  281. 

of  pole  of  variable  oboi'd  passing 
Uirough  a  given  point,  34 1 . 

of  pole  of  linn  with  respect  ta  an 
inconic    satisfying    any    con- 

of  symmedian  point,  ^ven  base 

and  verticol  angle,  831. 
of  aymmedian  point,  given  base 


Locus   of  vertex,     given    base   atiil 
Srocard  angle,  423. 
of  vertex  of  all  riglit  cones  out  of 
which  a  given  ellipse   can  be 


gate  with  respect  to  i 
another  conic,  527. 
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of  vertex  of  a  variable  tilangle 
whose  suits  pass  through  fixed 
points,  and  whose  haso  angles 
move  on  fixed  lines,  376. 
Lncas,  283   304,  306. 

Maolanrin's   method    of   generating 

conits,  376. 
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Malet's  theorem,  317. 
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Minors,  62. 
Modulus,  24,  137. 
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NewliMiian  of  quaflrilatersl,  01. 
Nme-poiiit  oirnle,  125,  126,  144,  302, 
434,435,444,445. 
conic,  m. 
Norm,  121,  122,  139. 
Komal,  184,  21i,  262. 
sut,  184. 

polav  equation  of,  190,  237,  273, 
ITonnalB, 

three  can  be  drawn  from   any 

point  to  parabola,  184. 
four  can  te  drawn  to  ellipee  or 

hyperbola,  2 IS,  264. 
feet  of,  fi'Om  any  poiQtfo  parabola 

lia  on  circle,  185. 
feet  of,  to  ellipse  or  hyperbola  lie 
on  hyperbola,  218,  264. 
Humbar  of  conditions  to  delormine  a 
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!,  170. 


&o.,  of 


Ordinatee,  4. 
Origin,  I,  6. 

ctange  of,  162. 
OrtJiocenfre, 

eo-ordinatfis  of,  64,  66. 
of  tiiangle  formed  by  three  tan- 
gents to  a  parabola,  172. 
uf  triangle  13  a  point  on  directrix, 

178. 
lies  on  cireumacribing  equilateral 

hyperbola,  290. 
join  of  to  centroid,  67,  77. 
Orthogonal 

system  of  circles,  107,  109,  110, 

117,  118. 
conies,  495,  497,  499,  6UI,  502. 
invariant  of  tn-o  conies,  495. 
projection  of  circle,  206. 
Orthologique  triangles,  60. 
Oscuktiou,  309,  471. 
chord  of,  313. 
four  chords  of  through  any  point 

in  plane  of  conic,  314. 
hyper,  318,321. 
Osculating  circle,  185,  309,  310. 

cirtlaa,  six  of  given  conic  can  be 
described  to  cut  a  given  circle 
orthogonally,    316  ;    and  theii 


ic  of  a  given  i 


317. 


310. 


,   173- 

refeiTed   to    any    diameter    and 

tangent,  182. 
axis  of,  158,  159. 
centi-e  of,  154. 
directrix  of,  164. 
co-ordinates  of  origin  in,  160._ 

308. 
is  fii-at  negative  pedal  of  right 

Una,  178. 
a  tangential  equation  of,  198. 
parameter  of,  115,  100,  203. 
poLir  liquation  of,    focna  being 

polo,  189. 
pedal  of,  with  respect  to  focus, 

178. 
subnormal  in  constant,  134. 


's  directrices  of,  442. 
i-d,  439. 


177, 


Pedals,  positive  i 

221,  286,  410. 

Pedal  and  antipedal  triangles,  296. 

Pedal  and  antipedal  triangles,   area 
of,  297. 

Pencil,  of  conicB,  463. 

of  lines  when  harmonic,  59. 

Pencils,  inversely  equal,  288. 

Perpendicular,  longtli  of  from  point 
to  line,  37,  73. 

Perpendiculars  of  triangle  are  con- 
current. 62. 

Perspectivt 


73. 


is  of,  is  trilinear  polar  of  centre 

of,  130. 
triangles  in  multiple,  82. 
triangle  of  reference   and   that 

formed   by   tangents    to    cir- 
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